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Preface to the Series 


Young men should prove theorems, old men should write books. 


—Freeman Dyson, quoting G. H. Hardy] 


Reed-Simorl] starts with “Mathematics has its roots in numerology, ge- 
ometry, and physics.” This puts into context the division of mathematics 
into algebra, geometry/topology, and analysis. There are, of course, other 
areas of mathematics, and a division between parts of mathematics can be 
artificial. But almost universally, we require our graduate students to take 
courses in these three areas. 


This five-volume series began and, to some extent, remains a set of texts 
for a basic graduate analysis course. In part it reflects Caltech’s three-terms- 
per-year schedule and the actual courses I’ve taught in the past. Much of the 
contents of Parts 1 and 2 (Part 2 is in two volumes, Part 2A and Part 2B) are 
common to virtually all such courses: point set topology, measure spaces, 
Hilbert and Banach spaces, distribution theory, and the Fourier transform, 
complex analysis including the Riemann mapping and Hadamard product 
theorems. Parts 3 and 4 are made up of material that you’ll find in some, 
but not all, courses—on the one hand, Part 3 on maximal functions and 
H-spaces; on the other hand, Part 4 on the spectral theorem for bounded 
self-adjoint operators on a Hilbert space and det and trace, again for Hilbert 
space operators. Parts 3 and 4 reflect the two halves of the third term of 
Caltech’s course. 


lMnterview with D. J. Albers, The College Mathematics Journal, 25, no. 1, January 1994. 
2M. Reed and B. Simon, Methods of Modern Mathematical Physics, I: Functional Analysis, 
Academic Press, New York, 1972. 
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Preface to the Series 


While there is, of course, overlap between these books and other texts, 


there are some places where we differ, at least from many: 


(a) 


(b) 


Licensed to AMS. 


By having a unified approach to both real and complex analysis, we are 
able to use notions like contour integrals as Stietljes integrals that cross 
the barrier. 

We include some topics that are not standard, although I am sur- 
prised they are not. For example, while discussing maximal functions, 
I present Garcia’s proof of the maximal (and so, Birkhoff) ergodic the- 
orem. 

These books are written to be keepers—the idea is that, for many stu- 
dents, this may be the last analysis course they take, so I’ve tried to 
write in a way that these books will be useful as a reference. For this 
reason, I’ve included “bonus” chapters and sections—material that I do 
not expect to be included in the course. This has several advantages. 
First, in a slightly longer course, the instructor has an option of extra 
topics to include. Second, there is some flexibility—for an instructor 
who can’t imagine a complex analysis course without a proof of the 
prime number theorem, it is possible to replace all or part of the (non- 
bonus) chapter on elliptic functions with the last four sections of the 
bonus chapter on analytic number theory. Third, it is certainly possible 
to take all the material in, say, Part 2, to turn it into a two-term course. 
Most importantly, the bonus material is there for the reader to peruse 
long after the formal course is over. 

I have long collected “best” proofs and over the years learned a num- 
ber of ones that are not the standard textbook proofs. In this re- 
gard, modern technology has been a boon. Thanks to Google books 
and the Caltech library, ’'ve been able to discover some proofs that 
I hadn’t learned before. Examples of things that I’m especially fond 
of are Bernstein polynomials to get the classical Weierstrass approxi- 
mation theorem, von Neumann’s proof of the Lebesgue decomposition 
and Radon—Nikodym theorems, the Hermite expansion treatment of 
Fourier transform, Landau’s proof of the Hadamard factorization theo- 
rem, Wielandt’s theorem on the functional equation for I'(z), and New- 
man’s proof of the prime number theorem. Each of these appears in at 
least some monographs, but they are not nearly as widespread as they 
deserve to be. 

I’ve tried to distinguish between central results and interesting asides 
and to indicate when an interesting aside is going to come up again 
later. In particular, all chapters, except those on preliminaries, have 
a listing of “Big Notions and Theorems” at their start. I wish that 
this attempt to differentiate between the essential and the less essential 
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didn’t make this book different, but alas, too many texts are monotone 
listings of theorems and proofs. 

(f) P've included copious “Notes and Historical Remarks” at the end of 
each section. These notes illuminate and extend, and they (and the 
Problems) allow us to cover more material than would otherwise be 
possible. The history is there to enliven the discussion and to emphasize 
to students that mathematicians are real people and that “may you live 
in interesting times” is truly a curse. Any discussion of the history of 
real analysis is depressing because of the number of lives ended by 
the Nazis. Any discussion of nineteenth-century mathematics makes 
one appreciate medical progress, contemplating Abel, Riemann, and 
Stieltjes. I feel knowing that Picard was Hermite’s son-in-law spices up 
the study of his theorem. 


On the subject of history, there are three cautions. First, I am not a 
professional historian and almost none of the history discussed here is based 
on original sources. I have relied at times—horrors!—on information on the 
Internet. I have tried for accuracy but I’m sure there are errors, some that 
would make a real historian wince. 


A second caution concerns looking at the history assuming the mathe- 
matics we now know. Especially when concepts are new, they may be poorly 
understood or viewed from a perspective quite different from the one here. 
Looking at the wonderful history of nineteenth-century complex analysis by 
Bottazzini-Grey| will illustrate this more clearly than these brief notes can. 


The third caution concerns naming theorems. Here, the reader needs 
to bear in mind Arnol’d’s principle’) If a notion bears a personal name, 
then that name is not the name of the discoverer (and the related Berry 
principle: The Arnol’d principle is applicable to itself). To see the applica- 
bility of Berry’s principle, I note that in the wider world, Arnol’d’s principle 
is called “Stigler’s law of eponymy.” Stigler] named this in 1980, pointing 
out it was really discovered by Merton. In 1972, Kennedy named Boyer’s 
law Mathematical formulas and theorems are usually not named ‘i their 
original discoverers after Boyer’s bookl‘| Already in 1956, Newma g quoted 
the early twentieth-century philosopher and logician A. N. Whitehead as 
saying: “Everything of importance has been said before by somebody who 


3U. Bottazzini and J. Gray, Hidden Harmony—Geometric Fantasies. The Rise of Complex 
Function Theory, Springer, New York, 2013. 

4V. 1. Arnol’d, On teaching mathematics, available online at http: //pauli.uni-muenster. 
de/~munsteg/arnold.html. 

5S. M. Stigler, Stigler’s law of eponymy, Trans. New York Acad. Sci. 39 (1980), 147-158. 

6H. C. Kennedy, Classroom notes: Who discovered Boyer’s law?, Amer. Math. Monthly 79 
(1972), 66-67. 

“C. B. Boyer, A History of Mathematics, Wiley, New York, 1968. 

8J. R. Newman, The World of Mathematics, Simon & Schuster, New York, 1956. 
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did not discover it.” The main reason to give a name to a theorem is to have 
a convenient way to refer to that theorem. I usually try to follow common 
usage (even when I know Arnol’d’s principle applies). 


I have resisted the temptation of some text writers to rename things 
to set the record straight. For example, there is a small group who have 
attempted to replace “WKB approximation” by “Liouville-Green approxi- 
mation”, with valid historical justification (see the Notes to Section 15.5 of 
Part 2B). But if I gave a talk and said I was about to use the Liouville-Green 
approximation, I’d get blank stares from many who would instantly know 
what I meant by the WKB approximation. And, of course, those who try to 
change the name also know what WKB is! Names are mainly for shorthand, 
not history. 


These books have a wide variety of problems, in line with a multiplicity 
of uses. The serious reader should at least skim them since there is often 
interesting supplementary material covered there. 


Similarly, these books have a much larger bibliography than is standard, 
partly because of the historical references (many of which are available on- 
line and a pleasure to read) and partly because the Notes introduce lots of 
peripheral topics and places for further reading. But the reader shouldn’t 
consider for a moment that these are intended to be comprehensive—that 
would be impossible in a subject as broad as that considered in these vol- 
umes. 


These books differ from many modern texts by focusing a little more on 
special functions than is standard. In much of the nineteenth century, the 
theory of special functions was considered a central pillar of analysis. They 
are now out of favor—too much so—although one can see some signs of the 
pendulum swinging back. They are still mainly peripheral but appear often 
in Part 2 and a few times in Parts 1, 3, and 4. 


These books are intended for a second course in analysis, but in most 
places, it is really previous exposure being helpful rather than required. 
Beyond the basic calculus, the one topic that the reader is expected to have 
seen is metric space theory and the construction of the reals as completion 
of the rationals (or by some other means, such as Dedekind cuts). 


Initially, I picked “A Course in Analysis” as the title for this series as 
an homage to Goursat’s Cours d’Analyse{| a classic text (also translated 
into English) of the early twentieth century (a literal translation would be 


°F. Goursat, A Course in Mathematical Analysis: Vol. 1: Derivatives and Differentials, 
Definite Integrals, Expansion in Series, Applications to Geometry. Vol. 2, Part 1: Functions of a 
Complex Variable. Vol. 2, Part 2: Differential Equations. Vol. 3, Part 1: Variation of Solutions. 
Partial Differential Equations of the Second Order. Vol. 3, Part 2: Integral Equations. Calculus 
of Variations, Dover Publications, New York, 1959 and 1964; French original, 1905. 
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“of Analysis” but “in” sounds better). As I studied the history, I learned 
that this was a standard French title, especially associated with Ecole Poly- 
technique. There are nineteenth-century versions by Cauchy and Jordan 
and twentieth-century versions by de la Vallée Poussin and Choquet. So 
this is a well-used title. The publisher suggested adding “Comprehensive” , 
which seems appropriate. 


It is a pleasure to thank many people who helped improve these texts. 
About 80% was TRXed by my superb secretary of almost 25 years, Cherie 
Galvez. Cherie was an extraordinary person—the secret weapon to my 
productivity. Not only was she technically strong and able to keep my tasks 
organized but also her people skills made coping with bureaucracy of all 
kinds easier. She managed to wind up a confidant and counselor for many 
of Caltech’s mathematics students. Unfortunately, in May 2012, she was 
diagnosed with lung cancer, which she and chemotherapy valiantly fought. 
In July 2013, she passed away. I am dedicating these books to her memory. 


During the second half of the preparation of this series of books, we 
also lost Arthur Wightman and Ed Nelson. Arthur was my advisor and 
was responsible for the topic of my first major paper—perturbation theory 
for the anharmonic oscillator. Ed had an enormous influence on me, both 
via the techniques I use and in how I approach being a mathematician. In 
particular, he taught me all about closed quadratic forms, motivating the 
methodology of my thesis. I am also dedicating these works to their memory. 


After Cherie entered hospice, Sergei Gel’fand, the AMS publisher, helped 
me find Alice Peters to complete the TeXing of the manuscript. Her experi- 
ence in mathematical publishing (she is the “A” of A K Peters Publishing) 
meant she did much more, for which I am grateful. 


This set of books has about 150 figures which I think considerably add 
to their usefulness. About half were produced by Mamikon Mnatsakanian, 
a talented astrophysicist and wizard with Adobe Illustrator. The other 
half, mainly function plots, were produced by my former Ph.D. student and 
teacher extraordinaire Mihai Stoiciu (used with permission) using Mathe- 
matica. There are a few additional figures from Wikipedia (mainly under 
WikiCommons license) and a hyperbolic tiling of Douglas Dunham, used 
with permission. I appreciate the help I got with these figures. 


Over the five-year period that I wrote this book and, in particular, dur- 
ing its beta-testing as a text in over a half-dozen institutions, I received 
feedback and corrections from many people. In particular, I should like to 
thank (with apologies to those who were inadvertently left off): Tom Al- 
berts, Michael Barany, Jacob Christiansen, Percy Deift, Tal Einav, German 
Enciso, Alexander Eremenko, Rupert Frank, Fritz Gesztesy, Jeremy Gray, 
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Leonard Gross, Chris Heil, Mourad Ismail, Svetlana Jitomirskaya, Bill John- 
son, Rowan Killip, John Klauder, Seung Yeop Lee, Milivoje Lukic, Andre 
Martinez-Finkelshtein, Chris Marx, Alex Poltoratski, Eric Rains, Lorenzo 
Sadun, Ed Saff, Misha Sodin, Dan Stroock, Benji Weiss, Valentin Zagreb- 
nov, and Maxim Zinchenko. 

Much of these books was written at the tables of the Hebrew University 
Mathematics Library. I’d like to thank Yoram Last for his invitation and 
Naavah Levin for the hospitality of the library and for her invaluable help. 

This series has a Facebook page. I welcome feedback, questions, and 
comments. The page is at www.facebook.com/simon.analysis. 

Even if these books have later editions, I will try to keep theorem and 
equation numbers constant in case readers use them in their papers. 

Finally, analysis is a wonderful and beautiful subject. I hope the reader 
has as much fun using these books as I had writing them. 
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Part 2 of this five-volume series is devoted to complex analysis. We’ve split 
Part 2 into two pieces (Part 2A and Part 2B), partly because of the total 
length of the current material, but also because of the fact that we’ve left out 
several topics and so Part 2B has some room for expansion. To indicate the 
view that these two volumes are two halves of one part, chapter numbers 
are cumulative. Chapters 1-11 are in Part 2A, and Part 2B starts with 
Chapter 12. 


The flavor of Part 2 is quite different from Part 1—abstract spaces are 
less central (although hardly absent)—the content is more classical and more 
geometrical. The classical flavor is understandable. Most of the material in 
this part dates from 1820-1895, while Parts 1, 3, and 4 largely date from 
1885-1940. 


While real analysis has important figures, especially F. Riesz, it is hard 
to single out a small number of “fathers.” On the other hand, it is clear 
that the founding fathers of complex analysis are Cauchy, Weierstrass, and 
Riemann. It is useful to associate each of these three with separate threads 
which weave together to the amazing tapestry of this volume. While useful, 
it is a bit of an exaggeration in that one can identify some of the other 
threads in the work of each of them. That said, they clearly did have 
distinct focuses, and it is useful to separate the three points of view. 

To Cauchy, the central aspect is the differential and integral calculus of 
complex-valued functions of a complex variable. Here the fundamentals are 


the Cauchy integral theorem and Cauchy integral formula. These are the 
basics behind Chapters 


XVili 
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For Weierstrass, sums and products and especially power series are the 
central object. These appear first peeking through in the Cauchy chapters 
(especially Section and dominate in Chapters [6] [9] and parts of 
Chapter [1] Chapter 13, and Chapter 14. 


For Riemann, it is the view as conformal maps and associated geometry. 
The central chapters for this are Chapters [7] [8] and 12, but also parts of 
Chapters [10] and 


In fact, these three strands recur all over and are interrelated, but it is 
useful to bear in mind the three points of view. 


I’ve made the decision to restrict some results to C! or piecewise C! 
curves—for example, we only prove the Jordan curve theorem for that case. 


We don’t discuss, in this part, boundary values of analytic functions in 
the unit disk, especially the theory of the Hardy spaces, H?(D). This is a 
topic in Part 3. Potential theory has important links to complex analysis, 
but we’ve also put it in Part 3 because of the close connection to harmonic 
functions. 


Unlike real analysis, where some basic courses might leave out point set 
topology or distribution theory, there has been for over 100 years an ac- 
knowledged common core of any complex analysis text: the Cauchy integral 
theorem and its consequences (Chapters [2] and 3), some discussion of har- 
monic functions on R? and of the calculation of indefinite integrals (Chap- 
ter [5), some discussion of fractional linear transformations and of conformal 
maps (Chapters [7] and [8). It is also common to discuss at least Weier- 
strass product formulas (Chapter [9} and Montel’s and/or Vitali’s theorems 
(Chapter [6). 

T also feel strongly that global analytic functions belong in a basic course. 
There are several topics that will be in one or another course, notably the 
Hadamard product formula (Chapter [9), elliptic functions (Chapter [1Q), 
analytic number theory (Chapter 13), and some combination of hypergeo- 
metric functions (Chapter 14) and asymptotics (Chapter 15). Nevanlinna 
theory (Chapter 17) and univalents functions (Chapter 16) are almost al- 
ways in advanced courses. The break between Parts 2A and 2B is based 
mainly on what material is covered in Caltech’s course, but the material is 
an integrated whole. I think it unfortunate that asymptotics doesn’t seem 
to have made the cut in courses for pure mathematicians (although the ma- 
terial in Chapters 14 and 15 will be in complex variable courses for applied 
mathematicians). 
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Chapter 1 


Preliminaries 


You know also that the beginning is the most important part of any work. 


—Plato’s Republic 


This chapter sets notation and reviews various subjects that, it is hoped, 
the reader has seen before. For some, like calculus, the basic material is 
really a prerequisite. Others, like covering spaces, are only used in a few 
places, and enough background is given to perhaps tide over the student 
with less preparation. Essentially, Sections are used often and the 
rest sporadically. 


1.1. Notation and Terminology 


A foolish consistency is the hobgoblin of little minds ...Is it so bad, then, 
to be misunderstood? Pythagoras was misunderstood, and Socrates, and 
Jesus, and Luther, and Copernicus, and Galileo, and Newton, and every 
pure and wise spirit that ever took flesh. To be great is to be misunder- 
stood. 

—Ralph Waldo Emerson 


For a real number a, we will use the terms positive and strictly positive 
fora > 0 anda > 0, respectively. It is not so much that we find nonnegative 
bad, but the phrase “monotone nondecreasing” for x > y > f(x) > f(y) is 
downright confusing so we use “monotone increasing” and “strictly mono- 
tone increasing” and then, for consistency, “positive” and “strictly positive.” 
Similarly for matrices, we use “positive definite” and “strictly positive defi- 
nite” where others might use “positive semi-definite” and “positive definite.” 


1 
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Basic Rings and Fields. 


R = real numbers Q = rationals Z = integers 


C = complez numbers = {x + iy | x,y € R} 


with their sums and products. For z = x +iy € C, we use Rez = a, 
Im z= y. |z| = (a? + y?)"/2. 


Products. X” = n-tuples of points in X with induced vector space and/or 
additive structure; in particular, R”, Q”, Z”, C”. 


Subsets of C (and one superset). 

.C=Cu {oo} as a one-point compactification; in Section [7.2] we'll put 

a complex structure near oo. 
. Cy = upper half-plane = {z | Imz > 0}; 

Hl, = right half-plane = {z | Rez > 0} 
i 2. ={0€Z | n> O} = {1 2,3)... }5 
N = {0} UZ, = {0,1,2,...} 
={zEC| |z| <1}; D={zEC| |z|=1} 
» Ds(zo) = {2 € C | |z — zo| < 6} for 2 EC, 6 > 0 
- CX =C\ {0}; D* = D\ {0}; RX =R \ {0} 

(in general, Y~ = invertible elements of Y) 
. A,r = annulus = {z |r <|z|< R} forO<r<R<oaw 


- Sag = sector = {r(cos# + isin#) | r > 0;a <6 < B} for a < 8 and 
|G — a| < 2m; for example, S_z, = C \ (—00, 0] 


Miscellaneous Terms. 


. K acompact Hausdorff space, C(/) = continuous complex-valued func- 
tions on Kk 


. For z € R, |x] = greatest integer less than x, that is, [x] € Z, [x] <x < 
[x] +1 

. {x} = x — [x] = fractional parts of x 

. {(A) = number of elements in a set A 

. Ran f = range of a function f 


. log(z) = natural logarithm, that is, logarithm to base e; if z is complex, 
put the cut along (—oo, 0], i-e., log(z) = log(|z|) + iarg(z) with —7 < 
arg(z) <7 


. Region = open, connected subset of C 
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. For sets A, B subsets of X, AU B = union, AN B = intersection, A° = 
complement of Ain X, A\ B= ANB‘, AAB=(A\ B)U(B\ A) 


. For matrices, 1,2 means row one, column two 


. f | K = restriction of a function to K, a subset of the domain of f 


Integer Notation (see Section [1.3] for modular arithmetic). This is mainly 
relevant in Chapter 13 of Part 2B. All letters in this subsection are in Z 


. d| n means d is a divisor of n, that is, n = dk for k € Z 
.a=b (modm)Sm|ia—b 

. Zr = conjugacy classes mod k 

. ZX = relatively prime conjugacy classes 


We use “big oh, litttle oh” notation, e.g., f(x) = O(|z]|) or f(x) = o(1). 
If the reader is not familiar with it, see Section 


1.2. Complex Numbers 


Because all possible numbers which one can think of are either greater 
or less than 0, or else 0 itself, it is clear that the square roots of negative 
numbers cannot be counted among the possible numbers. Consequently 
we must say that these are impossible numbers. 


—L. Euler, as translated by U. Bottazzini 


We’ve already said something about complex numbers and their rectan- 
gular coordinates. Here we want to say something about the polar represen- 
tation. We suppose the reader knows the geometric basics of sin x and cos x 
as well as the fact that they both solve f”(x2) = —f(x) and, indeed, that any 
solution has the form f(x) = acosx + Bsinx where a = f(0), 6 = f'(0). 
In particular, sin @ and cos @ have the Taylor expansions (see Section [2.3] for 
more) 


7 oO (=1)9get 7 iad (—1)"6?" 
sin 8 = nth cos 6 = dant (1.2.1) 


e”” = cos6 + isin (1.2.2) 


so z = re’. Later, in Section 2.3] we define e? by a power series, and 


will become a derived equality rather than a definition. The geo- 
metric picture of complex numbers in a plane (see Figure will play 
an important role in many places in this volume. Arithmetic operations 
have geometric meaning. Addition is via parallelogram. Multiplication by 
z = re’ is uniform scaling by a factor r, followed by rotation by angle 0 
about 0. 
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Figure 1.2.1. Polar and rectangular coordinates. 


Notes and Historical Remarks. As the terms “imaginary” and “com- 
plex” attest, acceptance of complex numbers was a difficult process. One 
might have guessed, given the formula for solutions of the quadratic equa- 
tion, that square roots of negative numbers would have gone back to antiq- 
uity. But scholars were content to think that some equations, like z?+1 = 0, 
have no solutions. Rather, complex numbers came through cubic equations, 
where x* — ax — b = 0 was first studied. In 1515, Scipione del Ferro (1465— 
1526) found but did not publish the solution 


3/b b2 a? ab be a 
= 1.2.3 
. ea aie V4 27 a 
Even if La — ar < 0, the equation has real solutions for a, b real. The formula 
was finally published by Girolamo Cardano (1501-76) in 1545. Interestingly 
enough, while Cardano’s book has examples where a — a < 0, he never 
applied the formula in such cases. 


In 1572, Rafael Bombelli (1526-72) published a book which spelled 
out rules of arithmetic for complex numbers and used them in Cardano’s 
formula for finding real solutions of cubics. Key later work is by Wallis 
and Euler (see the Notes to Section [9.2] for a capsule biography). In 
particular, Euler clarified complex roots of unity and found the multiple 
roots represented by (1.2.3). It took almost another century before mathe- 
maticians as a community fully accepted complex numbers. Thus much of 
Cauchy’s work was done in a milieu where many, even sometimes Cauchy 
himself, were not totally comfortable with complex numbers. 


The geometric view of complex numbers as a plane was introduced by 
Jean-Robert Argand (1768-1822) and Caspar Wessel (1745-1818) and cham- 
pioned by Gauss. Neither Argand nor Wessel were professional mathemati- 
cians. Wessel was a Danish surveyor and presented the geometric interpre- 
tation to the Royal Danish Academy in 1797. It was published in 1799 and 
promptly forgotten until rediscovered and publicized by two Danish math- 
ematicians in 1895, Sophus Christian Juel and the famous Sophus Lie. So 
Wessel’s work had no impact. 
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Argand was an accountant and bookkeeper, and in 1806 self-published 
his work in a book which appeared without his name! In 1813, a French 
mathematician, Jacques Francais, published a follow-up paper asking the 
author of the book to identify himself. So Argand got some recognition, 
enough that the geometric picture like that in Figure[I.2-l]is often called an 
Argand diagram. 


An interesting realization of C given R is to look at 2 x 2 real matrices 


b 
Masa = e ’) (1.2.4) 


with matrix addition and matrix multiplication realizing the operations 


on C. 


1.3. Some Algebra, Mainly Linear 


We'll need some basic facts about finite matrices and, in Chapter 13 of 
Part 2B, some simple facts about modular arithmetic. We assume the reader 
knows about finite-dimensional vector spaces, linear maps between them, 
bases, inner products (see Section 3.1 of Part 1), and matrices. A Jordan 
block is a finite matrix of the form 


ae 0 
0 1 
J=]0 0 (1.3.1) 
», 
0 d 


that is, a constant complex number along the diagonal, 1’s directly above 
and 0 elsewhere. Notice that J(10...0)' = A(10...0)', so A is an eigenvalue 
of J. A fundamental result says: 


Theorem 1.3.1 (Jordan Normal Form). Let A be a linear map of a finite- 
dimensional complex vector space to itself. Then there is a basis in which 
the matrix form of A is 

Ji 


Je 
where each J; is a Jordan block. 


For a complex variable proof of this, see Problems and [4] in Sec- 
tion [3.9] and Section 2.3 of Part 4. 

Generically, the Jordan blocks are 1 x 1, that is, the matrix is diagonal. 
A matrix or operator on a finite-dimensional space for which there is a basis 
in which its matrix is diagonal is called diagonalizable. If some block is not 
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1 x 1, we say A has a Jordan anomaly. One can show that the blocks are 
uniquely associated to A up to order. In particular, the \’s that arise are 
precisely all the eigenvalues of J. 


There is a natural complex-valued function, determinant, denoted by 
det, from all linear maps of a finite-dimensional space to itself. In a matrix 
representation, 

det(A) = S (-1)" arg) «++ @na(n) (1.3.2) 
TELn 
where ©), is the group of permutations and (—1)” is their sign. One has 


det(AB) = det(A) det(B) (1.3.3) 


and A is invertible if and only if det(A) € 0. Writing out A in Jordan 
normal form shows that if {A;}7_, are the diagonal elements in the Jordan 
blocks (counting multiplicity), then 
n 
det(Al — A) = [](—-2,) (1.3.4) 
j=l 

The multiplicity of the distinct ’s in this product is called their algebraic 
multiplicity. The number of distinct Jordan blocks associated to A; is dim{v | 
(A — Ao)v = O}, called the geometric multiplicity of the eigenvalues. 


We suppose the reader is familiar with the notion of inner product. Our 
convention, discussed in Section 3.1 of Part 1, is that (x,y) is linear in y 
and conjugate linear in x. 


When one has an inner product, ( , ), on a finite-dimensional complex 
vector space, V, there is an additional important structure on the operators 
from that space to itself. One defines the adjoint, A*, of A: V > V by 


(A*a,y) = (x, Ay) (1.3.5) 


There is a unique linear operator obeying (1.3.5); for example, in a matrix 
representation, (1.3.5) is equivalent to 


(a )ig = yi (1.3.6) 
One defines A to be 


normal = A* A= AA* 

self-adjoint = A= A* 

positive = (x, Ax) > 0 for all x 

unitary = A*A = AA* =1 (Az, Ay) = (2, y) for all x,y 


Positive operators on a complex space are self-adjoint. Self-adjoint and 
unitary operators are normal. 
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Every operator has a polar decomposition: 


Theorem 1.3.2 (Polar Decomposition). Any operator, A, on a finite- 
dimensional complex, inner product space can be uniquely written 


A=U|A| (1.3.7) 


where |A| is positive, Up = 0 if y € (Ran(A))+ and ||Uy|| = |lyl| for 
yp € Ran(A). 


One finds |A| as Vv A*A, where square root is defined by a power series 
for /1—«a. U is then determined by its conditions. This is discussed in 
Section 2.4 of Part 4 even in the infinite-dimensional case. 


Normal operators do not have Jordan anomalies; more is true—their 
eigenvectors can be chosen to be orthogonal. Recall that an orthonormal 
basis of V, a finite-dimensional inner product space of dimension 4, is a set 
{o;}$_4 with (yj, ~%) = jk. Any y can then be written 


d 
9 = de, Oe; (1.3.8) 


Theorem 1.3.3 (Spectral Theorem for Finite-Dimensional Spaces). For 
any normal operator, A, on a finite-dimensional vector space, there is an 
orthonormal basis of eigenvectors, Ap; = Aj;~p;. Equivalently, if a fixed 
basis is picked, there is a unitary U so that UAU~' is a diagonal matrix in 
this fixed basis. 


Given that Theorem implies that any operator has an eigenvector, 
the proof isn’t difficult. The following, which we’ll need again below, is 
crucial: 


Proposition 1.3.4. If A,B are two linear operators with AB = BA, then 
for any \€C, B maps {v | Av = Av} to itself. 


This is immediate from Av = Av > ABv = BAv = ABv. Given the 
proposition, if A is normal, A and A* have common eigenvectors, that is, 
y so Ay = Ay and A*y = py (it is easy to see that 4p = ). This implies 
A and A* leave yt = {wp | (w,y) = 0} invariant, so Theorem [1.3.3] follows 
inductively. 


Proposition [1.3.4] also implies, by an inductive argument, 


Theorem 1.3.5. If Aj,...,An are normal operators on a complex vector 
space, and A; A, = Ay A;, Aj Aj; = AjAj, then there is an orthonormal basis 
{Ya}a=1 80 AjPa = HjaPa: 
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If 


Ar. aie 
B= ( 7 an) ee s( i nee 


then S* BS has every diagonal matrix element +1. Combing this with The- 
orem yields 


Theorem 1.3.6. If A is an invertible symmetric matrix, there exists T so 
T*AT is diagonal with every diagonal entry +1. 


We suppose that the reader is familiar with the language of groups: 
homomorphism, subgroups, cosets, quotient groups. We will also very oc- 
casionally refer to rings and ideals and the fact that quotient rings have an 
inherited product. 


In particular, in Chapter 13 of Part 2B, we’ll look at nZ C Z where 
nZ = {kn | k € Z}. This is an ideal. The quotient Z/nZ = Z,, is a ring of 
n elements. Its elements viewed as subsets of Z are called conjugacy classes. 
a = b, called a is conjugate to b if and only if n | (a — 6). 

p € Z, is prime if p > 1 and its only divisors are 1 and p. Every a € Z, 
can be uniquely written as a = pi sie oF. where the p; are prime. a,b are 
called relatively prime if their only common divisor is 1. The Euclidean 
algorithm asserts that this is true if and only if there are integers m and n 
so that ma+nb = 1. In turn, this is true if and only if in Zp, the conjugacy 
class of a has an inverse (namely, the conjugacy class of m). Z is the set 
of invertible elements of Zp); equivalently, those classes relatively prime to b. 


Notes and Historical Remarks. For a textbook presentation of linear 
algebra, see Lang , and for the basics of groups and rings, see Dummit— 
Foote 


1.4. Calculus on R and R” 


The key to the Cauchy approach to complex variables is the differential and 
integral calculus of functions of a region Q C C to C. Such functions can 
be viewed as maps of R? to R? by forgetting the complex structure, so the 
calculus of such functions is important background. To set notation, we 
review the main elements in this section. 

We begin with “big oh, little oh” notation. Let f,g: U — Y be functions 
defined on an open set U C X, some normed linear space to Y, another 
normed linear space. We say f = O(g) at xo € U if there is 6 > 0 and C so 
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that 
If(@)lly < Clla@)lly (1.4.1) 


if ||z — zollx < 6. We say f = o(g) at xo € U if and only if, for all ¢ > 0, 
there is 6 > 0 so that 


|x — xollx <6 = |lf(a)lly < ellg(@)lly (1.4.2) 


We say f is differentiable at xo if and only if there is a bounded linear 
map T': X — Y, so at 20, 


f(x) — f(%0) — T(a — x9) = o(||x — roll) (1.4.3) 


T is called the derivative of f at xo, written D,, f. Clearly, since T’ is a 
bounded linear map, (1.4.3) implies 


f(x) — f(@o) = O(||a — aoll) (1.4.4) 


so differentiability at 29 = continuity at x9. A function is called C!, aka 
continuously differentiable, on U if and only if it is differentiable at all a9 € U 
and « > D,f is continuous. C*, k = 2,3,..., is defined inductively by 
requiring f to be C*!, and D*-!f = D,(D,...Dzf) (k — 1 times) is C? 
as a function in hom(X,hom(X,...,hom(X,Y))). D*f can be viewed as a 
multilinear functional of & variables in z. 


Riemann integrals of continuous X-valued functions on [a,b] can be de- 
fined so long as X is a Banach space, that is, complete; see Chapter 5 of 
Part 1. The fundamental theorem of calculus asserts that if f is C' on (a, b) 
to X, a Banach space, then for anya<c<d< b, 


d 
f(a) - f( = | f'(a) de (1.4.5) 


where f’(x) = (D,f)(1) = # (2). Conversely, if g is continuous on (a, b) 
and c € (a,b), 


fa)= [9 du (1.4.6) 


is C1 and 4 (x) = 92). 
A simple induction starting with (1.4.5) and using (1.4.5) at each step 
allows one to show 


Theorem 1.4.1 (Taylor’s Theorem with Remainder). If f is C* on (a,b) 
with values in a Banach space, Y, then for every x, Xo € (a,b), 


k-1 ¢(j) ‘ . ae 
f (x) = Ss f 7 0) (x x0)! + oar | mien el ( + al = t)xq) dt 
a 


(1.4.7) 
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One of the deepest results in differential calculus that will illuminate 
some of the theorems in this book is: 


Theorem 1.4.2 (Implicit Function Theorem). Let X and Y be Banach 

spaces, U C X x Y open, and F:U — X, a C! function. Suppose 
1 

for (x0, Yo) € U, F (xo, yo) = 0. Let Deis gail Oya) = Di : F(a) ee 


(x0,Yo) 
Deo ry) and suppose that Dae is invertible. Then there is V, an 


open neighborhood of yo, W, an open neighborhood of x9, and g, aC! map of 
V to W, so thatWxV CU, and for (x,y) €eWxV, F(a, y) =0Sy=g(z). 


As a corollary (take F(z, y) = f(x) —y), 


Corollary 1.4.3 (Inverse Function Theorem). Let X be a Banach space, U 
open in X, f: U + X, aC! function. Let x9 € U, yo = f (xo), and suppose 
D,,f is invertible. Then there exist neighborhoods V of yo and W of xo so 
that f is a bijection of W onto V, and so the inverse, g, on V is Ct. 


A second theme that will occur, especially in connection with the Weier- 
strass approach to complex analysis, involves infinite series. One subtle issue 
involves rearrangements. Given a sequence {a,}°2, of real numbers, a re- 
arrangement is a sequence of the form b;, = azn), Where 7 is a bijection of 
Z.. to itself. Here the main result is: 


Theorem 1.4.4. Let {an}, be a sequence of real numbers. If )>?-j|an| < 
co, then for any rearrangement, limpy_soo SS On = 4 
and 


Sts = a (1.4.8) 
n=1 n=1 


Tf oP an exists in R but 3°, |an| = 00, then for any a € [—co, ov], there 
is a rearrangement with 


b, exists in R 


lim So bp =a (1.4.9) 


Remarks. 1. By looking at Rea, and Ima,, we see the rearrangement 
invariant result holds for complex ay. 


2. The idea behind the proof that absolute convergence implies rearrange- 
ment invariance is the following: Given ¢, find N so }7y,,\a;| < ¢. Given 
b and z, find M so z(j) < M for j = 1,...,N. Then for k > N,M, 
oF (aj — b;)| < 2e since all the “large” a’s are cancelled. 

Closely related to rearrangement is Fubini’s theorem for sums: 
Theorem 1.4.5. [f )77°) ojo; |aij| < 00, then 


(Yes) =>-(Sa) (1.4.10) 


i=1 \j=1 j=l ‘i=l 
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The following “real analysis” result is occasionally useful in complex 
analysis: 


Theorem 1.4.6 (C™ Partitions of Unity). Let K C R” be compact and 
{Uahaer an open cover of K. Then there exist C™® functions, {jx}p_1, 
of compact support so that each jy has support in some Ug, and so that 


yee) — 1 for di eK, 
The idea of the proof is to first use products of functions of the form 


g(2) = a (1.4.11 
; GS XO 


to get, for any V C R” and z € V, a function qz,v, C° of compact support so 
that sup dz,v C V,0 < gv < 1, and gq; v(y) = 1 for y in some neighborhood, 
Nz,v, of x. 


Then, for each a € J and x € Ug, pick such a qz,y, and Nz,y,,. Finitely 
many Nz, cover K, so let q1,..-,dn3.N1,-.., Nn be the corresponding func- 
tions and sets. 


Finally, define j1,...,jn by 
Fi =H,+ ++) Fk+1 = Me+i(1 — q1).-- (1 — ae), --- (1.4.12) 
Then )7,-1 36 = 1-[]h_1 (1 — ae) is 1 on K. 


Finally, we note results on ODEs. We look at R”-valued functions. 
There is no loss in restricting to first order at least for equations of the form 


u(t) = F(t; u(t),...,u"—)(2)) (1.4.13) 
since this is equivalent to 
u(t) = A(t; v(t)) (1.4.14) 
if v(t) = (u(t),...,u("-, t) and A has components 


A,(t) = —vj41(t); j = 0, cee yg Ve 2; Api (6) = FU: vo(t), srets nit) 
(1.4.15) 
The basic existence and uniqueness result (see Theorem 5.12.5 of Part 1) 
is local. 
Theorem 1.4.7. Jf A(t;v) is continuous int for v fixed and obeys 
|A(t;v) — A(t; 0)| < Clu — 3] (1.4.16) 
for a fixed C and allt € (to — 6, tp +6), then there is 6’ <6 so that for any 
vo; has a unique solution in (to — 0’,to + 6’) with v(to) = vo. 


If the equation is linear, we have global solutions (see Theorem 5.12.8 of 
Part 1). 
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Theorem 1.4.8. If A(t;v) = A(t)v where A(t) is a linear map of R” to R” 
and continuous in t on (a,b), then for any c € (a,b) and vp € R", there is a 
unique solution of on (a,b) with v(c) = v9. Moreover, 


ells exp( / || A(s)|| ds ) eo (1.4.17) 


in the Euclidean norm, ||v|| = Oo alee: 


Notes and Historical Remarks. Big oh/little oh notation was intro- 
duced by Bachmann [29] in 1894 and popularized especially by Landau 
[338] and Hardy [238]. They are sometimes called Landau symbols. Hardy 
used f < g for O(-) and f < g for o(-), but by his book on divergent series 
[239], he had shifted to O and o. 


For a textbook presentation of calculus on Banach spaces, including 
the implicit function theorem, see Choquet-Bruhat et al. [115], Lang [346], 
Loomis-Sternberg [367], and Section 5.12 of Part 1. For a discussion of 
theorems on series, see Knopp . Many books discuss the details of the 
construction of a partition of unity, for example, DiBenedetto [141]. 


Theorem is obtained by rewriting as an integral equation 
and using the contraction mapping theorem (see Theorem 5.12.4 of Part 1) 
on a suitable metric space (see Theorem 5.12.5 of Part 1). Uniqueness 
can fail if A is only assumed continuous, for example, the scalar equation 
v'(t) = 2,/v(t) has the solutions v(t) = 0 and also u(t) = (t — to)? (t > to; 
0 if t < to), all with v(0) = 0. This result is called the method of successive 
approximation (since the contraction mapping theorem can be proven by 
iteration) or Picard iteration, after its inventor, or sometimes the Picard— 
Lindelof theorem, after [355]. 

(LLIN comes from fllv(6)|| < |A@IIlo(||, 80 $ loslle(6)|| < IACI 
which can be integrated. With as an a priori bound, one can see 
that the local can be continued indefinitely; hence, there are global solutions. 


Details of the proofs of these basic ODE theorems can be found, for 
example, in Hille or Ince [275]. 


1.5. Differentiable Manifolds 


The language of differentiable manifolds is ideal to describe surfaces and 
hypersurfaces. We'll discuss in this book Riemann surfaces which have more 
structure, but both the structures and analogies to manifolds are useful. 
Here is a lightning summary. 


Definition. (Preliminary) A C® manifold, aka differentiable manifold, 
(manifold for short), is a metric space, M, with a collection, called an 
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atlas, {(Ua, fa)}aer of pairs Ua C M, an open set, and fa: Ug - R’, a 
homeomorphism of U,, and an open set, Ran( fq), so that 

(i) User Va = 

(ii) If Ux Ug 4, then fg o f+: Ran(fa) > Ran(fg) is a C© map with 


C@ inverse. 


y is called the dimension of M. 


Two atlases, {(Uo, fa) baer and {(Vg, 98) }ee7, on M are called compati- 
ble if Ua Vg #9 implies foo 93°: 93|(Ua Vp) > falUaN Ve) is a C°° map 
with C'™ inverse. 


Definition. A manifold is a metric space, M, with an equivalence class of 
atlases. 


Definition. On a manifold, (U, f), an element of some atlas is called a local 
coordinate or coordinate patch. If f(x) = (a',...,2”), {aI }¥_4 are called 
the coordinates. 


Definition. If M,N are two manifolds, a map f: M — N, is called C™ if 
for any local coordinates (Ua, fa) on M and (Vg, gg) on N, we have ggofof,! 
is C®. C®(M) is the family of C° maps of M to R. 


Theorem [1.4.6] extends even to a noncompact setting. 


Theorem 1.5.1. Let {Ua}aer be an open cover of a manifold, M. Then 
there is a refinement, {V3}ge7, which is locally finite, that is, for any x, 
there is a neighborhood, N, so that {8 | NN Vg F O} is finite and C™ 
functions, jg: M > R with 0 < jg < 1 so that supp(jg) C Vg, and for all 
xe M, 


S je(e) =1 (1.5.1) 
B 
Remarks. 1. Refinement means every Vg is a subset of some U, and 
UV, =M. 


2. By the local finiteness, the sum in (1.5.1) only has finitely many terms 
for each « € M. 


Here are the basic facts about differential and integral calculus on man- 
ifolds: 


(1) A point derivation at xo € M is a linear map, 0: C°(M) — R, so that 


(fg) = f(wo)e(g) + &(F)g(xo) (1.5.2) 
The set of point derivations at xo is denoted T,,(M). 
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(2) If y: [0,1] > M isa C®™ curve, 


(1.5.3) 


50 


is a point derivation at (so), called the tangent to y at (so). 
(3) If zo € M and (U, f) a coordinate patch, then every point derivation at 


xo has the form 
V ai OF 


(1.5.4) 


so that dim(T;,(M)) =v. ; 

(4) T(M) = Ureu Tr(M) is called the tangent bundle. For each coordinate 
patch, (U, f) for M, define f: U,eu Tx(M) = Tu(M) > R*” by f(xo,2) = 
(f(xo), {a7 }¥-1), where the a/’s are given by (£.5.1). T() can be given a 
metric topology so that these (Ty(M), f) turn T(M) into a 2v-dimensional 
manifold. 7: (x,@) > x from T(M) > M is called the natural projection. 


(5) A vector fieldis amap X: M — T(M) so that 70 X is the identity. X is 
a general first-order differential operator on MM. We say X is a cross-section 
of T(M). I(T(M)) will denote the set of all vector fields. 


(6) A flow is a C® map, ®, to M from a subset, S C M x R, with the 
property that {(z,s) | s € I, = (az, Gx)} is an interval, I,, of R containing 0 


so that 
®(z,0) =x (1.5.5) 
and so that if s € I; and t € Igq,s), then s +t is an I, and (the flow 
equation) 
®(x,5+t) = &((z,s),t) (1.5.6) 


(7) If ® is a flow, then there is a unique vector field, X, so that for any 


f € C™, we have 

d 

pi ie@t))) = X(@)(f) (1.5.7) 

t=0 

(8) Conversely (a a of Theorem [1.4.8], given any vector field, X, there 
is a flow obeying (1.5.7). There is a unique such maximal flow, where max- 
imal means S' is en For this maximal flow, for any x, either (6, is 
infinite or ®(z,s) has no limit point in M as s + 8, (and similarly for a,). 


(9) Elements of the dual apace, T,(M)*, are covectors at x. If dx* is the 
dual basis to (i.e. , dxi (2 7) = ij), then any w € T,(M)* has the form 
w= >> b;dz’. 

(10) As with the tangent bundle, U,. 77 (/) = T*(M), the cotangent bundle 
is a 2v-dimensional manifold with local coordinates (zx, 6). 


2 v 
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(11) If f € C(M), then df is defined by df(¢) = ¢(f). The map f +> df is 
a map of C®(M) to [(T*(M)), the one-forms which are cross-sections of 
T*(M). We also write \(M) for [(T*(M)). 


(12) (Exterior algebra is discussed in Section 3.8 of Part 1.) One de- 
fines \*(T*(M)), k = 1,2,...,v, to be the exterior spaces over T*(M). 
U, A*(T%(M)) is again a manifold and its cross-sections, denoted \*(M), 
are called k-forms. The map d extends to A*(M) into \*+!(M) by requiring 
d(f da! \--. A da*) = df \dx!--- A dx*. One has d? = 0 because of the 
antisymmetry of dz! \--. A da* and symmetry of 0? f /Ox'dz/. 


(13) A manifold, M, is called orientable if there is a nowhere vanishing 
m-form. Picking one gives one a notion of positivity, called an orientation. 


(14) v-forms transform under coordinate transformations as determinants, 
that is, Jacobians of the coordinate change. So long as one only considers 
orientation-preserving coordinate transformations, we can define integrals 
of v-forms by using a partition of unity supported on coordinate patches 
and defining tu. Jow = to, Gja dx,...dXp if w = gdx, A--- Adz, in local 
coordinates on U,. The Jacobian transformation means this definition is 
coordinate-independent. 


(15) A C® map f: M > N between manifolds induces maps on the bundles 
(or at least their fibers), which we’ve discussed. f*: C°(N) > C™®(M) by 


P(g=9ef (1.5.8) 
This then induces f,: Tin(M) > Ty(m)(N) (the push forward) via 
f.(X)g = X(fog) (1.5.9) 


Its transpose is then a map f*: Thm) N) — T* (M) (the pullback). A*(f*), 
which we also denote f*, then defines a pullback of A (Tim) (N y= 
A* (Ty, (M)). 

If {2%} and {y®} are local coordinates on M and N, respectively, and 
f' =y% of asa function of (#1,...,2%m), then 


* Pecan eae Pa ie 


and 


B 
f.(Soeatw ay) = Toate) SE de® (51) 
B a8 


(16) One cannot use f, to push forward vector fields on M to ones on N 
since n = f(m) may have no solution or many (i.e., f, is purely local), but 
f* can be used to push a one-form (or k-form) since n = f(m) has a unique 
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solution for each m (we wrote (1.5.11) for one-forms). It can be seen that 
for any smooth f and k-form w on N, 


d(fx(w)) = fx(dw) (1,5;12) 


The proof of this depends on the symmetry of 0? f° /Ox°0x7 in a and y and 
antisymmetry of dr™ A---A dx. 


(17) Let X be a k-dimensional submanifold of M, that is, X is a subset 
of M and a k-dimensional manifold in a set of local coordinates that are 
restrictions of a coordinate system of M, that is, there exist local coor- 
dinates for M, (x',...,2”), in a neighborhood U, p € X C M, so that 
UX =f{z2 eV | (a*™,...,2”) = (0,...,0)} and (j,...,2") are the 
local coordinates on N. Let f: X — M be the identity map. If X isa 
k-dimensional orientable submanifold and w is a k-form on M, then f*(w) 
is a k-form on X and its integral over X is defined to be the integral of w 
over X. 


(18) One can define manifolds, M, with a boundary 0M. M is of dimension 
n and OM is an (n— 1)-dimensional manifold. For points, m, in the bound- 
ary, a local coordinate path (Ua, ~a) has ~a: Ua > V € RY = {x | x1 > 0} 
with ya(m) € {x | x; = 0}. Consistency requires maps C™ in (2,..., Zn) 
and C' up to boundary in x;. One can then define f* and the various 


structures. If M/'™ has an orientation, there is an induced orientation on 
OM. 


(19) If X is a k-dimensional submanifold of M so that f: M — N is one- 
one in a neighborhood of X (so f[X] is a submanifold of NV), then for any 


k-form, w, on N, 
| Ww = f*(w) (1.5.13) 
f[X] x 


because the (Jacobian) change of variables in local coordinates is precisely 
why f* acts on k-forms. 


(20) One has 


Theorem 1.5.2 (Abstract Stokes’ Theorem). If N is a k-dimensional ori- 
entable compact submanifold with boundary, ON, and w is a (k — 1)-form, 


then 
[awo=f w (1.5.14) 
N ON 


Remark. Integrals depend on an orientation. There is an induced orienta- 
tion on ON, given one on N. 


Special cases of this abstract theorem are called Green’s, Gauss’, or 
Stokes’ theorem. 
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Notes and Historical Remarks. 


Clearly Thomson knew of Green’s theorem in 1845, but in a postscript to 
a letter (dated July 2, 1850) that he wrote to an academic friend at Cam- 
bridge, George Stokes (1819-1903), Thomson mentioned the theorem but 
neither gave a proof of it nor mentioned Green’s authorship. In February 
1854 Stokes made the proof of the theorem an examination question at 
Cambridge—on a test, it is amusing to note, taken by a youthful James 
Clerk Maxwell. Maxwell (1831-79) later developed the mathematical the- 
ory of electromagnetics in his 1873 masterpiece Electricity and Magnetism 
where, in a footnote to article 24, he attributes the theorem to Stokes. So, 
today, the theorem is often called—you guessed it—Stokes’ theorenf}} 


—Paul J. Nahin |399}. 


The Thomson referred to is William Thomson, later Lord Kelvin (a 
biographical note can be found in Section 3.5 of Part 3), who while at 
Cambridge had obtained a copy of Green’s privately published paper. 


For texts on manifold theory, see 401} |530) [578]. 


The more common definition of C'°° manifold doesn’t require a priori 
that M be a metric space, but rather paracompactness (see the Notes to 
Section 2.3 of Part 1). Since all our examples are metric spaces (and metric 
spaces are paracompact), for simplicity we use the simpler requirement. 


A vector bundle, E, over a manifold, M, is another manifold and map 
7: E — M, so that there is an atlas {(Ua, fa)}aer of M and fixed vector 
space, V & R¢ (9 will be an explicit linear bijection of V and R®), so that 


(i) Us = na *[Ual is homeomorphic to Ug x V under a map ga: Ua x V > 
a *[Ual; with 1(ga(x,v)) = x. 
(ii) If fa: 771 [Ua] 3 R’+ is given by 


fa(n) = (fa(m(n)), fa © 9a '(n)) 


where fg: Ua x V > R®° by fa(z,v) = Sv, then {(Ua, fx)}aer is an 
atlas for M. 
(iii) Each fy! o fg is linearly restricted to each 7~!({ax}) for 2 € Ua Us. 


The tangent, cotangent, and U,, A*(T%(M)) manifolds are all vector bun- 
dles. 


A cross-section of a vector bundle 7: EF + M isa C™ function f: M—- 
E so that 70 f(x) =z for all x. 


Given the notion of tensor products of vector spaces (see Section 3.8 of 
Part 2), one defines tensor bundles over M by taking tensor products of 
multiple copies of T;,(/Z) and T*(M) and gets a coordinate-free formulation 
of the tensor analysis used in many applications in physics and engineering. 


1 We note that while we have lumped these all in as an abstract Stokes’ theorem, until recently 
Green’s theorem which involves div(A) and Stokes’ theorem which involves curl(A) were thought 
of as distinct. 
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1.6. Riemann Metrics 


While Riemann surfaces are a frequent figure in this volume, Riemannian 
manifolds, a distinct notion, are not—but they do appear as the major player 
in Chapter 12 of Part 2B, so we recall some of the basics in this section. 


A Riemann metric on a v-dimensional C' manifold, M, provides local 
notions of distance and angle, namely, a real inner product ( , )m on each 
tangent space, T;,(/7), which is smooth in the sense that if X and Y are 
vector fields, then m +> ((X(m),Y(m))m is a C™ function. A connected 
manifold with Riemann metric is called a Riemannian manifold. Given a 
local coordinate system, x’, near m € M, we define the metric tensor, Giz 


by 
0 O 
sul) = (ee) (1.6.1) 
so if X(m) = wai 2, Yin) = we, then 


(X(m),¥(n))m = > gij(m)a'b! (1.6.2) 


i,j=1 


The functions gjj(m) are C'° and transform as follows: If gi; is the 
metric tensor in the y coordinate — at 


Gij = Yo ayt ~~ (1.6.3) 


The positivity of the inner soa implies g = det(gj;) is nonzero. We 
denote the inverse to gj; as g). In the dual inner product, it is (dx, dxI dual 
As usual, 

|X |lm = (X, X)4/? (1.6.4) 


Riemann metrics have a natural v-form which, in local coordinates, is 
given by 
w = g/day A-+- A day (1.6.5) 


j= ofeer(22)] (1.6.6) 


this is independent of coordinate system. There is a question of sign due to 
reordering, but if M is orientable, there is a global form w which defines a 
natural volume measure on M. 


Because (1.6.3) implies 


A Riemann metric allows one to define the length of a smooth curve, 
y(t), mapping [to, t1] to M by 


L(y) = / ‘Il Olly (1.6.7) 
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where 7 is the tangent to the curve, as defined in (1.5.3). The geodesic 
distance between mo,mj, € M is defined by 
d(mo,™1) (1.6.8) 
= inf{L(y) | smooth curves, 7, with y(to) = mo, y(t1) = m1} - 
A geodesic is a minimizing curve, if one exists. Such a minimizer 
is highly degenerate since length is unchanged under reparametrization 
(reparametrization is discussed in Section [2.2). Geodesic parametrization 
is one where tp = 0, t; = 1, and ||7(s)|| is constant, so L(y). It is not hard 
to see that for a given curve, there is a unique geodesic reparametrization. 


The energy of a curve defined on [0, 1] is given by 


1 
B(7) = / I1/(S) 2c) ds (1.6.9) 


By the Cauchy—Schwarz inequality, L(y)? < E(7), with equality if and only 
if ||y(s)|ly(s) is constant. It follows that the minimum energy among all 
curves from mo to m4 is d(mg,m 4)? and the minimizers for E are precisely 
those for L when given geodesic reparametrization. There can still be mul- 
tiple minimizers of F between points (think of the north and south pole on 
a sphere) but they must be distinct curves. 


The energy is susceptible to study via the methods of the calculus of 
variations. The Euler-Lagrange equations in local coordinates, where y‘(s) 
are the coordinates of y(s) take the form 


Py(s) pi dy2(s) dy*(s) 


—0 1.6.10 
ds? JE ds ds ( ) 
called the geodesic equation. Here ri, is the Christoffel symbol given by 
ae im|O9mj , OGmk — OGjk 
= 5 oe ee a ae (1.6.11) 
m 


As a second-order equation with smooth coefficients, (1.6.10) has a local 
solution for any initial condition. That is, (1.6.10) has a unique solution for 


a=" € Tn(M). If this solution can be 


d / 
small s for any m = (0) and = 


defined up to s = 1, we set 


exp,,(v) = y(1) (1.6.12) 


The local solubility and reparametrization implies exp,,,(v) is defined at least 
for ||v|]m small. 

It is not hard to see then for s small, the solutions of are what we 
have called geodesics, that is, minimizers of L(7) among ¥’s with 7(to) =m, 
4(t1) = y(s). But for s larger, this may fail. Think of two close points on 
the sphere—there are two great circles between them: one is a minimizer 
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and the other is a minimizer over short distances but not globally. We call 
solutions of (1.6.10) local geodesics. 


Here is a criterion for existence of geodesics for all pairs of points: 


Theorem 1.6.1 (Hopf-Rinow Theorem). Let M be a Riemannian manifold. 
Then the following are equivalent: 


(1) M is complete as a metric space in the metric d given by (1.6.8). 

(2) exp,,, is defined on all of T,(M) for one m in M. 

(3) exp,,, is defined on all of T,(M) for all m in M. 

(4) Any closed, bounded (i.e., SUPmreg d(mo,m’) < co for any mo € M) 
subset of M is compact. 


If these conditions hold, a geodesic exists between any pair of points. 


Remarks. 1. If M obeys these conditions, it is called geodesically complete. 


2. If M is compact, (4) holds, so compact Riemannian manifolds are geodesi- 
cally complete. 


3. (3) is equivalent to saying solutions of the geodesic equations on an 
interval can be extended to all s € R. 


The other aspect of Riemannian manifolds we need to discuss is curva- 
ture. This is a beautiful but involved subject. Since we only need it once 
(in Section 12.1 of Part 2B) and in two dimensions, we’ll restrict ourselves 
to Gaussian curvature, K. That it has intrinsic geometric meaning is seen 
by the formula for the curvature K(m), at m, 

>» wK(m)r4 


vol{m’ | d(m,m’) <r} =ar* — 5 + O(r?) (1.6.13) 


The formula for K in terms of g or TI is complicated, but in a coordinate 


system where g = (%! a ), it is somewhat simpler: 


i 1 0 1 O92, 1 Ogi 
2/9 |On fg On Oy fg dy | 


Notes and Historical Remarks. The Hopf—Rinow theorem was proven 
by Heinz Hopf (1894-1971) and his student, Willi Rinow (1907-79), in 1931 
: 


Gaussian curvature was discovered by Gauss in 1827 [205]. Curvature 
of curves in space had earlier been defined depending on the embedding 
in 3-space. What Gauss discovered (his Theorema egrigium, Latin for “re- 
markable theorem”) was that the product of the maximum and minimum 
curvatures of curves through a point on a surface (now called the Gaussian 
curvature) was intrinsic to the surface, that is, only dependent on angles 
and distances on the surface. It is the AK of (1.6.14). 


if N12 = 0 (1.6.14) 
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In generalizing Gauss’ ideas to arbitrary dimensions, Riemann 
essentially formulated the notions of Riemann metric, geodesic equation, and 
curvature (of course, without the formal manifold language of the twentieth 
century). 


For books that expose the subject introduced in this section and, in 
particular, for proofs of (1.6.11), (1.6.14), and Theorem [1.6.1] see 112) 


1.7. Homotopy and Covering Spaces 


The notion of homotopic curves and topologically simply connected regions 
of C will enter in many places. The related notion of covering space will 
come up more rarely, but will play a central role in Sections 
10.7] and [ii.3] This section discusses the main ideas in this subject. 


A curve in a topological space, X, is a continuous map, y: [0,1] > X. 
X is called arcwise connected if for every x,y € X, there is a curve with 
(0) = x, y(1) = y. Any arcwise connected set is connected. Conversely, if 
X is connected and locally arcwise connected (i.e., every x € X has a neigh- 
borhood which is arcwise connected), it is arcwise connected. In particular, 
open subsets of C are topologically connected if and only if they are arcwise 
connected; this is discussed in Section 2.1 of Part 1; see Theorem 2.1.16 of 
Part 1. 

Two curves, 7, with y(0) = ¥(0) = x and 7(1) = ¥(1) = y, are called 
homotopic if and only if there is a continuous map [: [0,1] x [0,1] ~ X 
called a homotopy with 


Pt,0)= 7%), Té1I=7%), TO,s)=2, T,s)=y 
Being homotopic is easily seen to be an equivalence relation; equivalence 
classes are called homotopy classes. 


Equivalently, if X is a metric space with metric p, one puts a metric, d, 


on Qe, y = {curves ¥ with 7(0) = x, y(1) = y} by d(y, 7) = sup; e(y(t), (4). 
A homotopy is then a curve in Q,,, (with I's(t) = P(t,s)) so that [9 = 7, 
I’; = 7. Homotopy classes are thus arcwise connected components of 2); y. 


A topological space, X, is called simply connected if it is arcwise con- 
nected, and for any x,y € X, any two curves are homotopic. It is easy to 
see this is true for all pairs x, y if and only if it is true for one pair. 


One defines the composition of two curves in Q2,. by 


- 7(2t), O<t<3 
t)= 7A 
7 * y(t) Letc) (Ea!) 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


22 1. Preliminaries 


It can be shown that compositions of homotopic curves are homotopic and 
(y*7)*7! is homotopic to y*(7*74) so that composition defines an associative 
product on homotopy classes. The class of yo(t) = x is an identity and 
4(t) = 7(1 —t) is an inverse (i.e, 7 * y and 7 * ¥ are homotopic to yo). The 
fundamental group or first homotopy group, 71(X, x), is the homotopy classes 
in Q;., with this group structure. x is called the base point. For z,y € X, 
m1(X, x) and 71(X,y) are isomorphic as groups. Indeed, extending * to any 
curves 7,7 with y(1) = (0), the map 7 4 y#y(7#)-! of O22 to Qyy for a 
curve 7* with 7#(0) = x, 7#(1) = y sets up an isomorphism. 

Given arcwise connected spaces, X and Y, a covering map is a continuous 
map f: Y — X so that for any x in X, there is a neighborhood N, or X 
so that f—![N,] is a countable union (finite or infinite) of sets, Me ) on 
which f is a homeomorphism of each Me ) to N,. The canonical example is 
f: R- OD by f(x) =e". Y is called a covering space of X. 


Two covering maps f: Yj > X and g: Yz — X are called isomorphic if 
there is a homeomorphism h: Y; — Y2 so that gh = f. Given a covering 
map f: Y — X and a continuous map g: Z > X, a lifting of g is a map 
h: ZY so fh=g. 


Theorem 1.7.1 (Path Lifting Theorem). Let X,Y be arcwise connected 
spaces and f: Y —+ X a covering map. Let y: [0,1] + X be a curve and 
y €Y with f(y) = 7(0). Then there exists a unique lift ¥: [0,1] > Y with 
4(0) =y and foy=v7. 


The idea of the proof is that [0,1] can be covered by finitely many 
intervals Jj,...,J¢ with J; N Jj41 #9, 0 € Ji, 1 € Je, and so that y[J;] lies 
in an arcwise connected open set on which f~' is a union of disjoint sets on 
which f is a homeomorphism. The unique lift on each J; is immediate and 
they can be pieced together. This result leads to: 


Theorem 1.7.2 (Fundamental Theorem of Covering Spaces). Let X,Y be 
arcwise connected spaces and f: Y — X a covering map. Let Z be an 
arcwise connected and simply connected space, and g: Z + X continuous. 
Then given any 2 € Z andy € Y with f(y) = g(zo), there exists a unique 
lift, G, of g to Y with G(zo) =y and FoG=g. 


The idea of the proof is that given z1 € Z, find y: [0,1] ~ Z with 
(0) = 20, y(1) = 21. By Theorem [L.7.I] we can lift go y to 7 to Y and 
define G(z1) = ¥(1). If y1 is a homotopic curve from zo to 21, a continuity 
argument shows 41(1) = (1), so G is well-defined, and thus, continuous. 

This pair of results has many consequences. First, given 79 € X and 
yo so f(yo) = Xo, we claim there is a natural action of 71(X,29) on Y. It 
is defined as follows. Given y; € Y, pick a curve y in Y with 7(0) = yo, 
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(1) = y1, Given an element [7] € 71, consider the curve (f oy) *¥. It goes 
from x9 to f(y,), and so has a unique lift y# to Y with 7#(0) = yo. One 
defines T)5)(y1) = yi(1). This defines an action of 7; on Y. The maps are 
called deck transformations. It is not hard to see the action is transitive on 
the fibers of f, that is, f(y1) = f(y2) @ dg € m1 with yo = 7,(y1). The fibers 
are thus in one-one correspondence with 7/I, where If = {g € ™ | T7 = 1} 
and, in particular, the cardinality of the fibers is fixed. 


We are particularly interested in the case where If = {1}. For the fibers 
to be countable, 71 needs to be countable and that is true so long as X isn’t 
too big; for example, a separable metric space. Here’s the key result: 


Theorem 1.7.3 (Universal Covering Spaces). Let X be an arcwise con- 
nected separable metric space. Then there exists a covering space Y (i.e., 
Y and f: Y > X) so that Y is arcwise connected and simply connected. 
Moreover, Y is essentially unique in that, given xo € X and (Y,y1), (1, y1); 
where f: Y > X, fi: Yi > X1 are covering maps, f(yo) = xo, fi(yi) = 71, 
and Y and Y, are arcwise connected and simply connected, there is a unique 
homeomorphism, h: Y + Y1 so h(yo) = yi and fioh= f. 


The space Y guaranteed by the theorem is called the universal covering 
space of X. 


Existence and uniqueness are separate arguments. To get existence, one 
puts a sup metric on all curves y: [0,1] + X with 7(0) = zo, a base point 
in X. One passes to a quotient topology on the homotopy classes, Y, of 
curves. One maps Y to X by f([y]) = y(1). Y constructed in this manner 
is simply connected and is the universal covering space. Uniqueness follows 
from Theorem 


Given a universal cover Y of X and a subgroup G C 71, we say y ~G Y1 
for y,y1 € Y if y1 = 7,(y) for some g € G. This defines an equivalence 
relation on Y and the equivalence classes Yq and inherited projection fg 
yields a covering space with I, = G. This is the existence part of 


Theorem 1.7.4 (Classification of Covering Spaces). For any G C 
m™(X,20), there is a covering map f: Y + X with Ip = G. Two such 
covering spaces are isomorphic if and only if the associated G'’s are conju- 
gate, that is, G = gGig~' for some g € 71. 


Notes and Historical Remarks. For textbook presentations of homo- 
topy and the theory of covering spaces, see Fulton and Hatcher [244]. 
It was in the context of problems in complex analysis (branched covers of 
Riemann surfaces and later uniformization) that the notion of covering space 
was invented by Poincaré and Klein; see the Notes to Section 8.7] 
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1.8. Homology 


The computability of homology groups does not come for free, unfortu- 
nately. The definition of homology groups is decidedly less transparent 
than the definition of homotopy groups, and once one gets beyond the defi- 
nition, there is a certain amount of technical machinery to be set up before 
any real calculations and applications can be given. 


—A. Hatcher 


The fundamental group, aka homotopy, measures holes in a region, Q, 
of C. Homology, which we reprise in this section, provides a different way 
of measuring such holes, one of greater relevance to the Cauchy integral 
theorem (CIT). In a sense, simple connectivity is relevant to that theorem 
because it implies the homology is trivial. We emphasize that while homol- 
ogy is relevant to the CIT, homotopy is critical in the theory of Riemann 
surfaces. 

Here we'll focus on what is called singular homology and the first ho- 
mology group—we’ll thereby miss exact sequences, cohomology, and all the 
deeper parts of homology theory, but parts not relevant to complex analysis. 

A curve is a continuous map, 7, of [0,1] onto a topological space, X. 
We'll also call it a 1-simplex and points in X we'll call a 0-simplex. The 
canonical 2-simplex is the set A? = {(2,y,z) € R°? | z,y,z >0,¢+y+2z= 
1} endowed with the induced topology from R?® (i.e., the topology of the 
Euclidean metric). A 2-simplex in X is a continuous map y: A? > X. 

An n-chain for n = 0,1, 2 is a formal sum ae mjpj;, where m; € Zand 
yj is an n-simplex. The set of chains we’ll denote A,(X). The boundary, 
Oy, of a 1-simplex, y, is the 0-chain 


dy = (1) — ¥(0) (1.8.1) 
Extend 0 to all of Ay(X) by 


k k 
a( Somes) = YS" m0; (1.8.2) 
j=l j=l 


In A,(A?), define three 1-simplexes by 
V(t) oa (0, 1 = t, i); 72(t) = (t, 0, I= i); 73(t) — (1 ~ t,t, 0) (1.8.3) 
so if p; has coordinates 6,; for 7 = 1,2,3, then 
OV =p3—p2, 2=pi-—ps, O¥3 =p2— pr (1.8.4) 
and then, 
O71 + 42 + Fs) = 0 (1.8.5) 
Define 0: Ao(X) > A(X), first on 2-simplexes, y, by 


Op = pout pojt+ vos (1.8.6) 
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O€ 


Figure 1.8.1. Homologous chains. 


and extended by (1.8.2). 


Thus, 
Mi) Ai (1.8.7) 
and implies, for any y € A(X), we have 
d7y = 0 (1.8.8) 


Thus, if we define 
Z1(X) = Ker(A, 2+ Ag), Bi (X) = Ran(Ag —5 Aj) 
called cycles and boundaries, respectively, then 
By(X) Cc Z7(X) (1.8.9) 
The quotient group, Z;(X)/B,(X), is called the first homology group. 


Geometrically, H; measures the extent to which closed curves (because 
the sum curves in Z; can be combined into closed curves since they have 
zero boundary) can be “filled” in. One thing that makes it different from 
homotopy is that we can break the curves in pieces (by adding and dividing 
lines in each direction; see Figure and fill them in separately. Note 
that Hj is an abelian group and 7 may not be (Figure[4.1.I]can be written 
as a commutator in 7(C \ {0, 1})). 


There is a natural map of 71(X) to H;(X). If 7 is a closed curve in X, 
it defines a 1-chain h(y) with boundary zero, that is, lies in 7%. If y1 
is homotopic to 72, the homotopy provides a map of [0,1] x [0,1] to X. 
Dividing the square into two triangles shows 7, — 72 is a boundary, that is, 
h is actually a map of 7, to Hy. One has that 


Theorem 1.8.1 (Hurewicz’s Theorem). Let X be an arcwise con- 
nected topological space. The kernel of h: m(X) — H,(X) is exactly 
[71(X),71(X)], the subgroup of m1(X) generated by {xyx~!y~! | x,y Em}, 
and h is onto. Thus, 

m™1(X) 


B= Fe | 


(1.8.10) 


Notes and Historical Remarks. Homology classes were first defined by 
Poincaré in 1895 . The modern theory came in two waves: work in the 
late 1920s on the group and algebraic structure, of which key contributors 
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are Noether [411], Vietoris [563], and Hopf [266]; and then two critical 
papers by Eilenberg {161} [162], the first on singular homology and the 
other, with Steenrood, on an axiomatic approach to homology theory. 


Before singular homology, the subject was combinatorial, involving de- 
composing spaces into triangles and their higher-dimensional analogs. The 
pieces were homeomorphic to simplexes. What made Eilenberg’s theory 
“singular” is that the images of simplexes need not be under injective maps. 


Hurewicz’s theorem is from 1935 [269]. Witold Hurewicz (1904-1956), 
was a Polish mathematician, student of Hahn and Menger and, in turn, 
his students include Felix Browder. He spent his last ten years at MIT. It 
was his work that established the importance of higher homotopy groups. 
He is also known for his work on dimension theory. Hurewicz’s life had a 
strange end. In his early fifties, after attending a conference in Mexico City, 
he visited the Yucatan and fell to his death while exploring a Mayan step 
pyramid. 

If one forms ee aj;~j;, where yj; are n-simplexes but now a; € Q 
or a; € R, one gets homology groups H;(X;Q) and H;(X;R). There is 
also a dual theory, cohomology theory, H*(X;IR). In this regard, we should 


mention deRham’s theorem [138]. If X is a manifold, A‘ —*, 1 and 
d? = 0, deRham’s theorem asserts that H’(X;R) is then isomorphic to 
Ker(Af > A*+1)/Ran(A! > A‘). In particular, in case H)(X) = Z'”, the 
set of 1-forms, w, with dw = 0 modulo the set of df’s, is an n-dimensional 
vector space. 


Hatcher has a lovely presentation of homology theory, including 
Hurewicz’s theorem. deRham’s theorem is discussed in some of the refer- 
ences in Section 


1.9. Some Results from Real Analysis 


Some parts of this volume need results from standard real analysis texts 
such as Part 1. For example, the chapter on spaces of analytic functions 
(Chapter [6) will assume that the reader knows the basics of Frechét space 
theory (Section 6.1 of Part 1) and the Ascoli—Arzela theorem on equicon- 
tinuity implying compactness (see Theorem 2.3.14 of Part 1). Occasionally 
we’ll need some basics in Hilbert space theory (the Riesz representation on 
the dual of a Hilbert space—Section 3.3 of Part 1) or Banach space theory 
(Hahn—Banach theorem—Section 5.5 of Part 1) and uniform boundedness 
principle (Section 5.4 of Part 1). In this section, we want to focus on two 
topics that are not found in all books on the subject. 


1.9.1. Some Connected Results. A topological space, X, is connected 
if the only sets A C X which are both open and closed are @, the empty 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


1.9. Some Results from Real Analysis 27 


set and X, the whole space. Y C X is connected if it is connected in the 
relative topology. X is called arcwise connected if for all x,y € X, there is 
a continuous map 7: [0,1] — X so 7(0) = 2 and y(1) = y. Any arcwise 
connected space is connected. An important fact is that if Q C R” is open 
and connected, then it is arcwise connected. 


It is a basic fact (see Theorem 2.1.13 in Part 1) that if {Aahaer is a 
collection of nonempty connected subsets of a topological space X so that 
for alla # B, AaM Ag = 0, then Ue; Aa is connected. It follows that any 
x € X is contained in a unique maximal connected set called the connected 
component of «. X is the disjoint union of its connected components. Since 
the closure of a connected subset is connected, connected components are 
closed but need not be open. 


Here is a result we’ll need in describing different equivalent definitions 
of simply connected regions in C (we’ll need v = 2 below) in Section 
below: 


Theorem 1.9.1. Let Q C R” be an open connected set. Let RY’ U {oo} be 
the one point compactification of R’. Then (RY U {oo}) \ Q is connected if 
and only if every component of RY \ Q is noncompact. 


This is a special case of Theorem 5.4.22 of Part 1. The proof is somewhat 
involved (although not much more than a page). 


1.9.2. The Banach Indicatrix Theorem. An important tool in complex 
analysis is the rectifiable curve. A basic fact about them that we’ll need 
in Section below is that almost all coordinate lines intersect a given 
rectifiable curve in only finitely many points. When we define such curves, 
we'll see their vectorial components are of bounded variation so we begin by 
recalling that notion. 


Let a: [0,1] > R. Given yo = 0 < yi < yo <... < ye = 1, we define 


Veyoysue)() = > loys) — a(yj-1)| (1.9.1) 
j=1 
The total variation of a is 
Var(a) = sup Vigo...) (@) (193) 
(yo,.--,ye)ié 


If Var(a@) < co, we say a has bounded variation. Monotone functions have 
bounded variation since, in that case, for any y, V7(a~) = |a(1) — a(0)|. 
a(x) = sin(+) (2 > 0;a(0) = 0) is an example of a function not of bounded 
variation. While we defined the notion for [0,1], it makes sense for [a, b] and 
for (a,b) if we require a < yo <...<ye<b. 
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If f : (a,b) > R is a bounded continuous function, one defines its indi- 
catriz, Ne: R > NU {oo} by 


N;(s) = {x | f(x) = s} (1.9.3) 
the cardinality of f~'{{s}]. Theorem 4.15.7 of Part 1 says 


Theorem 1.9.2 (Banach Indicatrix Theorem). Let f be a bounded contin- 
uous function on (a,b). Then Ny is measurable and 


Var(f) = fe Nr(s) ds (1.9.4) 


In particular, if f has bounded variation, then Nr(s) < oo for Lebesgue 
a.e. S. 
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Chapter 2 


The Cauchy Integral 
Theorem: Basics 


The integral along two different paths will always have the same value if it is 
never the case that $(a) = oo in the space between the curves representing 
the paths. This is a beautiful theorem, whose not-too-difficult proof I will 
give at a suitable opportunity. 


—C. F. Gauss in a letter to F. Bessel, December 18, 1811] 


Big Notions and Theorems: Holomorphic Functions, Cauchy—Riemann Equations, 
Conformality, Contour Integral, Analytic Functions, Cauchy Radius Formula, Expo- 
nential and Logarithm, Euler’s Formula, Goursat’s Argument, Holomorphically Simply 
Connected, Fractional Powers, Cauchy Integral Theorem and Formula for the Disk 


This chapter will focus on holomorphic (= complex differential) and an- 
alytic (= convergent Taylor series) functions. The central result of complex 
analysis, proven in Section B.1] is that these notions are equivalent, but for 
this chapter we will keep them distinct. Once they are proven to be the 
same, we’ll use the terms interchangeably—and many books do the same. 


Section[2. I] will discuss complex differential calculus, including the equiv- 
alence to Cauchy—Riemann equations, and, for locally invertible maps, to 
conformal mapping. Section [2.2] will discuss complex integral calculus and 
the Cauchy integral theorem for derivatives. Section [2.3] will discuss Taylor 


las translated by Jeremy Gray in . This was several years before Cauchy’s work. Gauss 
never published this result. 
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series and analyticity and the important examples of exponential, trigono- 
metric, and logarithmic functions. Section provides the elegant argu- 
ment of Goursat to prove the Cauchy integral theorem for triangles, which 
we boost in Sections and to all curves in star-shaped regions and 
their conformal images. Finally, Section [2.7] proves the Cauchy integral for- 
mula for the disk—that if f is holomorphic in a neighborhood of D, then for 


zo € D, 
4 fle) 
fle)= sf faa 


This formula will yield a cornucopia of consequences in the next chapter. 
We'll also prove the Cauchy integral formula for annuli. 


In this chapter and throughout the book, we’ll focus almost entirely on 
functions from 2 Cc C to C, but one can consider generalizing C in either 
domain or range to some kind of complex vector space. If we consider C” 
valued functions rather than C valued, almost no change is needed—one 
need only demand that each component is holomorphic or analytic. We 
will note in Section that it is easy to extend the notion of analyticity 
to functions with values in a complex Banach space. There is one deep re- 
sult about such functions—Dunford’s theorem on weak analyticity implying 
norm analyticity—which will appear at the end of Section 


As to changing the dimension of the domain of f, we’ll say something 
about functions of several complex variables in Section {11.5} mainly two 
variables with some discussion of the Banach space case in the Notes to 
that section. Unlike the change of the dimension of the range, change of the 
dimension of the domain from one to several variables has profound effect. 
In these results, 2? in a Taylor expansion is replaced by a bilinear functional. 
A rather different subject arises if the domain is an algebra, that is, has a 
product, in which case z? again means a square! The theory of analytic 
functions on a Banach algebra will play a major role in Chapter 6 of Part 4. 


2.1. Holomorphic Functions 
This section, roughly speaking, has three subsections on the basic definition, 
the Cauchy—Riemann equations, and conformality. 
Recall that a region, 2, is an open, connected subset of C. 
Definition. Let f be a complex-valued function on a region, 9, and let 


zo € Q“. We say that f is holomorphic at zo if there exists a complex 
number, f’(zo), so that 


f(z) — f(z) — f’ (0) (z — 20) = o(|z — ol) (2.1.1) 
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that is, if and only if for all ¢, there is a 6 so that 
|z — zo| < 6, z € NX > |LHS of LI) < elz — 2 (2.1.2) 
If f is holomorphic at each zg € 2, we say that f is holomorphic on Q. 


The following is straightforward: 


Theorem 2.1.1. (a) If f is holomorphic at zo, it is continuous at Zo. 


(b) If f,g are holomorphic at zo, so are f +g, fg, and if g(zo) £0, so is 
f/g and 


(f + 9)' (20) = f’(20) + 9'(20) (2.1.3) 

(f9)' (20) = f(z0)9' (20) + f'(20)9(20) (2.1.4) 

(f/9)' (zo) = [9(20)f’ (20) — f(20)9'(20)|/9(20)? (2.1.5) 

(c) (Chain rule) Suppose that f is defined on Q, that Q is an open set 
containing f|Q], and that g is defined on Q so go f is defined on Q. If 


f is holomorphic at zo € Q and g is holomorphic at f(z), then gof is 
holomorphic at zo with 


(90 f)'(z0) = 9'(f(z0)) f’ (20) (2.1.6) 


(d) (Local inverse) If f is holomorphic at zo, f'(zo) 4 0, and for some 
6 > 0, f is a bijection from Ds(zo) to a region Q, then the inverse 
function g is holomorphic at f(zo) and 


1 
(f(z) = — ~~ 2.1.7 
iF) = a5 (2.1.7) 
Remarks. 1. We'll see in Section [3.4] that if f is holomorphic in Q and 
f'(20) #0, there is a 6, so f is a bijection on D;(zq). 


2. Section [3.4] will also have an explicit formula for g in terms of a contour 
integral. 


Proof. The proofs are the same as in the case of one real variable. For 
example, here is the chain rule which illustrates the use of little oh notation: 


9(f(z)) — 9(f(z0)) = 9'(F(20)) (F(z) — F(z0)) + o( f(z) — F(20)) 
= g'(f (20)) f' (20) (2 — 20) + o(z — 20) (2.1.8) 


The error in (2.1.8) has two parts. Since f(z) — f(zo) = O(z — zo), the 
o( f(z) — f(Z0)) is o(z — 20), and clearly, g'(f(z0))o(z — 20) is o(z — 20). 


Before analyzing (2.1.1) more closely, we want to note that if f is holo- 
morphic on 2 and zo — f’(zo) is continuous, then (2.1.1) holds uniformly 
on compact subsets of 2. 
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Theorem 2.1.2. Let f be holomorphic on a region Q and suppose f’ is 
continuous. Then for any compact subset K C Q and any « > 0, there is a 
0 >0 so that for all z9 € K and z with |z — zo| < 6, we have z € QD and 


|f(2) — (20) — f'(z0)(z — 20)| < Elz — 20] (2.1.9) 
Proof. Since K is compact, 

69 = 4 min{|z—w||ze€ K,weC\Q}>0 
Thus, if z9 € K and |z — zo| < do, then for all t € [0,1], #2 + (1-—t)z € 


and so, 
h(t) = f(zo + t(z — 20)) (2.1.10) 
is a C! function on [0,1] with 
h'(t) = (z — 20) f' (zo + t(z — 20)) (2.1.11) 


(the ’ on the left is an ordinary calculus derivative and on the right, the 
holomorphic derivative). 


By the fundamental theorem of 1D calculus, 


al 
fate = Ge «) [ ne Cen (2.1.12) 
|f(z) = F(z0) = (2 = 20) f'(20)| < |z = 20 fe lf’ (zo + t(z — 20)) — f'(20)| 
_ (2.1.13) 


Note next that 
Kg = {2 | dist(z,K) < 09} CO (2.1.14) 


and is compact, so f’ is uniformly continuous on it. Thus, for any ¢, we can 
find 6 < 69 so that if |z — zo| < 6, the sup in (2.1.13) is less than e. 


We turn to the Cauchy—Riemann equations. A map f: 2 —> C can be 
viewed as a map of 2 C R? to R? and so, susceptible to multivariable real 
calculus. Specifically, write 


f(a + ty) = fr(x,y) + tf, y) (2.1.15) 
with f,, f; real-valued. We define F: R? + R? by 


()- Geo) _ 


As explained in Section [4] F has a derivative at (xo, yo) in the R? sense if 
there is a linear transformation DF(,, ,,.) so that 


F (;) _F ) + DF(xq.40) (; — . + o(|(x,y) — (to, yo)|) (2.1.17) 


y Y — YO 
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If we note that on z= x+1Yy, 


multiplication by a + ib = ¢ %) (2.1.18) 
and that (z — 20) + f’(z0)(z — 2) is multiplication by f’(zo) and that 


_ (Af,/0x Of,/dy 
DF (20,40) = ee as) (2.1.19) 


we see that 
Theorem 2.1.3 (Cauchy—Riemann Equations). f is holomorphic at zo = 
xo + tyo if and only if 


(i) F given by (2.1.16) is R?-differentiable at (xo, yo). 
(ii) The partial derivatives obey 


Of, — Of; Of, Of 


— 2.1.20 
Ox Oy’ Ox Oy ( ) 
In that case, 
Ofr . . Ofi 
: 2.1.21 
f'(Z0) = Set) Bg ( ) 
Remarks. 1. (2.1.20) are called the Cauchy—Riemann equations (aka CR 


equations). 


2. Rather that phrasing things in terms of 2D derivatives, the CR equations 
are often derived by noting that the existence of lim,_,.,[f(z)—f(<o)|/(z—<zo) 
implies 

im Lf 40 + €) — F(Zo)) _ 4, [F(20 + te) — F(20)] 


eL0 € e{0 1E 


3. By the Cauchy—Riemann equations and (2.1.21), we see that the Jacobian 
of F as a map of R? to R? is given by 


det(DF (ao 40)) = |f'(20)|? (2.1.22) 


There is a useful radial version of the CR equations. If f(z) is nonzero 
near f(zo), we can write for z near zo, 


F(z) = |f@le“" (2.1.23) 


with A(z) real-valued and continuous (determined up to single 27Z ambi- 
guity). It is easy to see (Problem [I) that if also z9 4 0, the CR equations 
in terms of z = re”? aa i aa 


Ld, 
2.1.24 

a Or 5 lfl= ope ee 

1 afl aA 

IF 00 7 7 Or (2.1.25) 
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Before leaving the subject of CR equations, we introduce a useful short- 
hand, sometimes called 0 notation (pronounced “del bar”). For this discus- 
sion, suppose that f(a+7y), complex-valued, is C° in x and y for x+iy € Q. 
Q can be viewed as a real two-dimensional manifold with a single coordinate 
patch and (2, y) as local coordinates. Thus, dx, dy and 0/0x, 0/Oy are global 
bases for differential forms and vector fields, respectively. To accommodate 
complex functions, we want to allow complex functions and vector fields. In 
particular, if z,Z are thought of as functions, we get the forms 


dz = dx +idy, dz = dx —idy (2.1.26) 


While, as functions, z and Z are not “independent,” dz,dz as forms are at 
every point and form a basis for the cotangent space at any point. Indeed, 


= ; eta. dye . (dz — dz) (2.1.27) 
The dual basis, (0,0), is defined by 
(dz,0) = (dz,0) = 1, (dz,0) = (dz,0) =0 (2.1.28) 
and is thus given by 
o=3(s-iz), b=3(— +5) (2.1.29) 
The key point is that the CR equations have the compact form 
Of =0 (2.1.30) 
as is easy to see (Problem). Moreover, / show 
f' =f (2.1.31) 
Of course, for any function, 
df = Of dz+ Of dz (2.1.32) 


Thus, 
d(f dz) =df \dz = Of dz Adz+ Of dzAdz 
= Of dz Adz (2.1.33) 
so the CR equations say (for functions C™ in x and y) 
f holomorphic on 0 6 Of =0 4 d(f dz) =0 (2.1.34) 
which, we will see, can be viewed as the Cauchy integral theorem for smooth 


curves and functions. 
Notice also that 


dz = dz Ady = ~ (dz Adz) (2.1.35) 


a 
2 
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Thus, Stokes’ theorem and (2.1.33) plus (2.1.35) imply that if Q is a smooth 
region with boundary OQ, then 


2 _ 

fdz= [ d(f dz) = -=f Of d*z (2.1.36) 

AQ Q tsIQ 

Note also that the usual Laplacian is given by 

oe o? 

= —~ + —~ 2.1.37 
Ox? * Oy? ( ) 
= 400 (2.1.38) 


In particular, if f is holomorphic, then 
d(Of) =0> Af =0 (2.1.39) 


As the reader probably knows, functions with zero Laplacian are called 
harmonic. Since A is a real differential operator, says Re f and Im f 
are harmonic. Later, we’ll see that any real harmonic function is locally the 
real part of a holomorphic function. This and other aspects of the relation 
of holomorphic and harmonic functions are the subject of Section [5.4] and 
Chapter 3, especially Section 3.8, of Part 3. While it may not be clear, 
uses the equality of the mixed partials, that is, 0?/Ox0y = 07 /Oydz, 
which is the essence of the more prosaic proof that CR = f harmonic (see 
Problem [3). 


Finally, we turn to conformal maps. This involves a shift of point of view 
of what z++ f(z) is. Rather than a function whose values just happen to 
lie in C, the same vector space which contains 2, the domain of f, we think 
of it as a map from Q to f[Q] =. Eventually, we’ll see (Theorem [3.6.1) 
that for any nonconstant holomorphic f, 0 is open, so f is a map between 


regions. For this point of view, geometry comes to the fore. 


Again, for this discussion, we consider maps of 2) to Q which are C® 
as functions of « = Rez and y = Imz. We also focus on points zo € 
Q where f is locally one-one which, by the inverse function theorem (see 
Corollary (1.4.3), is equivalent to Df,, the 2 x 2 real matrix derivative, being 
invertible. 


Definition. A C® map, f: 2 > Q, is called conformal at z if it is locally 
one-one near 29, and if y, 7 are two smooth curves emanating from 29, then 
the angle between the tangents at zp of y and ¥ is the same as the angle at 
f(z) between foy and fo¥. If f is conformal at every zo € 2, we say f is 
a conformal map. 


We will later refine this slightly (to also require orientation preserving). 
Tangents are local (i.e., involve derivatives), so this is equivalent to saying 
Df preserves angles, so we care about linear angle-preserving maps. 
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Proposition 2.1.4. An invertible linear map, T, on R” is angle-preserving 
if and only if it is a product of rotations, reflections, and uniform scaling. 


Proof. Any such product preserves angles, so we need only prove the con- 
verse. If T= U|T| is the polar decomposition (see Theorem [1.3.2), where 
U is orthogonal, so a product of rotations and reflections, and |T7'| real self- 
adjoint, then |T| = U~!T. So we need only prove that any angle-preserving 
positive matrix, 7’, is a multiple of the identity matrix, 1. T has an orthogo- 
nal basis €1,..., €n of eigenvectors Te; = Aje; with A; > 0. e;+ex is orthogo- 
nal to e;—e,. Thus, T angle-preserving implies (Ajej; +AKex, A¥ej; —AKek) = 0 
or ri; — AG = 0. Since A;, A, > 0, we have A; = Ax, that is, J’ is a multiple 
of 1. 


We refine our definition of conformal slightly to not allow reflection: a 
map is conformal if angle-preserving and orientation-preserving and anti- 
conformal if angle-preserving and orientation-reversing. 


Multiplication on D by r > 0 is a scale factor on () and multiplication 
) 


by e is a rotation, so multiplication by z = re’® is conformal. Conversely, 
every conformal linear map on C is multiplication by some z. Therefore, we 
have proven: 


Theorem 2.1.5. A C™® map, f: 2 > 0’, is conformal at zo if and only if 
f is holomorphic at zo with f'(zo) 4 0. 


Even more important to us later (see Theorem [5.6.2) is that conformal 
maps change scales uniformly in all directions so that areas scale as the 
square of lengths; we’ll make this precise in (2.2.20) and (2.2.22). 


Notes and Historical Remarks. For a general comprehensive reference 
on the history of complex analysis in the nineteenth century, see Bottazzini— 
Gray [69]. We’ve emphasized two points of view for holomorphic functions: 
as functions on 2 with values in C and as maps. There is a third view 
implicit in our discussion of the CR equations—as a vector field on Q—that 
is, at each point (x,y) € 2, we consider a two-component vector U = hee 


U 
If u is smooth, standard vector calculus defines two scalar functions on 0: 
4 Ou, Oug Out Ouse 
div(t) = — + —2 (@) = —*+ — —? 2.1.40 
iv(%) Da Dy” curl(%) Dy Da ( ) 


It was realized in studies of hydrodynamics in the eighteenth century, where 
tu was the velocity of a small piece of fluid near (x,y), that div(u) = 0 
expressed the lack of buildup of fluid and curl(t%) = 0 expressed a lack 
of vortices that was often valid. Thus, it was realized that the study of 
sourceless, irrotational fluid motion means one wants to understand vector 
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fields that obey 
div(%) = 0, curl(%) = 0 (2.1.41) 


The reader will notice that are the same as CR equations for 
f = uz — tug. The CR equations first appeared in this format in work 
of Jean le Rond d’Alembert in 1752 although he didn’t realize the 
connection to complex differentiability. Gauss, in one of his 1816 proofs 
of the fundamental theorem of algebra, essentially used, albeit implicitly, 
the radial CR equations. Cauchy published them in 1827 and Riemann in- 
cluded them as a central part of his fundamental work on complex analysis 
in 1851. It wasn’t until about then that Cauchy realized their central 
importance. 


Jean-Baptiste le Rond d’Alembert (1717-1783) was found abandoned 
in the church of Saint-Jean-le Rond in Paris named after John the Bap- 
tist. He had been abandoned by his mother, Claudine Guérin de Tencin, 
whose literary salon was a social center during the reign of Louis XV. Her 
many lovers included Richelieu and Louis-Camus Destouches, an army officer 
who was d’Alembert’s father. While neither parent officially acknowledged 
d’Alembert, his father did arrange a foster home where d’Alembert lived for 
almost 50 years and, when Destouches died, d’Alembert was left an income 
that allowed him to pursue mathematics rather than the more mundane law 
that he’d studied. d’Alembert discovered the wave equation as describing 
plucked strings and found the general one-dimensional solution. He was 
an editor with Diderot of the Encyclopédie which led to his being made a 
member of Académie Frangaise (the immortals). Laplace was his student. 
For more on the life of d’Alembert (and also Abel, Cauchy, and others, see 
Alexander [11]). 


0 notation was introduced by Poincaré about 1900 and later extensively 
developed by Wilhelm Wirtinger (1865-1945) [594]. It is sometimes called 
Wirtinger calculus. It came into extensive use only with the flourishing 
of the theory of several complex variables and differentiable operators on 
vector bundles in the 1940s and 1950s, especially in work of Kahler, Hodge, 
Kodaira, and Spencer. 


In modern approaches to complex variables, the so-called del-bar prob- 
lem, that is, given g € C™(C), the existence of a C® f with 


Of=g (2.1.42) 


is often important, especially the analog in higher complex dimension. Typ- 
ically, it enters in some way of constructing analytic functions. First, one 
finds h which is close to the function we want, then solves 0f = —Oh using 
general methods, and then f + h is analytic since 0(f +h) = 0 (of course, 
one doesn’t want to take f = —h). In Problem 2] of Section [9.3] the reader 
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will use this idea to prove the Mittag-Leffler theorem. For g € Cp°(C), 
an explicit solution to (2.1.42) is found in Problem [IJ] of Section For 
general g, a solution is constructed in Problem [I] of Section 


Conformality was studied in the eighteenth century as part of geographic 
map making. Distortions like one has with a Mercator projection are only 
acceptable for the kind of accuracy sailors need if they locally preserve an- 
gles. It was Riemann who realized the connection between complex 
function theory and conformality. 


A C®™ function (in the real variables xz and y), f, on © is called quasi- 
conformal if and only if for a Q < 1, 


|Af| < Qlaf| 


For an introduction to the theory, see Bers and references therein. If f 
is conformal, then Of = 0, Of #0, so f is then quasi-conformal. 


For general functions f which are C? in the R? sense, the directional 
derivatives 


; + rel?) — 
(Do f)(20) = lim f (20 me f (20) 


= (Of) (20) +e" (Af) (20) (2.1.44) 


so (Of)(z9) measures the lack of constancy. As @ varies, this traces out the 
Kasner circle (after ), centered at (Of)(zo) of radius |Of(zo)|. 


August-Louis Cauchy (1789-1859) was born and died in Paris but lived 
in interesting times (“May you live in interesting times” is a Chinese curse), 
which greatly impacted his life. He was first exiled from Paris at age four 
when his family left because of the turmoil of revolution. His family were 
then neighbors of Laplace who had also fled Paris. After studying engi- 
neering, his first job was building harbor fortifications in Cherbourg for 
Napoleon’s plans to launch a naval invasion of England. He returned to 
Paris in 1812 and began his research and teaching in mathematics. He 
was a conservative royalist and devout Catholic, and this helped him get 
appointed to the Academy of Sciences in 1816 to fill one of the slots left 
open by the removal of some republicans. Throughout his career, Cauchy 
was shunned by many of his colleagues whose left-wing politics and athe- 
ism clashed with Cauchy’s strong conservatism. That his appointment to 
the Academy was by royal intervention and not election by his peers was 
resented. Disappointed by the accession of a liberal monarch after the rev- 
olution of 1830, Cauchy went into exile and returned to Paris in 1838 at 
which point he could not resume his teaching positions because of his re- 
fusal to take an oath to the new king, an oath introduced after his self-exile. 
Ironically, he only regained teaching positions after the revolution of 1848 


(2.1.43) 
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brought in an even more liberal government but one that dropped the need 
for an oath. 


Cauchy’s complex analysis grew out of his interest in the basics of real 
variable calculus. He was the first to carefully define limits, continuous 
functions, and a version of what we now call Riemann sums. (This history 
is discussed in the Notes to Sections 4.1 and 4.4 in Part 1.) He started 
developing his ideas on complex calculus around 1815, and in 1825 published 
a mémoire that had what we now call the Cauchy integral theorem. 
He found the Cauchy integral formula in 1831 and Cauchy estimates in 1835. 
(See Smithies for a detailed history of the development of Cauchy’s 
ideas.) 


We tend to look back with a view that Cauchy made one of the great dis- 
coveries of Western civilization and assume that he must have been lionized. 
But as late as 1843, he lost out on a chair at College de France to someone 
you’ve never heard of named Libri (the third candidate was Liouville!). No 
doubt, politics (both Cauchy’s royalist views and Libri’s notorious use of 
connections) played a role, but it still seems surprising until one realizes 
that it took a while before the subject of complex analysis was appreciated. 
Belhoste has a scientific biography of Cauchy. 


Many of the fundamental ideas of complex analysis were known to Gauss 
but never published—rather, they appeared in some of his letters and note- 
books. In particular, he understood the importance of contour integrals 
contemporaneously with Cauchy and of the relation of complex differentia- 
bility and conformality before Riemann did. 


Problems 


1. Verify the radial CR equations, (2.1.24) and (2.1.25). 
2. Using f = f, + if; and (2.1.29) for O, verify that Re(Of) = Im(O0f) = 0 


are equivalent to the CR equations. 


3. If f, and f; are C? and the CR equations hold, write Af, in terms of 
derivatives of f;, and so relate Af, to equality of mixed partials. 


4. For a € C, a # O, let Dg f be the R? directional derivative (slightly 
different from (2.1.43)) 


Daf (z) = lim ies “ — fz) (2.1.45) 


Prove that the CR equations are equivalent to 
Dafa =10ee) (2.1.46) 
for alla € C \ {0}. 
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5. Let 
1 x 
exp(—z), zEC 
f(z) = : 
0, z=0 
Prove that the partial derivatives, defined as directional derivatives along 
the axes, obey 


Of Of 

== 5 (=0) 
so the CR equations hold, but that f is not only not holomorphic at 
z = 0, it is not continuous there! 


Note. Theorem does not apply because F is not R? differentiable. 


6. Let f(z) = |z|?. Prove that f is holomorphic at exactly one point. 


7. Prove that a C° map in x,y coordinates is anticonformal at zo + iyo if 
and only if 0f =0, Of £0 at zo. 


8. Let f(z) = log|z|. Prove that 


(Hint: log|z| = § log(z) + § log(2).) 


2.2. Contour Integrals 


A curve in Q, a region in C, is a continuous function y: [0,1] > C. Its 
endpoints are y(0) and (1) and it is called a closed curve if y(0) = y(1). It 
is a basic fact (discussed in great generality in Theorem 2.1.16 of Part 1; see 
also Problem[]) that 2 as an open, connected set is also arcwise connected, 
that is, for any zo, 21, there is a curve y with endpoints zo and 2}. 


By allowing arbitrary continuous functions, we get into some phantom 
difficulties where 7¥ sits still for a while, that is, where 7 is constant on some 
interval, [a,b] C [0,1]. If y is not constant on any interval, we will call the 
curve “proper.” 


Two curves, y and ¥ are called reparametrizations of each other if and 
only if there is a monotone function g: [0,1] + [0,1] with g(0) =0, g(1) =1 
so that 7 = yog. If g is discontinuous, say g(to — 0) # g(to +0), we 
require that y is constant on [g(to — 0), g(to + 0)]. It is not too hard to see 
that reparametrization is an equivalence relation. Among proper y’s, it is 
very easy to see this since g is continuous and a bijection. For general y’s, 
you need to go through some contortions (or should I say contourtions); see 
Problem[2] It is not hard to see that any curve has a reparametrization that 
is proper. 
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A contour is an equivalence class of curves under reparametrizations. 
We'll also use the symbol y for a contour. While y(t) is dependent on 
parametrization, it is not for t = 0,1. 


A Jordan arc is one for which y is one-one. A Jordan curve is a closed 
curve which is one-one on [0, 1), that is, for which y(t) = y(s) only if t = s or 
if t = 0, s = 1 (or vice-versa). A Jordan contour or closed Jordan contour is 
one with a Jordan arc or Jordan curve among its equivalence class. Some use 
simple or non-self-intersecting instead of “Jordan.” Basically, Jordan arcs, 
curves, and contours capture the notion of no self-intersection. The Jordan 
curve theorem says that any Jordan curve, y, in C has C\ Ran(y) = $1 US2, 
where $1, S2 are both connected and open (and so the connected components 
of C) and where $2 is unbounded, 5; is bounded. Moreover, in terms of a 
notion of “winding number” that counts the number of times a curve winds 
around a point, the winding number of points in S2 is 0, and in 5}, either 
all +1 or all —1. Colloquially speaking, this theorem says a Jordan curve 
separates the plane into a connected inside and a connected outside. If ever 
a theorem called out for proof by Goldberger’s method this is it—but the 
proof is surprisingly subtle and basically topology and not analysis. We 
settle for proving it for C' Jordan curves (as defined immediately below) in 
Section [4.8] This special case relies on the implicit function theorem, and 
so this proof is analytical. 


We call a curve C! if and only if y is a C! function (including one-sided 
derivatives at the ends) with |7’(t)| 4 0 for all t. This last condition is needed 
to not allow getting around sharp corners smoothly by slowing down (see 
Problem 5). For closed curves to be C!, we demand one-sided derivatives 
exist and at the end points, 7/(0+) = 7/(1—). 7 is called piecewise C' if there 
is t) = 0 < ti <-+: < tn = 180 that y is C! restricted to each [t;, tj+1] 
(including one-sided derivatives at each endpoint so that at t1,...,tn—1, 
there are perhaps unequal derivatives from both the left and right). We can 
also speak of smooth (aka C'), piecewise smooth, and even analytic and 
piecewise analytic curves. A contour is C', etc. if and only if the equivalence 
class contains a C1 curve. 


If y, 7 are curves with y(1) = 4(0), we can define their sum by 


7(2t), O<t<3 
j= 2.2.1 
7* y(t) let] (2.2.1) 


This behaves the right way under reparametrization so that we can refer 
to sums of contours. It is easy to see that for three curves, 71, 72,73, with 


?Murph Goldberger is a theoretical physicist who invented Goldberger’s method: “The proof 
is by the method of reductio ad absurdum. Suppose the result is false. Why that’s absurd!” 
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yi(1) = y2(0), yo(1) = 3(0), v3 * (v2 * ¥1) is a reparametrization of (73 * 
2) * Y1- 

A subdivision of [0,1] is a finite ordered set tg) =0 < ti <---<t,=1. 
t = (tn)d_, is called a refinement of s = (sj)J-4 (we then write t > s) if the 
set of values {s;}J_, is a subset of the set of values {t,, }_, and the orderings 
of the points are consistent. We think of a subdivision as a decomposition of 
(0, 1] into intervals [to, t1], [t1, t2],..., [tn—1, tn], which overlap only at their 
ends. Refinement corresponds to breaking up each interval into subintervals. 

The subdivisions are a partially ordered set under > and are a lattice, 
that is, t,s has a least upper bound, namely, one takes the union of their 
values and reorders this union. Given a curve, y, and subdivision, t, we 
define 


n-1 
b(7) = do ly(ti41) — 10) 
j=0 


By the triangle inequality, t>s > &(y) > s(y), so under the order lim & (7) 
exists and is defined to be the length 


A) = eup &¢(7) 99) 


If 7 = yog for a reparametrization, {g(t;) 1 1s a subdivision if t is (at 
least if y and ¥ are proper so g is continuous and strictly monotone) and it 
is thus easy to see that &(7) = £(7). Therefore, we can speak of the length of 
a contour. If &(y) < 00, we say ¥ is rectifiable. If y is a piecewise C1 curve, 
then it is easy to see that 7 is rectifiable with 


1 
t= f oleae (2.2.3) 


It is also not hard (see Problem [§) to see that 


CZ)-@] am 


The condition ¢(y) < oo is exactly the condition that y is a function 
of bounded variation, which allows us to define Riemann-Stieltjes integrals 
(see Section 4.1 of Part 1 or Problem [8). If f(z) is continuous on Ran(7), 
then 


n-1 


Ha) je De 


j=0 


(2 dz= / F(r(t)) dy(t) (2.2.5) 
> 


me EDEL) OQ] eas 
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If y is piecewise smooth, then 
1 
fte)ae= [ fooy'weat (2.2.7) 
0 


By the fact that in one can replace {2}79 by any partition t and 
take the limit of the net, we see that g, f(z) dz is only dependent on the 
contour, that is, it is reparametrization invariant, and so it is called a contour 
integral. 


Theorem 2.2.1 (Change of variables in contour integrals). Let g: Q > Q 
be a holomorphic bijection with g' continuous and g~' holomorphic. Let y 
be a curve inQ and f a continuous function on Ran(y). Then 


fb (fog Me)de= f fle)g\(2) ae (2.2.8) 
goy “), 


Remark. Eventually we’ll see that g a holomorphic bijection implies that 
g’ is continuous and g~! is holomorphic. 


Proof. The left side is the limit of 


Es(r'eo(d)) bo) +9) 


By Theorem [2.1.2] this is the sum of 


E(())eO()) HEL) 


plus an error bounded by ¢||f||.0f(y) where ¢ > 0 as n > ov. 


Example 2.2.2. (2.2.9) below is perhaps the most celebrated integral in 
complex analysis. Let y(t) = e?***, a closed contour around OD. Since e?*” 
is shorthand for cos(2mt) + isin(27t), we see 


7 (t) = 2riy(t) 


ne a 
t, == ami f vt) dt = 2ni (2.2.9) 


By using the triangle inequality in the sums approximating contour in- 
tegrals, one immediately sees the useful bound (sometimes called Darboux’s 


theorem) 
f f(z) dz 
~y 
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< |[Fllool(y) (2.2.10) 
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where 
IIflloo = sup |f(y(t))| (2.2.11) 
0<t<1 


Clearly, 


f z)dz= f z de + z) dz 2.2.12 
ae fe 2) ( ) 
and if 7 l(t) = 7(1 — ¢), then 


f@jdz= -$ f(z) dz (2.2.13) 
y 


Combining these lets us decompose one contour into smaller ones, as can be 
illustrated with polygonal paths. 


If x,y € C, we use [xy] for the contour with 
[xy|(t) = (l-—t)an+ty (2.2.14) 


the straight line from x to y. Given 71,...,@m € C, [#1 ...%m] is the contour 
[mLm—1] * +++ * [v21]. For closed polygons, [71 ...2%m21], by breaking into 
segments and rearranging, we have equality of contour integrals under cyclic 
rearrangement, that is, integrals over [7j;2j+41%%1...xj;] are independent 
of j. And one can inject intermediate points, that is, if y € [wj;a;+1], then 
[v1 ...LjyX;41...Ln] gives the same contour integrals as [1 ... 2%]. 
Using [ry]~! = [yx] and (2.2.13), we can decompose a polygon into two 
by adding a segment, that is, integrals over [x1 ...%n2j] are the same as 
over [x1 ...2%j%;] plus [vjx541...%,212;]. Combining this with subdivision 
proves, for example, the contour integral over the single triangle on the left 
in Figure [2.2.1] is the same as over the four triangles on the right. 

Given that we’ve seen piecewise C! curves have some nice formulae, it 
is useful that any rectifiable contour integral is a limit of contour integrals 
along polygons: 


Proposition 2.2.3. Let y be a rectifiable curve. Let yy, be the polygon 
[y(0)y(4)y(4)...7(1)]. Let f be a continuous function in a neighborhood, 


n 


n 


Figure 2.2.1. Subdividing a triangle. 
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N, of Ran(y). Then yn(t) > y(t) uniformly and 
f(z)dz> / f(z) dz (2.2.15) 
Yn 2 4 
Proof. Uniform convergence of yn, — y is a consequence of uniform conti- 


nuity of y. Pick 26 so U, Dos(y(t)) C N and let K = U, Ds(7(#)) so f is 
uniformly continuous on K. It follows that for any ¢, there is an n so that 


_ (a so(2) +n(=*)) OG) 


ds<e 


1 
iz 


which implies that 


Fal BY) (yf 22) - of 4 

a)dz— Si fla( =) ) (a= WJ] Sef) 
j=0 

Thus, follows from (2.2.6). 


The fundamental theorem of calculus holds for contour integrals: 


Theorem 2.2.4 (Fundamental Theorem of Calculus). Let F be holomorphic 
on Q with F’ = f continuous. Let y be a rectifiable curve in Q. Then 


f (2) de = FO) - FOO) (2.2.16) 
4 


Remark. If 7 is piecewise C!, this follows from the ordinary real variable 
fundamental theorem of calculus (see Problem 3). One can then prove the 
result in general by using Proposition [2.2.3 


Proof. The proof is essentially the same as for the real variable case. By 
Theorem with K = 7([0,1]), for any e, there is a 6 so that if |y(t) — 
¥(s)| < 6, then 


IF(y(t)) — Fv(s)) — FSO — vs) S$ ely) —vs)1 (2.2.17) 


It follows that if n is so large that |y(2+ = Da y(z L)| < 6 for all n, then (by 
summing over j, (2.2.17) for s = - i= at) 


Foro FEV ))OEP) (2) so 


Taking n — oo, we see the absolute value of the difference of the two 


sides of (2.2.16) is bounded by eL(7). Since ¢ is arbitrary, (2.2.16) holds. 
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The first corollary is our first version of the Cauchy integral theorem: 


Theorem 2.2.5 (CIT for Derivatives). If f is a continuous function on 
Q. which is the derivative of a function F holomorphic on Q, then for any 


closed rectifiable curve in Q, 
ht(2) dz= 0) (2.2.18) 


Remark. We’ll eventually prove a converse (see Theorem [2.5.4], that is, 
if (2.2.18) holds for every curve, then f is the derivative of holomorphic 
functions. 


Proof. (0) = (1), so F(>(1)) — F(4(0)) = 0. 


Since 1 = de zZ= # (52°), we see that for any closed rectifiable curve, 


7, in C, 
[a = [eu =0 (2.2.19) 
Y Y 


Corollary 2.2.6. If f is holomorphic on Q and f’ = 0 on all of Q, then f 
is constant. 


Proof. Let zo € 2 and 6 > 0 be chosen so Ds(zo) C Q. If z € Ds(zo), then 
with y(t) = (1 — t)zo + tz, we have by (2.2.16) that f(z) = f(zo), so f is 
constant on D5(zo). 

Pick wo € 9 and let Q = {z € | f(z) = f(wo)}. By the above, Q is 
open. By continuity of f, Q is closed. Since wo € Q, Q is nonempty. By 
connectedness, Q = 2. 


Before leaving this subject, we want to note the relation between the 
scaling of arcs and lengths under holomorphic maps and to state one tech- 
nical fact that we will often need later. 

Let f: A> Q be a C® conformal bijection. Let 7 be a piecewise C 
Jordan arc in Q. Then f 07 is a piecewise C! Jordan arc in 2. We claim 
that 


ufo) = [ LF'(a(t))| [a (O)| at (2.2.20) 


This follows from and the real-variable chain rule result that 
af) =7 OL i), 

On the other hand, as we’ve seen, Df, is multiplication by f’(zo), so a 
product of a rotation and scaling by |f’(zo)|. Thus (see also the argument 
proving (IZ), 

det(D feo) = |f' (zo) |? (2.2.21) 
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The Jacobian formula for change of variables in two-dimensional volumes 
then implies that if Q@ C Q is an open bounded set, then 


vol(s1Q)) = f fears (2.2.22) 


These relations between length and volume will be needed in Section 
and in Sections 12.5 and 16.1 of Part 2B. 


As for the technical fact, we will need the following compactness result 
whose proof is left to the problems (see Problem [7]; the name comes from 
the fact that the U; pave the curve if we make a cover by disks: 


Proposition 2.2.7 (The Paving Lemma). Let y be a curve in C and 
{U}ueu, an open cover of Ran(y). Then there exists a partition t = {tj} 0 
of [0,1] and U1,...,Un €U so that y([t;-1, tj]) C Uj. 


Notes and Historical Remarks. Contour integrals appear explicitly in 
Cauchy’s 1825 mémoire [104], where the Cauchy integral theorem appears. 
Cauchy considered mainly circles and rectangles and didn’t discuss general 
curves. They were clearly known to Gauss. More generally, they are es- 
sentially line integrals which were explored in R? and R? in the eighteenth 
century. 

That the Cauchy integral theorem is essentially equivalent to a holo- 
morphic function on a simple connected region being the derivative of a 
holomorphic function is due to Wey] [590}. 


(2.2.22) is sometimes called the Lusin area integral. 


Problems 


1. (a) If Q Cc C is open and zp € 2 and 6 is such that Ds(zo) C Q, then 
any z, € D5(zo) can be connected to zo by a straight line lying in D5(zo). 
Use this to prove that {z, | z; can be connected to zp by a curve} is both 
open and closed, and so is all of 9 if 2 is a region. Conclude that any 
region is arcwise connected. 


(b) Prove that any arcwise connected set is connected. 


(c) By the same argument, show that any two points can be connected 
by a polygonal path. 


(d) By smoothly replacing the corners of the polygon, show that any two 
points can be connected by a C? path. 


2. Prove that reparametrization is an equivalence relation. 


3. If F’ = f is continuous and ¥ is a smooth curve, use the chain rule and 


(2.1.10) to provide another proof of (2.2.16). 
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4, 
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Let y(t) = e?"" be the curve of Example Let n € Z,n #4 -1. 


Prove that 
pe" dz =0 
. 


(a) by direct calculation, as in Example[2.2.2] (Hint: For n = —2,—3,..., 
you'll need z~! = z for z € Ran(7).) 


(b) by using Theorem 


(c) For the same curve, compute , x dz. 


. Let 


a) — (6 0 
ae oe ee ee 
a 


Find a reparametrization, 7, so that ¥7 is 


. Prove (2.2.4). 
. Prove the paving lemma, Proposition [2.2.7] (Hint: Using the fact that 


any open subset of R is a union of open intervals, find an open cover of 
(0, 1] by intervals so that y of each interval lies in a single U, pass to a 
finite cover, and use that.) 


. (a) If t,s are subdivisions with s> t and t = {t;}"_,) and if K(y, f) = 


j=0 
wee f(y(t;)) ly(tj4+1) — y(t;)], prove that 


lle(y, f) — Ist, AL < &(y) — sup sup —_|f(u) — f(w)| 


J=0,.-.2-1 u,we [ty tj41] 


(b) Use this to prove the existence of a limit for the net [(7, f). 
( 


c) Use the ideas used in Problem [6] to show the limit in (b) is given by 
(2.2.4). 


. This problem will construct a Jordan curve (called the Koch snowflake 


after von Koch |568]) which is not rectifiable; remarkably, there is a 
regular tiling of the plane by Koch snowflakes of two different sizes (see 
[82]). Let y1(t) be a triangle starting at the lower corner and going at 
constant length. It has three line segments. ,(t) will have 3 x 4"~! 
segments. Each segment is split in three and the middle segment is 
replaced by the other two sides of an equilateral triangle pointing out. We 
don’t change the parametrization on the old segments but use constant 
length on the new ones. Figure[2.2.2]shows the first four iterations. Show 
that Yoo(t) = limn+oo Yn(#) exists for all ¢t and defines a continuous Jordan 
curve which is not rectifiable. 


Remark. It can be shown 7¥ is nowhere differentiable. 
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Figure 2.2.2. First five of the Koch Snowflake constructions. 


2.3. Analytic Functions 


Having seen the differential/integral calculus (Cauchy) and geometric (Rie- 
mann) aspects of complex functions, we turn to the third view—as power se- 
ries (Weierstrass). Many of the later developments have power series proofs, 
but we'll often use other proofs which are less calculational. But, at least 
for this section, power series is king. 


A power series is a formal sum 
[o.e) 
~~ anw" (2.3.1) 
n=0 


where {a,,}°°, and w are complex numbers. Sums and differences of for- 
mal series are obvious. We discuss products in Problem We fix the 
coefficients {a,, }°2.9 and think of varying w. The basic fact is: 


Theorem 2.3.1 (Cauchy Radius Formula). Let 

R = (limsup|a,|!/")~1 (2.3.2) 
Then for |w| < R, the series (2.3.1) converges absolutely; indeed, uniformly 
and absolutely in {w | |w| < R—e} for any « > 0, and for |w| > R, 
lim sup,,_,55 @n|w|" = co and the series is divergent. 
Remarks. 1. R can be 0 or ov, in which case one of the two assertions is 
empty (and if R = co, “R—e” is replaced by “any finite Kk”). 
2. (2.3.2) is called the Cauchy radius formula or the Cauchy—Hadamard ra- 


dius formula. It appeared first in Cauchy’s 1821 Cours d’Analysis but 
was forgotten; it became widely known only with Hadamard’s rediscovery 
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in 1888 . Recently, it has been found in lecture notes of Riemann from 
1855-56. 


3. On the circle |w| = R, called the circle of convergence, there are many 
kinds of allowed behavior—of course, absolute convergence can happen ei- 
ther for all or for no points on this circle. But if there is not absolute 
convergence, one can have conditional convergence at some, no, or all points 
on the circle; see Problem 55} 


4. As we will discuss in the Notes and Problem [8] if the series converges 
conditionally at Re’, then this sum is limeo )7°°.9 an[Re’ (1 — €)]”. 
5. Later, we'll discuss a different way of classifying points on the circle of 


convergence as regular or singular. 


Proof. Given p < R, pick p’ so that p < p’ < R. Then for large n, 
|an|!/" < (p')~1. So for some C and all n, 
lan] < C(p’)™ (2.3.3) 


Thus, if |w| < p, 


S-lanw"| < cy (5) <0 (2.3.4) 
n=0 n=0 


so the series is absolutely convergent. Since, by the same bound, 


3 lanw"| < o(4) (1 ™ a (2.3.5) 


n=N 
we see the convergence is uniform. 


On the other hand, there is a subsequence n(j), so 


yjl/nG) = Roo 
Jim. ana)! R 


Thus, if |w| > R+e, 


lim |a,(jyw"| > lim (w(R + €)71)" = 00 
Joo jroo 

Definition. Let f be a complex-valued function on a region, 2. f is called 
analytic at zo if and only if there is a power series )7?°_) a,w" with a nonzero 
radius convergence and a 6 so that Ds(zo) C 2 and so that 6 is smaller than 
the radius of convergence of the series, and for z € D5(zo), 


F(z) = do an(z- 20)" (2.3.6) 
n=0 


f is called analytic in Q if it is analytic at each zo € Q. A(Q) will denote 
the family of all functions analytic in 2. 
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A central theorem of complex analysis is that 


f is analytic in Q = f is holomorphic in Q (2.3.7) 


We will actually prove more than just the equality of the local conditions 
near each z € Q. We actually prove that the radius of convergence of the 
series at zo € 2 is at least dist(zp, OQ) (see TheoremB.1.2). The direction > 
is straightforward and will be proven next. The direction < is more subtle 
and will appear in Section 3.1. To prove =, we need two simple lemmas: 


Lemma 2.3.2. For each z,w € C andn=1,2,..., we have 
(z+ w)" — 2" —nw2"""| < ¢n(n—Dlw/?(2| + fw)? (2.3.8) 


Remark. We will provide an analytic proof; see Problem[Li]for an algebraic 
proof. 


Proof. Let g(t) = (z+ tw)". ‘Taylor’s theorem with remainder (see 
Theorem [1.4.1) for g says that the left-hand side of (2.3.8) is equal to 
5n(n—1)|z+tw|"~? for some t € [0, 1], from which (2.3.8) is immediate. 


Lemma 2.3.3. For0 <r <1, OP nr” and Y3P°_) n(n — 1)r” are abso- 
lutely convergent. 


Proof. Differentiating the finite geometric series (see Problem [12) implies 
that the partial sums are bounded by r(1 — r)~? and 2r?(1 — r)~%, respec- 
tively. 


Theorem 2.3.4. If f(z) is given by a convergent power series, (2.3.6), in 
some D5(zo) with 6 > 0, then in that disk, f is holomorphic with 


f(z) => ann(z — 2)" (2.3.9) 
n=0 


Remark. The proof shows that the o(|z—¢|) term in f(¢)—f(z)—(¢—z)g(z) 
below is uniformly bounded in z as z runs through any Ds’(z9) with 6’ < 6. 


Proof. For notational simplicity, take zo = 0, which is no loss if we use 
z—2z9 everywhere that z appears below. By Lemma and the argument 
in the proof of Theorem [2.3.1] (or by ~/n — 1), the series, (2.3.9), has the 
same radius of convergence as the series in (2.3.6), so the right side of 
defines a function g(z) in Ds(0). Let z,¢ € Ds(0) and let w = ¢—z in Q.3.8), 
which becomes 


Jon — 2? — n(E — z)2""1| < gn(n— DC —2/*(zl+|¢—2])"* (2.8.10) 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


52 2. The Cauchy Integral Theorem: Basics 


By taking finite sums (from n = 0 to n = N) and then taking N > co, 
this implies that 


If(Q)—F(2)—(G—2)9(2)| <3 6-2)? }) n(n) Jan (21 416-21)" (2.3.11) 
n=0 


Fix z. If s — z is so small that |z| + |¢ — z| < $(|z| +) < 6, the sum on the 
right of (2.3.11) is uniformly bound for such ¢, so 


ie = e — (¢ — 2)g(z)| = O(I¢ — 2?) = o(\¢ - 2\) (2.3.12) 
proving that f is holomorphic at z and f’(z) = g(z). 


In particular, this proof shows inductively that f has complex derivatives 
of all orders and that a; = f’(z), and then by induction that nla, = 
f (zo), that is, the convergent power series is 


OO £(n)(z 
1o= >, feo) (z — 20)” (2.3.13) 


which is, of course, a Taylor series. 
We also get, by applying this to f), that 
eee) | 


oe fi’ bo) =z)" (2.3.14) 


We can also prove that a function given in a disk by a convergent power 
series is analytic in the entire disk: 


Theorem 2.3.5. Let f be a function given by a convergent power series in 
some disk D5(zo). Then f is analytic at each z € D5(z0) with a power series 
that is convergent in D5_\z—z9|(2)- 


Remark. If R(zo) is the radius of convergence of the Taylor series at zo, 


this says 

R(z) > R(z0) = |z > Z0| (2.3.15) 
By interchanging z and 20, 

R(z) < R(z0) + |z = Z0| (2.3.16) 


so |R(z) — R(z0)| < |z — 20]. 


Proof. As above, without loss, take z = 0. We'll give a proof up to 
resummation, leaving the justification to Problem [13] (essentially the double 
sum in j and m below is absolutely summable if |z| + |¢ — z| < 6 and so can 
be rearranged): 
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(m9) B/m\ | 
oe 0) > (*) gr-4(C — 2/4 (2.3.17) 


n=0 j=0 

=> (¢ — - f(m9)(0) (2.3.18) 
j=0 : m=0  — 
26 GG) . 

-> u (¢- 2) (2.3.19) 
j=0 


We get (2.3.17) by using the binomial theorem, (2.3.18) by using (7) = 
n!/j'(n —9)!, and (2.3.19) from (2.3.14). 


We are heading towards a proof that zeros of an analytic function (which 
is not identically zero) are isolated. We’ll do this in two steps: first local 
and then local to global. 


Proposition 2.3.6. Let f € A(Q). Then zeros of f are isolated: If f(z) = 
0, either there is 6 > 0 so f is nonvanishing in {z | 0 < |z— z0| < 6} or 
there is 6 > 0 with f(z) =0 for all z in D5(z0). 


Proof. Let f have the form (2.3.6) in D5,(z0). By hypothesis, ag = 0. 
Suppose some a, ~ 0 and let 


m = min{n | a, 4 0} (2.3.20) 
Let 
g(z) = os thasean(& = zo)” (2.3.21) 
n=0 
Then g(zo) # 0 and 
f(z) = (2 — 20)™9(z) (2.3.22) 


g is analytic in D5,(zo), so continuous. Then for some 6 < do, g is nonvan- 
ishing in D5(z0). Thus, by (2.3.22), f is nonvanishing in D5(zo) \ {zo}. 
If all a, are zero, f(z) = 0 in Dg, (Zo). 


Proposition 2.3.7. Let f € A(Q). Suppose, for some z € Q, there is 


6 >0 so that f is identically zero in Ds(zo). Then f is identically zero in 
all of Q. 


Proof. Let A = {z € | for all n, f(z) = 0}. Then A is clearly closed 
since each f (")(z) is continuous. A is open since z; € A implies the Taylor 
series at z, is identically zero, so f(z) = 0 near z,. A is nonempty since 
zo € A. Thus, by connectedness, A = 2. 
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Putting this together, we obtain 


Theorem 2.3.8 (Identity Theorem for Analytic Functions). Let f € 2U(Q). 
Suppose that f(z,) = 0 for a sequence {zn} € Q where zn, > 20 € ND. Then 
f is identically zero in Q. In particular, if f,g € AQ) and f(zn) = g(Zzn) 
for 2n > Zo € QD, then f = g. 


Proof. The first part is immediate from the last two propositions. The 
second part follows by applying the first part to f — g. 


Corollary 2.3.9. If Q,Q are two regions with QC Q and f € A(Q), there 
is at most one g € A(Q) with g [X= f. 


This is, of course, immediate. When this occurs, we say g is the analytic 
continuation of f. We caution that it can happen that Q Cc Q1, Q C Oa, 
and f € 2(Q) have continuations g; to Q; and gz to Qe, but gi and go are 
not equal on 2) MQ. The simplest example is to define 


Sap = {re® |a<0<fB;0<r<oc} (2.3.23) 
with Q= S_z.2,0% = S_x sx, OQ = S_sn and f(z) = Vz with /z > 0 
for c > 0. Then gi(—1) =7 and go(—1) = —7. Section will deal with 


the issues of how to track all analytic continuations and the related notions 
of global analytic functions and their Riemann surfaces. 


Related to this notion of continuation, we have the following which is a 
direct consequence of the locality of the definition of holomorphic. 


Proposition 2.3.10. Let 2,0 be two regions withnQ 40. Let f,f be 
functions on Q and Q respectively, each holomorphic. If a= fle ) for all 
ZEN Q, then the extension of f to QU Q, obtained by setting it equal to 
ad on Q, is holomorphic on QU Q. 


As the above example shows, it can happen that 2 Q has more than 
one component and f = f on one component, but not the other. However, 


Proposition 2.3.11. Under the hypotheses of Proposition [2.3.10] if f and 7 
are assumed analytic rather than just holomorphic and if QN Q is connected 
and f = f in some disk Ds(xo)) CQ Q, then the extension of f to QU Q, 
obtained by setting it equal to f on Q, is holomorphic on QU Q. 


Proof. Given the connectedness of 2.9 Q, Theorem [2.3.8] implies f = id on 
all of QQ, so we can apply the last proposition. 


If Q is a region, f € 2A(Q), and z € OL, we say that f is regular at zo 
if and only if there is 6 > 0, g analytic in D5(zo) so that f(z) = g(z) for all 
z € ON D;(z0). If f is not regular at zo, we say that f is singular at zo. 
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Typically, singularities are associated with some f (k) (z) not having a finite 
limit for some z, € Q with z, — zo, but there are other possibilities (see 
Problem [9). The set of regular points is clearly open, so the singular points 
are closed. 

If f € 2(Q) and every point in OQ is singular for f, we say OQ is a natural 
boundary for f. Problems [I7] and [19] will give examples of f € 2(D) for 
which OD is a natural boundary. In Section [9.5] we’ll prove that every 0Q 
is a natural boundary for some f € (2). 


In Section 3.1 (see Theorem [3.1.7), we’ll prove that if a power series 
has a finite nonzero radius of convergence, the analytic function it defines 
always has a singularity at some point on the boundary of the disk of conver- 
gence. Problem [5]explores relations (or rather, lack of) between conditional 
convergence on this boundary and regularity or singularity. 

Finally, we turn to some important power series. Since {m}" _, is larger 
than n/2 for n/2 factors, n! > (n/2)"/? so (n!)/" > (n/2)!/? > oo. Thus, 
lim sup(1/n!)!/" = 0 so yr) w"/n! has an infinite radius of convergence. 
Thus, for any z € C, we define 


(oe) n 


exp(z) = > — (2.3.24) 
n=0 ~ 


Theorem 2.3.12. (a) exp(z) is nonvanishing on all of C. 
(b) exp(z + w) = exp(z) exp(w) (2.3.25) 
for all z,w €C. 
(c) For @ real, 
exp(i0) = cos@ +isin0 (2.3.26) 

(d) exp is strictly monotone on R and maps R onto (0, co). 

(e) exp maps C onto C*. 

(f) exp(z) = exp(w) @ z—w € 27iZ (2.3.27) 
Remarks. 1. (2.3.26) is called Euler’s formula (one of many results with 
that name!) and implies his famous result!) that e’” +1=0. Once we write 


exp(z) = e”, it is consistent with the shorthand e” we use for the right side 


of (2.3.26). 


2. If we define e = exp(1), (2.3.25) implies for x real that exp(x) = e” and 
leads to using e* for exp(z). 


3 As stated by Bottazzini-Gray p- 83], while Euler did have (2.3.26), he never seems to 
have explicitly used e** + 1 = 0! 
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Proof. (a), (b) We begin by noting that since n/n! = 1/(n — 1)!, (2.3.9) 
implies that 


($e) (2) =e) (2.3.28) 
Fix u € C and define 
g(z) = exp(z) exp(u — z) (2.3.29) 


Then, using (2.3.28), g'(z) = 0. So, by Corollary 2.2.6] g(z) = exp(u). 
Letting w=u-—zsou=w+Z, we obtain (2.3.25). 


Since exp(0) = 1 and exp is continuous, for some r > 0, exp(z) # 0 on 


,(0). For any z € C, there is an integer n € Z1, so |z/n| < r. Then, by 
(2.3.25), exp(z) = (exp(z/n))” is nonzero. 


(c) For @ real, let 
g(0) = exp(—i0) [cos 0 + isin 6} (2.3.30) 
Then g/(@) = 0, so g(@) = 1 since g(0) = 1. Since exp(i@) exp(—70) = 1 by 
(2.3.25), we obtain (2.3.26). 
(d) For x real, exp(z) is real, so exp(x) = exp(x/2)? is positive. By (2.3.28), 
we see that exp is strictly monotone on R. Thus, e = exp(1) > exp(0) = 1 
so e” — oo, implying limz-,.. exp(#) = 00. Since exp(—zx) = (exp(z))~!, we 
see that limz_,—o. exp(z) = 0. 
(c) By ©2325), 
exp(z) = exp(Re z) exp(i Im z) (2.3.31) 
By (2.3.26), this is the polar decomposition. If w € C \ 0, w = |wle”, we 
pick Imz = @ and, by (d), let exp(Rez) = |w|. Thus, there is a z with 
exp(z) = w. 
(f) If exp(z) = pe’, the above shows that p determines Rez and Imz 
determines @ up to 27 ambiguity. 


Since cos(—@) = cos @ and sin(—@) = — sin 6, (2.3.26) implies 
cos = 3 (ce +e~"), sind = 2 (ce? — e~**) (2.8002) 
so we define cos, sin for complex z by 
cos z = 4 (ae er). sinz = % (etae) (2.3.33) 
leading to the familiar power series formulae for cos and sin: 


_y (2) ii LY ode 
ae ani’ sinz = ) oneal? +1 (2.3.34) 


n=0 
Finally, we turn to the log(z). z +> exp(z) is many-to-one, but it is 


locally one-one, so we can define a local inverse; indeed, one on C \ (—oo, 0]. 
Given z is this set, let z = pe’ be its polar form where @ is chosen in 
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(—7,7). Since exp(-) is strictly monotone from R onto (0,00), we can define 
an inverse which we’ll call log. We then define 


log(pe’) = log(p) + 16 (2.3.35) 
Clearly, exp(log(z)) = z, so Theorem[2.1.1{d) shows that log is holomorphic 
and that 
Eee (se (2.3.36) 
qz es JA) = 5 a 
so 


gk 


(2) ¥s) go (2.3.37) 


This leads to the Taylor series for log at z = 1: 


log(1— 2) =- >> — (2.3.38) 


n=1 
which, by the Cauchy radius formula, has radius of convergence 1. 


There are no difficulties in extending the notion of analytic function to 
vector-valued function, even on infinite-dimensional vector spaces, so long 
as there is a norm. If X is a Banach space (which could be C” with the 
Euclidean norm) and f: Q Cc C > X is a function, we say it is analytic at 
zo € Q if it has an expansion of the form (2.3.6), where now a, € X. One 
still has a Cauchy radius formula in the form 


R = (limsupl|lan||!/")7! (2.3.39) 


Notes and Historical Remarks. In a real-variable setting, Taylor series 
appeared first in a 1715 work of Brook Taylor (1685-1731) [552], although 
its significance wasn’t widely appreciated until work of Lagrange in 1772 
(talk about a slower pace of mathematical life!). In some older books, a 
Taylor series about z = 0 is called a Maclaurin series. We return to the 
history of power series in complex variables in the Notes to Section 


This book, like most modern ones on complex variables, emphasizes the 
geometric and calculus points of view of Riemann and Cauchy. While we 
will often exploit power series, they definitely play a secondary role. Some 
classic books that emphasize the power series point of view include Courant— 
Hurwitz [272], Dienes [142], Dinghas [144], and Whittaker—-Watson [592]. 
More recent are Bourbaki [70], Cartan [100], and Henrici [252]. 


It should be emphasized that the power series approach extends most 
naturally to several complex variables and that, given Weierstrass’ fascina- 
tion with higher abelian functions (i.e., integrals, like elliptic integrals, but 
with polynomials of degree larger than 4) which require several complex 
variables, this may explain his preference for this approach. 
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Especially in such an approach, manipulations of series is significant, 
including if f and g are the formal series, their sum, product and numeric 
inverse (discussed in Problems 21] and 22), and composition and functional 
inverse (see Problem [I] of Section 3.4). There is a huge literature on when 
power series have natural boundaries on their circle of convergence. An 
admirable summary can be found in Chapter 11 of Remmert [477]. 


The first examples were found by Weierstrass (whose life is discussed in 
the Notes to Section [9.4) and Kronecker. The latter found that }>°° , gf 
relevant in the theory of theta functions (see Section [10.5), has a natural 
boundary on OD. That this has a natural boundary will be proven by the 
reader in Problem [L]] of Section 


The earliest systematic theory was found by Hadamard (whose 
life is discussed in the Notes to Section [9.10), who considered power series 
of the form Lp anz”* where the nz grow very fast—in his case, ng41 > 
(1+6)n, for some 6 > 0 (Hadamard gap theorem). In that case, Hadamard 
showed the circle of convergence is a natural boundary. Problem leads 
you through a slick and simple proof of this, due to Mordell [395], although 
earlier Porter essentially had the same ideas (but he published in a 
then obscure journal called the Annals of Mathematics!). Fabry later 
improved the result to only require nx /k — oo. In fact, Fabry only allowed 
Nk+1—Np — 00, but Faber later realized his proof worked if nz, /k — co. 
Agmon (see also Breuer-Simon [72]) has proven that if sup,,|an| < oo 
and there exists n, so that limp_.oo @n,+m = 0 for m < 0 and = a ¥ 0 for 
m = 0, then 77°) a,z" has a natural boundary on OD; see Problem [1] in 
Section 


One tends to think of natural boundaries as pathological (which they 
are) and unusual, but in various ways they are generic and common. For 
example, there is a theorem of Szegé that says if {a,,}°2,9 takes only 
finitely many different values (in which case, assuming f(z) = )77° 9) anz” 
is not a polynomial, the radius of convergence is one), then either a, is 
eventually periodic (in which case f is a rational function) or else OD is a 
natural boundary for f. Also, there is a theorem of Steinhaus that 
says if }>>° 9 anz” is a power series with radius of convergence 1 and if 
w= {w5}F2o are independent, identically distributed random variables uni- 


formly distributed on OD (i.e., w € x F0 OD with a product measure), then 


for a.e. w, \>P° 9 GnWnz” has a natural boundary on OD. Paley-Zygmund 
426] extended this to allow w € x jet +1} with equal distribution, and 
Kahane has a chapter in his book on random functions [296] on theorems 
of this genre. Breuer—Simon [72] has results on random a,,’s forcing natural 
boundaries without requiring independence. 
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Finally, if AK C C is compact and Q = K™ = {(an)?2o | an € K} is 
given the weak (product) topology, then Q is a complete metric space and 
{(an) € Q | 272.9 anz” has a natural boundary on OD} is a dense G5. This 
result of Breuer-Simon will be proven in Problem [9] of Section 


Euler’s formula, (2.3.26), first appeared in part in his 1748 book [178], 
but he was quoting early variants of it already in letters to Bernoulli and 
Goldbach in the early 1740s. A formula equivalent to —i¢ = log|cos(¢) — 
isin(@)] appears in passing in the 1714 paper of Roger Cotes (1682-1716) 
[123] but was little noted by his contemporaries, and perhaps by Cotes 
himself. 


We presupposed that trigonometric functions, their derivatives and peri- 
odicities were known to the reader—and the derivative formula comes from 
the addition formula. However, one can use Euler’s formula to define sin and 
cos and prove that e” is periodic, and define z to be half its minimal period 
(and then that 27 is the circumference of the unit circle). The addition 
formulae for sin and cos then come from ee!” = e#(+¥), 


We also note that Euler’s formula implies de Moivre’s formula: 
cos(n@) + 7isin(n@) = (cos @ + isin @)” (2.3.40) 
which leads to explicit formulae in terms of binomial coefficients. 
The fact (see Problem that if a Gp, is convergent, then 
lim y_s00 a An = lim,41 )>P--9 Gn2” is a discovery of Abel [1], whose life is 
discussed in the Notes to Section[I0.3] In Chapter 13 of Part 2B, Section 6.9 


of Part 3 and Sections 6.11/6.12 of Part 4, we’ll return to (extensions of) 
Abel’s theorem and its partial converses, known as Tauberian theorems. 


Problems 


1. Let a, be the coefficients of a power series. Suppose limy-+oo|@n/Gn+1| 
exists. Prove that this is the radius of convergence of the series. 


2. (a) For zg € D and y the curve y(t) = e?”"*, prove that 
1 n n>0 
—— Q(z — 29) 12" dz = a 
ant Jy 0, n<O0 


(Hint: Expand (z — z9)7! = Lo zaz J—!, prove you can interchange 


the sum and integral, and use Problem [4] of Section [2.2}) 


(b) If f(z) = or.) nz” has radius of convergence greater than 1, prove 
that 


N n+1 
z f(w) 
f(z) _ S A = : dw 
n=0 p 


ant Jy wt (ww — Zz) 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


60 


2. The Cauchy Integral Theorem: Basics 


3. 


Licensed to AMS. 


This will lead to an alternate proof of Theorem [2.3.4] Define g(z) = rhs 
of (2.3.9) 


N 
f(z) => _an(z- 20)", gw(z) = fr(2) 
n=0 


(a) For any 6’ € (0,6), prove that uniformly in Ds’ (zo), fy > f, 9n > 9- 
(b) By using the one-variable fundamental theorem of calculus and taking 
limits, prove for any z € D5(zo) and w with |w| < 6 — |z— z|, one has 
f(izt+tw)=f(z)+ le g(z + sw)wds. 

(c) Prove that f(z +w) — f(z) = 9(z)w + o(|w)). 


. Let {an }?29 be a sequence of complex numbers with a, — 0 and 


CO 
>. |€n41 — An| < 00 (2.3.41) 


n=0 


Prove that )7?° 9 dnz” is convergent (perhaps only conditionally) for all 
z € OD with z £1. (Hint. Compute (1— Dia anz”).) Note (2.3.41) 
holds, in particular, if a, > adn41 > --- > 0; this special case goes back 
to Picard. 


. Fix a € R and let a, = (n+1)*. 


(a) Prove that the radius of convergence of (2.3.1) is 1 for all a. 


(b) If a < —1, prove the power series, (2.3.1), is absolutely convergent 
on OD. 


(c) If a > 0, prove the series is divergent for any z € OD. 


(d) If -1 < a < 0, prove that the series is divergent at z = 1 and 
conditionally convergent if z € OD \ {1}. (Hint. Use Problem [4]) 


(e) For a < 0, let cy = (fp? 2 * le *dxr) +. Note that (n+ 1)* = 
Ca Io. z¢—te-(n+)« dy and conclude an integral formula for 


(oe) 


So (nt 1)%2" (2.3.42) 


n=0 


that allows you to show this function has an analytic continuation to 
C\[1, 00). In particular, this function is regular at all points in OD \ {1}. 


Note. That the integral formula defines an analytic function requires 
some work. We prove a general theorem (Theorem [3.1.6) about the 
analyticity of such integrals of analytic functions. You may use this fact. 
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(f) If (2.3.42) defines the function f(z) for z € D, prove that 


Fase) = E (fa) (z) (2.3.43) 


and conclude that fa has an analytic continuation to C \ [1, 00) also for 
alla > 0. Thus, each fy is regular at all points in OD \ {1}. 


(g) Prove that fq is singular at z = 1 for any a. (Hint. Look at 
limps £4 (r).) 


. This will prove Appell’s theorem that if a > 0 and 


lim nan = A (2.3.44) 
n> co 
then 
lim(1 — 2)**1 = AT(a+1 22.4 
lim( xr) ym a” (a+ 1) (2.3.45) 
where 
[oe] 
T(a+1) -|/ ed (2.3.46) 
0 


(a) If f is C1 on [0,00) and {5° (|f(y)| + |f’(y)|) dy < 00, prove that 


- f° 0) a < [wey (2.3.47) 


(b) If 2 = e~', prove that as t | 0, 


= i ey? a = O(t-7) (2.3.48) 


(c) Prove (2.3.46) for an = n® and A= 1. 
(d) Prove that implies (2.3.45). 


. Let ay be complex numbers so |“***| = 1+ 4+0 ay 
Qn n n 


a) Prove the Taylor series \°°°_, anz” has radius of convergence 1. 
n=0 


(b) If w > 0, prove |a,,| + co, so on OD, the series is divergent. 


(c) If ~ < —1, prove the series is absolutely convergent on OD. 


(d) If —1 < yu < 0, prove the series is not absolutely convergent on 0 
but can be conditionally convergent. 


Remark. This is called Gauss’ criteria. 


. (a) Prove Abel’s convergence theorem [1]: If ey Gn = Sn > a, then 


lim,+1 opp @nt”™ — a. (Hint. Prove first that a — 77. janr” = (1— 


7) en=0( — Sn)r™.) 
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(b) Compute 1—5+45—G+.... 


. (a) Suppose f is analytic in D, not identically zero, and lim, f ©) (r) =0 


for all k. Prove that z = 1 is a singularity of f. 
(b) For z € D, let 


with the 5 power chosen to be positive for z € (0,1) and continuous on D. 
Prove that z = 1 is a singularity of f even though lim,_,1, <p f(z) = 0. 


The binomial theorem says that (z + w)” = >> (7) zJw"J, where (7) = 
n!/[j'(n — 9)!). 
(a) Use the binomial theorem to provide another proof that exp(z+w) = 
exp(z) exp(w). 
(b) Conversely, show that exp(z + w) = exp(z) exp(w) can be used to 
prove the binomial theorem. 
Use the binomial theorem to prove (2.3.8). (Hint: Show first that for 
; =1) (n-2 
22, (5) s “3 G23)) 

J—rNt1 


By differentiating 7 r= Er 
and 4, n(n — 1)r"~? and prove the bounds claimed in the proof of 
Lemma [2.3.3 


1 


, find formulae for > awe 


Using 70 Glzl*4¢ —z|) < (|z|+|¢ — 2|)”, justify the resummation 
in the proof of Theorem 


(a) Prove nlog(1 + =) — z and conclude (Euler, 1784) that limp ..(1 + 
-" = e*. 

(b) Let f(x) be defined and C? on (a,b) with f(a) < 0. Prove that for 
all x,y € (a,b), f(@x+(1—4)y) > Of(x) + (1-6) f(y). (Hint: First show 
that one need only prove the result if f(z) = f(y) = 0, note this means 
there is a point in between f’(z) = 0, and see what this says about f’ on 
[x, 2] and [z,y].) 

(c) If f(x) = log(x), show f”(x) < 0 and conclude for x > —n, (n+ 
1) log(1 + ;47) = nlog(1+ ). 

(d) For x > 0, show (1+ <=)” is monotone increasing in n. What does 
this say about compound interest? 


(e) For « > 0, prove (1 — =)” is monotone decreasing in n for all n > a. 


Find the various values of i’. That this number is real was a popular 
curiosity in lectures given in the nineteenth century. 
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Let yop. An(z — 20)" be a power series about zo with radius of conver- 
gence r € (0,00), so that a, > 0 for all n. This problem will prove 
that zo +r is a singularity, that is f(z) = )°7° 9 an(z — zo)” cannot be 
analytically continued to any D5+,(zo0) with 6 > 0. Without loss, for no- 
tational convenience, you can suppose z = 0, r = 1. The proof will rely 
on the fact (see Theorem [1.4.4) that sets of positive numbers can be ar- 
bitrarily arranged without changing convergence vs. divergence. Assume 
analyticity in D5(1) for 6 > 0. 


(a) Let an = f™(0)/n!, bp = f™(1)/n!. Prove that b, = 
yg Gkem (Ph). (Hint: f (1) = limes f (1 — €).) 

(b) Prove that °°5 bn()” + W729 ae(1 + 4)". 

(c) Conclude that the radius of convergence of )77° 9 an2” is at least 1+8, 
and so get a contradiction. 


Note. The theorem proven in this problem is due to Pringsheim 
and Vivanti [565]. Its descendant in the hands of Landau (see Theo- 
rem 13.2.15 of Part 2B) will play a major role in Chapter 13 of Part 2B. 


For z € D, let f(z) = 0%, 2". Prove that limy41|f (re2™?/%)| = 00 for 
any rational p/gq. Conclude that OD is a natural boundary for f. Prove 
the same for 7°), 22”. 


(Lambert’s Series) Let d(n) be the number of divisors of n (i.e., integers 
among 1,...,n which divide n). For z € D, let 


f(z) = Do d(n) 2” 
n=1 


(a) Prove that the series has radius of convergence 1. 
(b) Show that 


fa=do > 02 
n=1m=1 


and conclude that 


(c) Suppose that n # 0modq. Prove that for r < 1 and z = re2™P/4 
that |1 — 2"|? > 4r” sin? 1/q and conclude that 


<(1—r)7} (sin “) 7 


n 
= 


n#0 mod q 
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(d) For z = re?™'?/4, prove that 


2 (qd =") log =r) 


Conclude that for any p/q, lim,|f (re2mv/ 7)| = oo and therefore that f 
has a natural boundary on 0 


Remarks. 1. We'll use the arguments in this problem again in Problem 7 
of Section 15.4 of Part 2B. 


2. Closely related to this example is the function 


fa=>- sm (2.3.49) 
n=0 


of Weierstrass [587]. As in this problem, f is analytic on D and has a 
natural boundary on |z| = 1. But, by writing 


f@a=), a (2.3.50) 


Ze zon 
n=0 a 


one sees that the sum also converges on C \ D. Thus, the “same” ex- 
pression represents two functions unrelated by continuation. Motivated 
by this example, Borel tried to develop a theory of continuing functions 
across barriers. This idea consumed him during most of his career. While 
his theory never attracted many followers, in its development he found 
major results on compact sets (Heine—Borel property), the notion of Borel 
sum, and his ideas in measure theory. 


A power series of the form 
[oe 
§@) =) ane" (2.3.51) 
k=0 


is called Hadamard lacunary if and only if for some 6 > 0 and all k, 
Nk+1 = (1 + 0)nk (2.3.52) 


(i.e., most a; are zero with longer and longer gaps). The Hadamard gap 
theorem says that any Hadamard lacunary series with radius of conver- 
gence 1 has OD as a natural boundary. Problem [I7] is a simple example 
of this theorem. The present problem leads you through an elegant proof 
of Mordell of this result. Problem [1] of Section [6.2] has a closely related 
result with a different proof. You will need to assume two results men- 
tioned in this section, but not proved until Section 3-1} holomorphic = 
analytic and that a power series must have a singularity on its circle of 
convergence. 
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(a) Given any function f analytic in D, for each integer m, let 

9m(z) = f(§2™(1 + 2)) (2.3.53) 
Prove that if f is regular at z = 1, then g,,(z) is regular at all points of 
OD. (Hint: If z € OD with z £1, 52(1+ 2) is in D. 
(b) If m is so large that 1/m < 6 and ng41, nx Obey (2.3.52), show that the 
power series in [z”"(1+z)]”* are all less than the powers in [z""(1+z)]"*+!. 
Use this and the Cauchy radius formula to conclude that for such m, the 
radius of convergence of the power series for gm and for f are identical. 
(Hint: If gm(z) = Sj<9 bj2, prove that Laer > |an|/(n_, + 1) to 


see lim sup|b;|1/7 > lim sup|a;|!/J.) 


(c) Combine (a) and (b) to show that z = 1 is a singularity of f given by 
(2.3.51). By applying the same argument to f(z) = 7729 An, CrP 2M , 
prove that f is singular at each point in OD and so conclude the Hadamard 
gap theorem. 


20. Let f be defined in D by 


oo | 
gh 


{a= » a 


(2.3.54) 


Prove that 


(a) f has a natural boundary on OD using the Hadamard gap theorem. 


(b) The power series for f and all its derivatives converge uniformly on 
. In particular, lim,+, f (re’’) defines a C™ function of e”. 


Remark. The function S>>° 9 az” for 0 < lal <1, first noted by Fred- 
holm [195], has similar properties (if one uses the Fabry gap theorem). 
The reader might wish to check this. 


21. Let or ganz” and Y>*° 9 bnz” be two power series and define 
nm 
t=) Oibn (2.3.55) 
j=0 
(a) Prove that }°°° 9 cnz” is the formal product in that for all N, 


N N 2N 
( S- ona") (> ina") — > CnZ” 
n=0 n=0 n=0 


2N 


is a polynomial of degree 2N with powers {21} j=N+1 OF a Subset thereof. 
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(b) If Ra, Ry, Re are the radius of convergence of the corresponding power 
series, prove that 


R. > min(Ra, Ry) (2.3.56) 
and if |2| < min(Ag,1%,), then (>| <9 @n2”") (>. =4 One") = 0 Cae 
(c) Find an example where one does not have equality in (2.3.56). 

22. A Toeplitz matrix is an infinite matrix T = (tij)1<ij<oo where tij = Tj-i 
for a sequence {7 }?2._,,. An upper-triangular matrix is one with t;; = 0 
ifi > jy. A UTT (for upper-triangular Toeplitz matrix) is the one with 
T™m = 0 for n < 0. Thus, (70, 71,...) corresponds to 


TO T1 T2 73 


0 TO Tl TQ «xe. 
U(r) = 0 0 TO TL ose (2.3.57) 


(a) If {an}P29, {bn}Pup are two sequences of complex numbers, prove 
that the matrix product U(a)U(b) is a U(c), where c is given by (2.3.55) 
so that this is a matrix realization of formal power series multiplication. 


(b) If {an }P29 is a formal power series with ag ~ 0, and {b,}°°p is the 
series of 1/ 7°29 nz”, prove U(b) = U(a)“'. 


(c) Use (b) and Cramer’s rule to prove Wronski’s formula 


ay ag... An 
( 1)" ag ay, ... An—1 
bn = > det O ao ... Qn—2 
ao . 7 


Note. This formula was found by Wronski in 1811. 


2.4. The Goursat Argument 


In this section, we’ll prove that if f is holomorphic in Q, then g, fizid2=0 
for all triangles y whose interior lies in Q. The proof, following an argument 
of Goursat, is by contradiction: If the integral is c ~ 0, then by breaking 
the triangle in four, as in Figure [2.2.1] we get some triangle where the in- 
tegral is at least zc in magnitude. Iterating, we get triangles so small that 
the approximation guaranteed by being holomorphic gets a contradiction. 
Goursat’s big technical advance is that this argument does not require a pri- 
ori continuity of f’. And as we’ll explore in the rest of this chapter, we can 
boost this result to a much more general one. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


2.4. The Goursat Argument 67 


As already discussed in Section 2.2] a triangle, T,[z1, 22, 23], is the 
contour made up of three line segments joined together, where we’ll sup- 
pose 21, 22,23 are not colinear to avoid the degenerate case. The inside 
of the triangle, ins(T), is the convex combinations of 21, 22, 23, that is, 
{sz1 + tzg + (1—s-—t)z3 | s,t > 0,s+t < 1}. ins(T) includes T and 
is closed. Here’s the implementation of the notion that lets us esti- 
mate integrals over very small triangles: 


Lemma 2.4.1. Let f be holomorphic in a region Q. Then for any z,€ > 0, 
there is ad > 0 so that Ds(zo) C Q, and for all triangles T C D5(z), we 


have 
f f(z) dz| < e£(T) sup |z — 20| (2.4.1) 
T zeT 
Proof. By (2.2.19), 
Uf co) + (2 20)f"(eo)] de =0 (2.4.2) 


sO 
LHS of = 
Thus, by (2.2.10), 
LHS of (2.4.1) < ¢(T) oe |f(z) — f(z0) — f'(z0)(z — 20) 
< €(T)o(sup |z — zol) (2.4.4) 


fp [Ff (2) — f (40) — (2 — 20) f"(20)] dz (2.4.3) 


by the assumption that f is holomorphic at zo. This proves (2.4.1). 


Theorem 2.4.2 (CIT for Triangles). Suppose that f is holomorphic in a 
region, Q. Let To be a triangle with ins(Tp) C Q. Then 


(z)dz=0 (2.4.5) 
To 


Proof. Suppose the integral is c# 0. Break To into four triangles by using 
the midpoints of the edges as in Figure The resulting four integrals 
sum to c, so at least one, call it 7, must have an integral of magnitude at 


least c/4. 
Iterating this process, we get triangles To, 7), 75,... similar to Jo with 
1 

(z) dz| > af |c| (2.4.6) 

Tn 
ins(Tn41) C ins(Tp) (2.4.7) 

1 

{T= an (Lo) (2.4.8) 
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1 
diam(T,,) = — diam(To) (2.4.9) 
where an 


diam(S) = sup{|z — y| | z,y € S} (2.4.10) 


By compactness and (2.4.7), (),, int(T;,) 4 @ and, by (2.4.9), it is a single 
point, call it zo € int(TZo) C Q. By the lemma and (2.4.9), for any ¢, there 
is an N so that for n > N, 


(z) dz] < e&(T,,) diam(T,,) (2.4.11) 


Tn 


By (2.4.8) and (2.4.9), if we pick € so that ¢@(T) diam(To) < |c|, this 
is inconsistent with (2.4.6). This contradiction proves that the integral is 
Zero. 


Notes and Historical Remarks. In 1884, Goursat [212] gave a proof of 
the Cauchy integral theorem that involved subdivision into tiny rectangles 
and the fact that the f(zo) + (z — zo) f’(zo) has zero integral. Sixteen years 
later, in [213], he remarked: “I have known for some time that the proof of 
the theorem of Cauchy I gave in 1883 need not suppose the continuity of the 
derivative.” Pringsheim [460], complaining about Goursat’s direct use for 
general curves, gave the modern version using triangles to prove the existence 
of a global antiderivative for star-shaped regions. I have kept the common 
name “Goursat argument” although Goursat—Pringsheim argument or even 
Pringsheim argument might be more appropriate. 


An even stronger result than Goursat’s is the Looman—Menchoff theo- 
rem: In place of it being required that f have a complex derivative at each 


zo, one demands that f is continuous, have directional derivatives of and 


a at each zg, and obey the Cauchy—Riemann equations ol + ise =0. This 
was first stated by Montel [391], a proof first appeared in Looman [366], 
and a gap filled in by Menchoff [379]. For a textbook presentation, see 
Narasimhan-Nievergelt [404]. For a simple proof and discussion of alterna- 
tives, see Gray—Morris [218]. Note the example in Problem] of Section 


is not a counterexample since f is not continuous at 0. 


We should note that there are two other proofs of the CIT in cases where 
at least C! f is assumed. One, essentially the proof of Cauchy, uses the 
Gauss—Green theorem, that is what we called Stokes’ theorem in Section|[L.5} 
for the case of one-dimensional curves surrounding two-dimensional regions: 
essentially if Q is a smooth image of a disk with simple smooth boundary, 
OQ, all in Q, Stokes’ theorem says that 


| fdz= [ d(f dz) (2.4.12) 
0Q Q 
and we have seen (see (2.1.37)) that d(f dz) =0 if Of =0. 
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The other proof (which is essentially a variant of the one just given) 
shows ¢ fdz = 0 for rectangles by smoothly moving two opposite sides 
together. If the bottom is moved up by changing a parameter, t, then the 
t-derivatives of the integral has three terms: two come from the sides and, 
by the fundamental theorem of calculus, are the difference of f at the two 
bottom corners. The third term, which is the derivative of the bottom, is 
the integral along the bottom of 0f/Oy. But, by the CR equations, this is 
—iOf /Ox and this derivative can then be integrated to cancel the other two 
terms (the —i is relevant since the sides have dz = idy and so also have 
i’s relative to the dz = dx). This proof has the advantage of also showing 
directly the Cauchy integral formula for rectangles. 


Problems 
1. Let f be a C® function of x and y in a neighborhood of D. Prove that 


f fijde= / (Sf) (2) dz (2.4.13) 
|z|=1 |z|<1 
(Hint. Look at (2.4.12).) 


2.5. The CIT for Star-Shaped Regions 


Definition. A region, 2, is called star-shaped if and only if there exists 
zo € so that for any 2 € Q, [z0, 21] = {(1 — t)zo + tz1 | O < t < 1} lies in 
Q. We'll call zo a hub for 2. 


Recall that a region is convex if for all zo, 21 € Q, [Z0, 21] C Q, so any 
convex set is star-shaped and any of its points is a hub. 


Our main purpose in this section is to prove 


Theorem 2.5.1 (CIT for Star-Shaped Regions). Let Q be a star-shaped 
region, f holomorphic in Q, and ¥ a closed rectifiable curve. Then 


f f(z)dz=0 (2.5.1) 


Along the way, we’ll also prove a result we'll dub the pre-Morera’s the- 
orem, since once we prove holomorphic functions are analytic, it will imply 
Morera’s theorem (which is a converse to the CIT). We begin with 


Theorem 2.5.2. Let f be holomorphic in a star-shaped region, Q. Then 
there is a holomorphic function, F, on Q with F" = f. 


Proof. Pick zo, a hub for 2. Define, for z € Q, 
F(2)= f(w) dw (2.5.2) 


[zo 2] 
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Given 21, pick 6 so Ds(z1) C . Then for each z2 € D5(z21), [z1, 22] C Q, 
so each line from zo to a point in [z1, z2] is in Q, so int([zo, 21, za]) € . 


Thus, by Theorem [2.4.2] 
/ f(z) dz=0 (2.5.3) 
[20,21,22] 
which implies 


F(%) - F(21) = / f(z) dz 


[21,22] 


Ce / (f(2)—fla))dz (2.5.4) 


[21,22] 


Thus, by (2.2.10), 
|F(z2) -— Fla) — (2-1) fla) Slaz—-al sup |f(z)— f(a)| (2.5.5) 


2€[z1,22] 


By continuity of f, this last sup is o(1), so the left-hand side of (2.5.5) is 
o(|z2 — 21|), that is, F is holomorphic at z; and F’(z1) = f(z1). 


Proof of Theorem Holomorphic functions are continuous, so F’ in 
the last theorem is holomorphic with a continuous derivative. Thus, (2.5.1) 
follows from Theorem [2.2.5 


The argument in the proof of Theorem [2.5.2] only used f holomorphic 
when it used CIT for triangles. Thus: 


Theorem 2.5.3 (Pre-Morera Theorem). Jf f is continuous in some D5(z0) 
and obeys (2.5.1) for all triangles in Ds(zo), then there exists F holomorphic 
in Ds(zo) so that F’ = f. 


We also have the following converse to Theorem [2.2.5 


Theorem 2.5.4. Let f be a continuous function in a region, Q, so that 
(2.5.1) holds for every closed rectifiable path. Then there exists a holomor- 
phic function, F, on Q so that F’ = f. 


Proof. Fix zo € Q and let z € Q. Then, if y,7 are two sare ae 


from z to z, ¥~! *y is a closed curve, so we can define F(z =f, f(w 
which is age am as ¥. ao F(z) is well-defined. If x € ie )’ CQ, oe 
then F(x) ae erat w) dw by the path independence, so F’ = f by 


the same phe used in . proof of Theorem [2.5.2] 
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2.6. Holomorphically Simply Connected Regions, Logs, and 
Fractional Powers 


A good theorem deserves a definition. 


Definition. A region, 9, is called holomorphically simply connected (hsc) 
if and only if for all holomorphic functions, f, on Q and all closed rectifiable 


curves, y, we have (2.5.1). 


We’ve seen star-shaped regions are hsc. We’ll eventually prove (see The- 
orem [8.1.2) that Q is hsc = Q is topologically simply connected (tsc). In 
this section, we’ll first show that nonvanishing holomorphic functions on 
hsc regions have logs and fractional powers, then show that biholomorphic 
images of hsc regions are hsc, and use that to establish that annuli with a 
radius removed are hsc, a result we’ll need in the next section. Then we’ll 
prove tsc => hsc and provide a second proof of the cut annulus result. 


Theorem 2.6.1. Let Q be a holomorphically simply connected region and 
f a holomorphic function on Q with f' holomorphic. Suppose f is nowhere 
vanishing on Q. Then 


(a) There exists h holomorphic on Q with 


e" =f (2.6.1) 
(b) For each n = 2,3,..., there exists a holomorphic function gn on Q with 
(9n)" =f (2.6.2) 


Remarks. 1. Of course, we’ll soon see that it is automatic that f’ holo- 
morphic if f is. 


2. A is unique up to an overall additive 27in. gy is unique up to multiplica- 
tion by an nth root of unity. 


3. We'll sometimes write log f for h and f!/" for gn. 


Proof. Pick z and then ho so e”’® = f (zo). By hypothesis, f’/f is holomor- 
phic, so since ( is hsc, Theorem [2.5.4] says there is a holomorphic function 
F with BF’ = f’/f. Let g = f exp(—ho — F(z) + F(z)). Then, by a direct 
calculation, g' = 0 and g(z) = 1. Therefore, by Corollary 2.2.6] g(z) = 1, 
that is, if h = F(z) +ho — F(z), then holds. 


If gn = exp(h/n), then (2.6.2) holds. 


Theorem 2.6.2 (Conformal Equivalence of hsc). Let 2 be a holomorphi- 
cally simply connected region. Let Q be another region for which there is a 
bijection, g: Q > Q with g,g_' holomorphic and g! holomorphic. Then Q 
is holomorphically simply connected. 
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Remark. After Sections [3.1] and [3.4] we’ll know that any holomorphic bi- 
jection, g, automatically has g~' and g’ holomorphic. Such maps are called 
conformal equivalences or biholomorphic maps. 


Proof. Immediate from Theorem (the change of variable in contour 
integrals) for given h holomorphic on Q and ¥ a closed rectifiable curve in 
Q, let f =hog,y=g ' oF in G28). 


Finally, we turn to a special class of regions. Given 0 < r < R < oo, we 
define the annulus, 


Arr = {z|r <|2| < BR} (2.6.3) 
and for a < £ real with |3 — a| < 27, we define the sector, 
Soe = {re’ |0<r,a<0< 8B} (2.6.4) 


For example, S_;,, = C \ (—oo, 0]. We are heading towards a proof of 


Theorem 2.6.3. For anyO <r < R < ow, anda,f witha < B and 
|B —a| < 27, A,r ANSa,g ts holomorphically simply connected. 


Lemma 2.6.4. Ifa < 8, |B —al| < 27, and 


cos( 2 . *) > 7 (2.6.5) 


then Ay ROSa,g is star-shaped. 
Remark. (2.6.5) then implies |b — a| < 7. 


Proof. If r = 0 and |G — a| < 7a, the region is convex, so we need only 
consider the case r > 0. By rotation, we can suppose a = —$. By some 
simple geometry (see Figure[2.6.1), the two tangents to Dg(r) at re*’? meet 
at the point r/cos§ = zp. This is in A,.p NS_g,,, if holds and the 
same geometry shows that every z in this region has [z9, z] in the region. 
So, the region is star-shaped. 


Figure 2.6.1. Showing an annular slice is star-shaped. 
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Proof of Theorem Without loss, we suppose a = —§ with 6 € 
(0,z]. C \ (—co,0] is star-shaped about zo = 1. So, by Theorem [2.6.1] 
g(z) = z/” is holomorphic on C \ (—oo, 0], where we take the branch with 


g1) = 1. g maps 2 = A,r NS_ 29 10 Annan 08 a8 =, Since 


(Fs) Vee Tia n loa: ) + O(4) with cos(2 y=] Z 5 -+0(2 : a)y for large 
n, (4)1/" me cos(2 ) which, by the lemma, says that for n large, Qy, is star- 


shaped. Thus, 2, as the image of Q, under z 4 2” , is holomorphically 
simply connected. 


Finally, we turn to issues of homotopy and invariance of contour integrals 
under homotopic changes. Recall (see Section [1.7 that two closed curves, 
7,¥: [0,1] > Q, with y(0) = 7(1) = 7(0) = YQ) = 2 are called homotopic 
(in 2) if and only if there exists a continuous function TP: [0,1] x [0,1] > Q 
so that 


T(t,0)=7(t), Tt1)=F(t), T0,s)=T,s)=% (2.66) 


and that a region, Q, is called topologically simply connected (tsc) if and only 
if every closed curve, y, is homotopic to the trivial curve 7(t) = zo (this is 
easily shown (see Problem [I) to be independent of zo). We’ll eventually 
prove that 


Q tse & Q hse (2.6.7) 


Here we'll prove > from 


Theorem 2.6.5. Let f be holomorphic on a region, Q. Let y,¥ be the 
rectifiable curves which are homotopic. Then 


Pilea = Psle)at (2.6.8) 


In particular, tsc = hsc. 


Remark. We are dealing here with homotopy as maps from [0, 1] with fixed 
points. One can just as well deal with homotopies as maps from S$! without 
fixed endpoints by noting that by splicing on a rectifiable curve from a fixed 
point to the image of $ at the start and end, one can reduce to the case of 
fixed endpoints in (0, 1]. 


Proof. We will need a technical fact whose proof we’ll leave to Problem 2} 
If y,¥ are rectifiable and homotopic, then they are homotopic under a ho- 
motopy [T° with 

¥s(-) =T(-, 8) (2.6.9) 
rectifiable for all s. We’ll also need a simple fact (Problem [3): A locally 
constant function, f, on [0,1] is constant (i-e., if for all so € [0,1], de so 
f(s) = f(so) for so —e <5 < so +6, then f is constant). 
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Figure 2.6.2. Subdividing a homotopy. 


So suppose that I is a homotopy with each +7, rectifiable and define for 

s € (0, 1], 
C(s)= @ f(z) dz (2.6.10) 
Ys 
By Problem [3] we need only show C is locally constant, so pick so € [0, 1]. 
Let 6 = $dist(Ran(7s,),C\Q) (or 6 = 1if Q = C), so {% = D5 (7s, (t))} is an 
open cover of Ran(7s,) lying in 2. By the paving lemma (Proposition[2.2.7), 
we can find tj) =0 <t) <---<t, =1 and Uj,...,U, among these disks so 
that Ys9 ([tj-1, ty]) C Uj. 

Pick ¢, so if |s — so| < € and ¢ € [t;_1,¢,], then y(t) C Uj, which we 
can do since ¥ is jointly uniformly continuous. Given s € (s9 — €,59 + €), 
let 7; be the contour which goes from 7s,(tj;-1) to Ysj(tj) along Ys), from 
Yeo (tj) to Ys(tj) by a straight line, from y,(t;) to ys(tj-1) by going backwards 
along ys, and then going from 75(tj-1) to 7Ys,(tj;-1) by a straight line (see 
Figure 2.6.2). 

Since U; is a disk, so star-shaped, and 1; is a closed rectifiable curve 
in Uj, 


F@jaz=0 
oh 
Because the added linear paths cancel in this sum 


n—-1 
DP fle)dz= (z)dz— QD f(z) dz (2.6.11) 


j=l 75 Ys0 Ys 


proving the required local constancy. 


Here is another proof of Theorem Notice first that if Q is star- 
shaped with zg as a hub, then for any closed curve starting and ending at 


20> 
I(t, s) = (1— s)y(t) + sz (2.6.12) 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


2.6. Holomorphic Simple Connectivity 75 


is a homotopy to the trivial curve, so Q is tsc. Moreover, if f is a homeo- 
morphism of 2 to Q and 2 is tsc, then so is Q, since f sets up bijections 
between closed curves and between homotopies. 


In particular, F’: (0,1) x (0,1) + A,r NSa,g by 
F(t,s) = [(1—t)r +tR] exp(i[(1 — s)a + 58]) 


is a homeomorphism, providing a second proof of Theorem [2.6.3 


Notes and Historical Remarks. The most complicated part of the 
homotopy argument we give is the fact proven in Problem] For the most 
important application we give, namely, that biholomorphic images of star- 
shaped regions are hsc, it can be avoided: for a star-shaped region, 2, with 
hub zo, the homotopy [(t,s) = (1 — s)y(t) + szo clearly has rectifiable 
intermediate curves if y is rectifiable. Applying the biholomorphic map 
to [ shows any rectifiable curve in a biholomorphic image of a star-shaped 
region is homotopic to the trivial curve under a homotopy with intermediate 
rectifiable curves. 


There is a proof of the homotopy equivalence result (Theorem [2.6.5)), 
due to Vyborny and rediscovered by Hanche-Olsen , that mimics 
the Goursat strategy of subdivision and control of small rectangles. 


Problems 


1. Let 2 be an arcwise connected set. Suppose that any closed curve starting 
and ending at zo is homotopic to the constant curve. Prove that the same 
is true for any z1 € 2. (Hint: Pick yo with yo(0) = 21, yo(1) = zo. Given 
any closed curve with 7(0) = y(1) = 21, show it is homotopic to the curve 
A * YOK Y* Yo * Yo, and then that this is homotopic to a * Yo which 
is homotopic to the trivial curve.) 


2. This problem will lead you through a proof that two rectifiable homotopic 
curves are homotopic through a homotopy whose intermediate curves are 
all rectifiable. 

(a) Let yo,71 be two curves with 7;(0) = 2, yj(1) = 21 for j = 0,1. 
Prove that %;(s) = (1 — t)y0(s) + t71(s) is rectifiable for each t € (0,1). 

(b) Let yo, 71 be homotopic rectifiable curves, homotopic under a homo- 
topy I: [0,1] x [0,1] > Q with 7;(s) = Tj, s), T(t,0) = z, TG, es =i; 
For each N = 1,2,.. let AN. = {(t.8) | Se <t< 8, kl gc tk wv} for 
9 = Lee IN Peeve there is N so large that for each j, _ € {1,.. * Nt, 
there is a disk Dj, with T([AN]) CD, co. 


(c) On AN ,> define T' so that at the four corners I'(s,t) =[(s,t). If a top 
or bottom edge is part of 7 or 71, define ['(j,s) = 7(j, s). On all other 
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top and bottom edges, define I to be linear along the edge of AM ey Fill 
in each square linearly, that is, for 7 = 1,...,N and 7 € (0,1), for all s, 
define [ by 


x ga), 9 1). sign \ ary 
F(a t) W tris) = (1 nF ( W .s) (4,5) 
Prove that I is continuous with values in . 
(d) Prove that I'(-,s) is rectifiable. 


3. Prove that a locally constant function is constant. (Hint: Show {s | 
f(s) = f(0)} is open and closed.) 


2.7. The Cauchy Integral Formula for Disks and Annuli 
Our main goal in this section is to prove: 


Theorem 2.7.1 (CIF for the Disk). Let f be holomorphic in a neighborhood 
of D. Let |z| = 1 denote the counterclockwise contour around OD (used in 
Example ). Then for any z € D, 


Z =e L(@) dz 2.7.1 
Fle) = af 7:1) 


Ori 1 Z— 2 


Later, we’ll also prove a similar formula for annuli. 


Lemma 2.7.2. Let z € D. Let p< 1—|zo|. Let 7 be the contour indicated 
by |z| = 1 and 42 the analogous counterclockwise contour around the bound- 
ary of Dp(zo). Then for any function, g, holomorphic in a neighborhood of 


\ {zo}, we have 
g(z) dz = g(z) dz 22d 


Proof. Let z = |zole’?. Let y- be the boundary of D \ [ (Zo) 
{rei(9+¥) | |@| <e, r > 0}] oriented so the part on OD is counterclockwise. 
y- besides this arc on OD has, depending on ¢ and the relation of p to |zo], 
two or four linear pieces, and zero or two arcs of OD,(z0); see Figure 
Notice that if 6 > 0 is chosen so that f is analytic in D,+5(0), then f 
is analytic in Agii5 NSy4 £.2n—p-§, @ region that includes y-. Thus, by 
Theorem [2.6.3] io g(z) de = 0. 


Letting « | 0, the linear segments cancel and a = 1 _ ie proving 
(2.7.2). 
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Figure 2.7.1. A keyhole contour. 


The same proof shows 


Theorem 2.7.3. Let 21,...,2, € be distinct points. Let p < 
min(minj(1 — |z;|), 3 minjj|z; — z;|). Let yo be the curve we called |z| = 1 
and y; the curve |z — z;| = p counterclockwise. Then 


k 
f g(2)dz= Y¢ g(z) dz (273) 
Yo j=l VI 


for any function analytic in a neighborhood of D\ {21,..., 2}. 


Lemma 2.7.4. For any h continuous at z = 0, 


lim ne) dz = 2nih(0) (2.7.4) 
eL0 |z|=e z 


Proof. By (2.2.7), 


go dz = 2nih(0) 
z 
so we need 
lim BTN 35 (2.7.5) 
eL0 |z|=e z 


By (2.2.10), the integral is bounded by (27) sup),;.|(h(z) — h(0))| which 


goes to zero since hf is continuous. 


Proof of Theorem By Lemmaf2.7.2] the integral in (2.7.1) is equal 
to the integral over |z — zo| = € for any ¢. Taking h(z) = f(z + 2) and 
letting e¢ | 0, Lemma[2.7.2] proves this is f(z). 


Theorem 2.7.5 (CIF for the Annulus). Let f be holomorphic in a neigh- 
borhood of Ayr for some annulus with r < R. Then for any z € Ayr, 


= oak f(z) 4, 1 2) 4 
f (0) f d f d (2.7.6) 


ori |=R 2 — 20 2nt J\zj=r 2 — 20 
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Proof. By essentially the same argument in Lemma[2.7.2] (but now y- has 
arcs from both ODR(0) and OD,(0)), one shows the integral on the right 
is (2ni)—! $x aolep F(Z) (2 — zo) dz for any p < min(R — |zol,|20| — r). 
Lemmaf2.7.4Jand the same limit argument as above completes the proof. 


Notes and Historical Remarks. If f is aC function in a neighborhood 


of D, we have (see Problem [I) a “corrected” form of the CIF that reduces 
to the CIF if of = 0: 


1 1 (a 
ey ey, Aacale F / OP) 2, 77 
27i J 2-2 1 zZ— 2% 
for z9 € D. This is known as Pompeiu’s formula after a work of Dimitrie 


Pompeiu (1873-1954) : 


For another aspect of the CIF, see the proof of the Cauchy jump formula 
in Problem [I] of Section 


Problems 


1. Prove Pompeiu’s formula (2.7.7). (Hint: Prove first that away from z = 
z0, O|f /(-—20)] = Of /(-—20) and then apply Stoke’s formula (see (2.4.13)) 


to D with a small disk about zp removed.) 
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Chapter 8 


Consequences of 
the Cauchy Integral 
Formula 


It is to be noticed that this proof belongs to the most elementary class of 
proofs in that it calls for no explicit representation of the functions entering 
(e.g., by Cauchy’s integral or by a power series). 


—Osgood 


Big Notions and Theorems: Holomorphic = Analytic, Morera’s Theorem, Weier- 
strass Convergence Theorem, Cauchy Estimates, Liouville’s Theorem, Fundamen- 
tal Theorem of Algebra, Weakly Analytic Function, Dunford’s Theorem, Improved 
Cauchy Estimate, Borel-Carathéodory Theorem, Argument Principle, Rouché's The- 
orem, Winding Number, Inverse Function Theorem, Puiseux Series, Open Mapping 
Theorem, Maximum Principle, Schwarz Lemma, Laurent Series, Riemann Removable 
Singularity Theorem, Pole, Essential Singularity, Casorati-Weierstrass Theorem, Mero- 
morphic Function, Rational Functions, Periodic Analytic Functions 


Our last result, the Cauchy integral formula, implies a cornucopia of re- 
sults. In Section B.1] in rapid fire, we'll get holomorphic => analytic (power 
series), the Weierstrass convergence theorem, Cauchy estimates, Liouville’s 
theorem, and the fundamental theorem of algebra. We’ll also discuss Dun- 
ford’s theorem on Banach space valued analytic functions. Section [3.2] will 


1From Osgood’s classic 1906 text on Complex Analysis discussing Morera’s theorem. 
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address the following somewhat specialized result, but one that will be criti- 
cal in Section[9.10} Cauchy estimates give information on Taylor coefficients 
in terms of maxo<<ar|f (re’’)|. Suppose f is nonvanishing and we have con- 
trol of |f(z)|. It will be natural to look at log(f(z)) = g(z), so control of 
| f(z)| turns into upper bounds on Re g(z)—not only isn’t there Im g(z) but 
we don’t have lower bounds. Remarkably, we’ll still get information on Tay- 
lor coefficients. Section will discuss the winding number: an integer 
associated to any closed rectifiable contour, 7, and point zo ¢ Ran(y) that 
captures the notion of how many times y winds down around zo. It will be 
the key to the ultimate CIF in the next chapter. Section [3.3] will also discuss 
the argument principle, the basic tool in counting and controlling zeros of 
analytic functions and use it to prove Rouché’s theorem. Sections 
and[3.6] will discuss the local behavior of analytic functions, f. If f(z)—f (zo) 
has an nth order zero at zo, then f(z) will be locally n to 1 near zo, and 
this will prove two global results, including the maximum principle: If f 
is nonconstant and analytic on 2, |f(zo)| does not have any local maxima 
on 2. Sections [3.7] and [3.9]focus on isolated singularities, that is, what 
can happen if 2 is open, zo € , and f is analytic on 2 \ {zo}. Finally, in 
Section [3.10| we'll discuss periodic functions, especially functions analytic 
on C with f(z+7) = f(z) for some 7 £ 0 and all z. 


3.1. Analyticity and Cauchy Estimates 


Here is a strong version of the fact that holomorphic implies analytic, thereby 
concluding the proof of (2.3.7). 


Theorem 3.1.1 (Cauchy Power Series Theorem). If f is holomorphic in 
5(Z0) for some 6 > 0, then f is analytic at zo. Indeed, 


F(z) = Yo an(z - 20)" (3.1.1) 
n=0 


converges on all of Ds(zo) with 


tin = f(z)\(z— 2)" | dz (3.1.2) 


for any 6' <6. 


Proof. By translation and scaling, we can suppose z = 0, 6’ = 1, and 
6 > 1. Then, by Theorem [2.7.1] we have 


fw)= = 


271 |z|=1 


f(z\(z-w) 1 dz (3.1.3) 
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For any z € OD, w € D, and N, we have 


(g-—w) t= ms —wz +) 


= = Sours “PT WNT ZN 1(z — wo! (3.1.4) 
which, plugging into @.1.3), — 
= 3 dnw” + Rv (w) (3.1.5) 


where a, is given by (8.1.2) and 


Ry(w) = wan) [ z 1 f(2)(z — w) 1 dz (3.1.6) 
|z|=1 
Thus, by (2.2.10), 
|Rv(w)| < jw|***(1 — Jw)? oe If()| (3.1.7) 


goes to zero as N - oo uniformly in {w | |w| < 1-—e} for any «> 0. 


Putting together Theorems [2 and [3.1.1] we get 


Theorem 3.1.2 (Fundamental Theorem of Complex Analysis). Let f be 
a function on Q, a region. If f is analytic on Q, it is holomorphic there. 
Conversely, if f is holomorphic on Q, it is analytic, and the radius of con- 
vergence of the series at zo € Q is at least dist(zo, OQ). 


Since f analytic > f’ analytic: 
Corollary 3.1.3. If f is holomorphic on Q, so is f’. 


This corollary in turn implies: 


Theorem 3.1.4 (Morera’s Theorem). Let f be a continuous function on 
a region, Q, so that for all zo € Q, there is 6 > 0, so f, f dz = 0 for all 
triangles, y, in Ds(zo). Then f is holomorphic on Q. 


Proof. By Theorem [2.5.3] for every zo, there is F’ holomorphic in D5(z0), 
so F’ = f. By Corollary B.1.3] f is holomorphic in Ds(zo) and so at zo. 
Since zg is arbitrary, f is holomorphic in (. 


We want to emphasize one aspect of Theorem that is important 
in some applications (see, e.g., Section [5.5). One does not need 6 to be 
bounded away from zero as zg varies on compacts K C Q) (although, once 
one has the conclusion, 6 = dist(x,C \ Q) does work on all of K.) 
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As corollaries to this, we obtain two theorems: 


Theorem 3.1.5 (Weierstrass Convergence Theorem). Let be a region 
and fn a family of holomorphic functions on Q. Let f be a function on Q 
so for each compact K C Q, limn-+oo supzeK| f(z) — fn(z)| = 0. Then f is 
holomorphic. 


Proof. For any z € Q, pick 6 so Dg5(zo) C 2. Then f, > f uniformly on 
5(Z0), so f is continuous on that set, so at zo, soon Q. By the Cauchy 
integral theorem for disks, for any triangle y C D5(zo), - jale)d2 = 0, 
Since Ran(y) is compact, f, — f uniformly on Ran(y), so by (2.2.11), 
i: f(z) dz = 0. By Morera’s theorem, f is holomorphic. 


Theorem 3.1.6. Let Q be a region, Q an abstract, o-compact space, and 
du a complex Baire measure on Q. Suppose for each a € Q, we have an 
analytic function, f(z;a), so that (z,a)'> f(z;a) is jointly measurable and 
so that for any compact K CQ, 


[ sup|f(2:@)| d|u|(a) < c0 (3.1.8) 
Qzek 


Then 
ZH a f(z; a) du(a) = g(z) (3.1.9) 
Q 


is an analytic function in. 


Proof. Let D5(zo) be an open disk in 2 and 7¥ a triangle in Ds(zo). By 
(3.1.8), Fubini’s theorem implies that 


fac) - =f If Ror as deat (3.1.10) 


By (8.1.8) and the dominated convergence theorem, g is continuous, so it is 
holomorphic by Morera’s theorem. 


Remarks. 1. o-compact spaces are defined in Section 2.3, measures on 
o-compact spaces are discussed in Section 4.10, and Fubini’s theorem in 
Section 4.11, all in Part 1. 


2. Since we’ve noted that contour integrals are Stieltjes integrals, a can be 
another complex variable w and the integral over Q a contour integral. 


Theorem 3.1.7. Let f(z) = 3772.9 Gn(z — 20)” be analytic near z with a 
finite, nonzero radius of convergence, R. Then f has a singularity on the 
circle of convergence. 


Proof. Without loss, by translation and scaling, we can take zo = 0 and 
R=1. If OD has no singularities for every z; € OD, there is 6; > 0, so 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


3.1. Analyticity and Cauchy Estimates 83 


f(z) can be continued to D U Ds, (z1). By compactness, find z1,..., 2, and 
k 
d1,---, 0% 80 Uj_, Do, (z;) covers 0 


Since, if D5,(zj) M Dg,(ze) # 9, this set also intersects D, we can, by 
Corollary 2.3.9} continue to D U Oz, 5, (2), Which is open, and contains 
, and so some D,(0) for r > 1. But then, by Theorem [3.1.2] the radius of 
convergence is > r, contradicting that R = 1. Thus, our assumption that 
OD has no singularities must be wrong! 


The explicit formula (38.1.2) immediately leads to bounds that will often 
be useful. 


Theorem 3.1.8 (Cauchy Estimates). If f is holomorphic in a neighborhood 
of Dr(0) and S>~° 9 anz” is its power series expansion at zo = 0, then 


QT ; 
(a) lanl < Ro" 7 ir(Re)| 2 (3.1.11) 
(b) Jan] SR” sup _[f(Re®) (3.1.12) 


Remarks. 1. (8.1.12) is called a Cauchy estimate. It is sometimes written 
|f(zo)| << n!R-” sup |f(zo + Re®)| (3.1.13) 
0<0<2n 


if f is analytic in a neighborhood of Dp(z0). 


2. By a limit argument (from R—e to R), rather than assuming analyticity 
on a neighborhood of Dr(0), one need only suppose f is continuous on Dr(0) 
and analytic on Dr(0). 


3. These estimates combine nicely to prove what is called the Weierstrass 
double series theorem; see Problem B} 


Proof. Since [°"|g(e)| < ||gl|oo, (LL) implies (12) and (SLI) is 
immediate from (8.1.2), (2.2.10), and |z| = R on ODp(0). 


A function, f is called entire if it is analytic on the entire complex 
plane, C. 


Theorem 3.1.9. If f is an entire function and for some a > 0 and C < oo, 
we have that for all z € C, 


If) < C(lz| + 1)° (3.1.14) 
Then f is a polynomial of degree at most |a], the largest integer less than a. 
Ifa=m, an integer, and 

hina 2" | F (2) =0 (3.1.15) 


|z| 00 
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then f is a polynomial of degree at most m—1 (where form = 0, this means 
f =0). 
Proof. If f(z) = 02.9 anz”, we know this converges for all z € C. The 
Cauchy estimate and (8.1.14) implies 

lan| << C(R+1)°R-” 
which implies, by taking R — oo, that a, = 0 ifn > a. That means 


F(z) = el an”. 
If a= mand (8.1.15) holds, the same argument shows that a,, = 0. 


The special case a = 0 is called Liouville’s theorem. 


Theorem 3.1.10 (Liouville’s Theorem). A bounded entire function is a 
constant. 


As a consequence of this: 


Theorem 3.1.11 (Fundamental Theorem of Algebra). Every nonconstant 
polynomial, P, has a zero in C. 


Proof. Since P is nonconstant, we can write 


N 
P\=>  ayz” (3.1.16) 
n=0 


with ay #0and N > 0. Suppose P is nonvanishing on all of C. Then f(z) = 
1/P(z) is an entire, nowhere vanishing function. Since |P(z)||z|~ — an as 
Zz — oo, we have in the same limit that 


|f(z)| > 0 (aL 17) 
By Theorem with a =0, f(z) =0. This is a contradiction. 


Once one has this, standard algebra (see Problem implies that if 
deg P = N, there are N points (z1,..., zy) (maybe not distinct) so that 


N 
P(z) = an [[(@- 4%) (3.1.18) 
j=l 


Later, following Theorem[3.3.4] we’ll find a way to use complex variables to 
prove the existence of N zeros in one step. 

Finally, we turn to analytic functions with values in a Banach space, X. 
This material will depend on some of the theory of Banach spaces discussed 
in Part 1. A function f: Q > X is called weakly analytic if and only if 
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fo f: Q- C is analytic for all 2 € X*. One deep result about this notion 
is: 


Theorem 3.1.12 (Dunford’s Theorem). If f: Q + X, a complex Banach 
space, is weakly analytic, then it is analytic. 


Remarks. 1. Analyticity for Banach space-valued functions is defined at 
the end of Section 2.3] 


2. While we have not stated it explicitly in the theorem, an important fact 
we’ll prove below is a Cauchy integral formula for Banach space-valued func- 
tions, where the contour integral is a limit of Banach space-valued Riemann— 
Stieltjes sums. This in turn implies norm Cauchy estimates. The same 
method of proof shows that one can extend the CIF even in the general 
forms we'll discuss in Chapter[4] Gantmacher discusses matrix-valued 
analytic functions. Basically, any result on bounds that holds in the scalar- 
valued case extends to the Banach space-valued case. What do not extend 
are results on zeros and factorization since one cannot take products of 
vector-valued functions. One can, of course, take products of matrix-valued 
functions and, as we’ll explain in the Notes to Section there are ex- 
tensions of factorization results to the case of finite matrix-valued analytic 
functions. Because matrix products are noncommutative, they have new 
subtleties. 


3. The same proof shows that if X and Y are complex Banach spaces 
and f: 2 —+ BLT(X,Y), the bounded linear transformation from X to Y, 
is such that f(z)x is a strongly analytic Y-valued function, then z > f(z) 
is a strongly analytic BLT(X, Y)-valued function. In particular, if 0(f(z)x) 
is analytic for all x € X and £€ Y*, z > f(z) is strongly analytic. 


4. Once one knows the equivalence, we can extend many of the scalar results 
we'll prove later, for example, the ultimate Cauchy formula, to the Banach 
space-valued case. 


Proof. Fix zo € 2. We'll start by proving continuity at zg. Pick 6 > 0 so 
that Ds(zo) C Q. Since £0 f is analytic in a neighborhood of D5(zo), it is 
continuous there, and thus, for each 0 € X*, 


sup |£(f(z))| < co (3.1.19) 
2€0D5(z0) 


Each x € X defines ¢ in X** by £(£) = (x) with 


él] = [lel (3.1.20) 
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by the Hahn—Banach theorem (Theorem 5.5.5 of Part 1). (8.1.19) says that 
for each € € X*, 


sup |f(z)(0)| < co (3.1.21) 
z€O0D5(z0) 
so the uniform boundedness principle (Theorem 5.4.9 of Part 1) and (8.1.20) 
says that 
sup ||f(z)|| =F < co (3.1.22) 
z€O0D5(z0) 


Since £0 f obeys a CIF, we see, for w € D5/2(20), that 


1 
2m J\z—z0|=6 


1 1 


\e(f(w) — f(20))I 


IA 


(f(z) |dz| (3.1.23) 


Z-W 2-249 


2|z0 — w| 


A 


File| (3.1.24) 


so, by (3.1.20), 
Il f(w) — F(Zo)I| < 2lzo — wld F (3.1.25) 
proving norm continuity of f. 


Once one has norm continuity, one can form the contour integral 
(2ni)-! [ f(z)(z—-w) 71 dz for w € D5(zo). Since this integral is a norm limit 
of Riemann-Stieltjes sums, one can interchange the application of € € X* 
and integration, so 


(= [fae —w) de) = [_frene —w) de 


= ¢(f(w)) (3.1.26) 
It follows that one has a Banach space-valued CIF: 
_ i “4 
jio= an G —w) dz (3.1.27) 


Given the CIF, one can mimic the proof of Theorem to get norm 
analyticity and Cauchy estimates. 


Notes and Historical Remarks. Cauchy (who, you will recall, had his 
integral theorem by 1825 and integral formula by 1831) found the power 
series via geometric series and Cauchy estimates via the integral formula 
by 1835. Without knowing of Cauchy’s work, Weierstrass rediscov- 
ered Cauchy estimates in 1841, not using an integral formula but by series 
manipulations (see Problem[I). In the same work, he proved an earlier vari- 
ant of the Weierstrass convergence theorem by power series manipulations. 
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Morera found the proof we use here. This earlier variant considered conver- 
gence of f’s of the form fn(z) = P=0(2j=0 jm) 2 as n — oo and so it 
is sometimes called the Weierstrass double series theorem. 

Giacinto Morera (1856-1909) proved what we now call Morera’s theo- 
rem in 1896 in [396]. In the same year, William Osgood (1864-1943) 
found a similar result. Weierstrass, whose capsule biography appears in Sec- 
tion [9.4] found many facts about foundations of analysis (he invented « — 6 
notation) and complex functions starting in the 1840s, but he published 
little. After he became a professor in Berlin in 1856, he attracted many stu- 
dents and his lectures were famous. Many of his results only became known 
through works of his students or when they pulled together his complete 
works in the 1890s. 


What is called Liouville’s theorem (a name going back at least to 1879) 
was first published in a note by Cauchy in 1844 [107]. 


The historical record provides support for naming the 
theorem after Liouville. A month before Cauchy’s note, Liouville did make 
a comment at an Academy meeting that he had proven that every 
entire elliptic function is constant, a special case of what we now call Liou- 
ville’s theorem (the special case appears later as Theorem[10.3.1). Liouville’s 
notebooks have the full result. Liouville never published his results on these 
elliptic functions, but he explained them to two visiting German mathe- 
maticians, Borchardt and Joachimsthal in 1847 and he included them in his 
lectures at Collége de France in 1851. Through reports by Borchardt and 
Joachimsthal to Jacobi and Dirichlet and through the influential 1875 book 
of Briot and Bouquet that codified much of complex analysis, this work 
became known widely enough that in 1880, Borchardt published what were 
essentially his lecture notes [64]. 


Remarkably, according to Remmert [475], the simple proof of Liouville’s 
theorem from Cauchy estimates only appeared in 1883 in Jordan’s Cours 
d’Analyse. 


The notion of complex-valued functions of a complex variable was late 
in coming, and given the lack of closed formulae for solutions of polynomials 
of degree five or more, the notion we now call the fundamental theorem 
of algebra was only carefully considered around 1800, although there were 
several eighteenth century attempts, notably by Euler in 1749 who 
handled degree 4 and 5. The first clear statement was in 1746 by Jean le 
Rond d’Alembert (1717-1783), whose proof was lacking. The first more-or- 
less full proof is due to Gauss around 1799. These initial works looked only 
at polynomials with real coefficients and, instead of talking about complex 
roots, stated that any real polynomial could be factored into real linear and 
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real quadratic factors. Dunham has a fascinating analysis of Euler’s 


paper. 
Dunford’s theorem was proven in Dunford [152]. The proof we give is 

his proof. 

Problems 

1. This problem will lead you through Weierstrass’ proof of Cauchy esti- 
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. Prove the Weierstrass double series theorem: If fn(z) = S>>°_ 


mates. 


(a) Let {b;}7__,,, be a finite set of complex numbers and let 


G(z) = pa bj 2 (3.1.28) 


Prove that 
|bo| < max |G(z)| =M (3.1.29) 


(Hint: Pick w = exp(27i/(|n| + |m| +1)), so wi A 1 for any j € 
{—m,...,n}\ {0} and note that 


k-1 j “aie 4 
L=0 GO 


and conclude that 


1 
|bo| < M+ — | sup |b; | 
k je{—m oe yn} ea = 1 ¢ dX 


and get (8.1.29) by taking k > co.) 
(b) Prove for any polynomial P(z) = aoa anz" and any k that 


|ax|R* < sup |P(z)| 
|z|=R 


by reducing to R = 1 and then looking at G(z) = z~*P(z). From this, 
provide another proof of (3.1.12). 


. If P is a polynomial and P(z1) = 0, prove that P(z) = (z— 21)Q(z), and 


so inductively, given the fundamental theorem of algebra, show that any 
polynomial of order N has the form (8.1.18). 


m=0 
are analytic in D,(0) and ae —_1 én — F uniformly on each D,—-(0), 
then Am = >°°°.,@mn converges for each m, and on D,(0), F(z) = 


ies n=l 
m 
net Amz i 
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4. If f is analytic on D, say f(z) = 0P2.9 anz” and |f(z)| < 1 everywhere, 
then the Cauchy estimate for f in D, optimizing in r yields |ap| < 1. 
Now suppose instead that 


1 


If(z)| < f=) 


What is the best bound you can get from Cauchy estimates for |a,,|? How 
does the bound behave as n > oo? 


5. Let f(z) be a bounded entire function. Compute for R large and w, y € C, 
1 f(z) 


oni Suck @— wey)” 


By taking R > oo, obtain a new proof of Liouville’s theorem. 


6. This will obtain yet another new proof of Liouville’s theorem. 


(a) For any function analytic in a neighborhood of D,(zo), prove that 


1 2 
= vd. 
Feo) = sa fh fle) be (3.1.30) 
(b) For any z9, wo € C, prove that (with |-| = area) 
(«r?)~*|D,(20) ND;(wo)| + 0 Gist) 


as r — oo (see also Theorem 3.1.2 of Part 3). 


(c) If f is bounded and entire, prove that for any zo, wo, we have f(z) = 
f(wo), that is, f is constant. 


7. Let f be an injective holomorphic function in the unit disk, with f(0) = 0 
and f’(0) = 1. If we write f(z) = z+ ag2z7 + a323---, then Bieberbach 
conjectured that |a,| <n for all n > 2; this was proved by de Branges 
about 70 years after the conjecture was made! This problem outlines an 
argument to prove the conjecture under the additional assumption that 
the coefficients a, are real. 


(a) Let z = re” with 0 < r < 1, and show that if v(r,@) denotes the 
imaginary part of f(re’’), then 


it = = u(r, @) sin né dé 
T JO 


(b) Show that for 0 <6 <7 and n=1,2,..., we have |sinn6| < nsin@. 


(c) Use the fact that a, € R to show that f(D) is symmetric with respect 
to the real axis, and use this fact to show that f maps the upper half-disk 
into either the upper or lower part of C. 
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(d) Show that for r small, u(r, @) = rsin @[1+ O(r)] and use the previous 
part to conclude that v(r,6) > 0 for allO<r<land0<0<r7. 


(e) Prove that |a,r”| < nr, and let r — 1 to conclude that |a,| <n. 
(f) Check that the function f(z) = z/(1—z)? satisfies all the hypotheses 
and that |a,| = for all n. 

8. (a) Recall the de Moivre formula, (2.3.40), 


cos né + isinné = (cosé + isind)” 


Using sin? @ = 1 — cos?@, prove that there are polynomials T;,(x) and 
U,(x) (called Chebyshev polynomials of the first and second kind) so 
that, forn = 0,1,..., 


i 1 
cos n@ = T),(cos 8), wins = U,(cos 8) (3.1.32) 


(b) Prove the recursion relations: 
tT, (x) = § (Tr4i(z) + Tr-1(2)), n>1 (3.1.33) 
£1 y(t) = T(z), To(x) =1 (3.1.34) 


(c) Prove that T,(x) = sera" + lower order for n > 1. 


(d) Prove the recursion relations: 


£U, (x) = 5 Ungi(e) + Up—i(@), a | (3.1.35) 
tUp(x) = § Uj (2) (3.1.36) 


(e) Prove that U,(x) = s¢2"+ lower order. 


(f) Prove the orthogonality relations: 


1 1 je 
i Die) Ty edna) = fi Sm: 4 . 4 (3.1.37) 
— 5 n= mh = 
/ Up (22)U n(x) dptz(z2) = drm (3.1.38) 


where dji1, dg are the probability measures 


dx 


m(1 — a2)1/2’ (1 = a dx (3.1.39) 


2 
dii(x) = dyi(x) = — 
Note. These polynomials are discussed further in Example 14.4.17 of 


Part 2B. 
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9. 


10. 
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One often defines, or at least analyzes, a sequence of functions { fn(z) }?29 
by finding an explicit formula for 


F(z,w)= ~ w” fin(Z) (3.1.40) 
n=0 


F is then called a generating function for fn. One thing F' determines is 
lim suPp—soolfn(z)|1/” for fixed z as the nearest singularity of F(z, w) in 
the w variable. 


(a) The Chebyshev polynomials, T;,(z), are defined by (8.1.32). Prove 
that for any z and |w| small, 


S> — Tn (2) = —! log[1 — 22w + w?] (3.1.41) 
n=0 
(b) Prove that for all z, 
lim sup |T;,(z)|1/" = |z + V2? - 1| (3.1.42) 
Noo 


with a suitable choice of square root. 


Notes. 1. With more effort, one can prove lim, not just limsup in 
(8.1.42). Asymptotics of polynomials like T;,, are discussed further in 
Section 4.4 of Part 4 and the references in its Notes. 


2. See Problem [2] of Section for a generating function definition of 
Bessel functions of integral order. 


3. See Section 14.4 of Part 2B for more on Chebyshev polynomials. 


Generating function methods can also be used for sequences of numbers. 
The Fibonacci numbers are defined by 


Frat = Frnt Fh-i, n > 2; Fi = Fy=1 (3.1.43) 
Define 
[oe] 
Ga= sha (3.1.44) 
n=1 
(a) Prove that 
zs 
= ——_, 3.1.45 
Gz) = (3.1.45) 
(b) Deduce a formula first found by de Moivre 
let — (-¢-)"] 


Fy, = (3.1.46) 


V5 
where y+ = (V5 +1)/2. yy is called the golden mean. 
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11. 
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(c) Conclude that 


F, 
(F,)/" + yp, and i > py (3.1.47) 
n 
The Bernoulli numbers, B,, are defined by the generating function 
x = Bye” 
4 ys a (3.1.48) 


(a) Prove that the B, obey 


B= 3 “ By (3.1.49) 


k=0 
for n > 2 so that B,—1 is determined by {B,}7=}. 
(b) Prove Bp = 1 and deduce that B,, is rational. 
(c) Compute By for k = 1, 2,3, 4. 
(d) Prove that 


By =-3, Bopyi =0 fork >1 (3.1.50) 
Hint: 
1 1 
a(e*—1) 14 52 5 veoth (5) (o:L51) 
(e) Prove that the Taylor series for tan z is given by 
— B 
_ 2k 2k\ 52k k 2k—-1 
tanz = d Gry (oF oa 1)"2 (3.1.52) 
(Hint: Prove and use 
x x 22 


= 3.1.53 
e™¥+1 e7-1 e%—1 ( ) 


an analog of (8.1.51) and Bo,4; = 0 for k > 1.) 


Notes. 1. The rationality of B, also follows from the rationality of the 
Taylor coefficients of e”, together with the fact that the power series 
quotient, sum, and product preserve rationality. 


2. The B’s get complicated quite rapidly. For example, Bsy = 
8615841276005/14322 and the coefficients of 2°! in (1.52) is 
129848163681107301953 /122529844256906551386796875. The huge de- 
nominator is a divisor of 31! and, in fact, the coefficient of z?*~! multi- 
plied by (2k — 1)! is an integer; see Problem [16] in Section [9.7] 

3. The Bernoulli numbers and some associated polynomials will reappear 
in Problem [4] of Section [9.2] prominently in Section [9.7Jand its Problems, 
and in Problem 3 of Section 13.3 of Part 2B. 
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3.2. An Improved Cauchy Estimate 


In this section, we’ll focus on an improved Cauchy estimate needed to prove 
the following result, related to the fact that Theorem [3.1.9] says if | f(z)| < 
C(1+|z|)", then f is a polynomial of degree at most n. The material in 
this section is needed in this volume only for Section [9.10 


Theorem 3.2.1. Suppose f is an entire, nowhere vanishing function that 


obeys 
lf (z)| < AeBlI (3.2.1) 
for some constants A and B and some positive real a. Then 
f(z) = eP@) 


for some polynomial of degree at most [a]. 


Since f is nowhere vanishing, g = log(f) exists and is entire by The- 
orem [2.6.1] But only gives a bound on Re f—and only an upper 
bound at that. Thus, we need a strengthening of the Cauchy estimate to 
require only this information. 


Theorem 3.2.2. Let f be analytic in a neighborhood of Dp(0) and let 
(2.3.1) be the power series about 0. Then for any k > 1, 


k < 10 2. 
|ax|R Ne Ce ) + 4] F(0)| (3.2.2) 


Proof. If g(z) = f(z) — f(0), (8.2.2) for g implies the result for f, so, 
without loss, we can suppose f(0) = 0. By (8.1.2), we then have 


aR = [ teeter & (3.2.3) 
27 
. dO 
0= | fleet a (3.2.4) 
27 
Moreover, since f(z)z*~1 is analytic, Geler f(z)z*-1 dz =0, so 
0= J f(r yeit dO 
27 
If ap = |azle’”, we thus have 
|a;,|R* = 2 f #(Re cos(k6 + y) a (3.2.5) 
ug 
? a9 
= 2 | [Re f(Re’’)] cos(ké + ~) = (3.2.6) 
<2 i IRe f(Re)| a (3.2.7) 
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~9 / ([Re f(Re®)| + Re f(Re’®)] 


<4 2. [Re f(Re’’)] (3.2.9) 


(3.2.8) 


where (8.2.6) comes from noting that the left side of (8.2.5) is real, as is 
cos(k@ + y), (8.2.8) comes from (8.2.7) and (8.2.4), and (8.2.9) comes from 


noting that 
|x| + 2 = 2max(z, 0) (3.2.10) 


and that, since (3.2.4) holds, m = maxo<g<2_ Re(f(Re'’)) > 0. So for all 8, 
0 < mand max(Re(f(Re’’),0)) < m. 


Proof of Theorem [8.2.1] Since f is nonvanishing, f = e% with g entire 


(by Theorem 2.6.1). (8.2.1) then says 
Re g(z) < log(A) + Blz|* (3.2.11) 
So, by @.2.2), for all k > 1 and g(z) = > byz*, 
4 |be| < (log(A) + |g(0)|)R-* + BR°* 3212) 


Thus, taking R — oo, by = 0 for k > a, which says g is a polynomial of 
degree at most [a]. 


Notes and Historical Remarks. The main inequality, Theorem [3.2.2] 
in this section is closely related to a famous theorem of Borel and 
Carathéodory that if0<r< R, then 

- +r 


2r 
max <= p_, max Ref 
max f(2)| < Go max Re f(2) + 


~ |F (0) (3.2.13) 


In Problem [I] the reader is asked to show that when f(0) = 0, (8.2.2) leads 
to (8.2.13) with an extra factor of two. In Section (3.2.13) will be 
discussed further (see Problem [12] of that section). 


Problems 


1. Suppose f(0) = 0. Let r < Rand f analytic in a neighborhood of Dr(0). 
Use (8.2.2) to prove that 


= 
max |f(2)| << = max Re f(z) 


(see the discussion in the Notes). 
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3.3. The Argument Principle and Winding Numbers 


This is the first of several sections that analyze the local behavior of an 
analytic function. Here we’ll introduce the key tools used in this analysis. 
First, we’ll state a result about counting zeros in a disk in terms of a contour 
integral on the boundary, use this to prove Rouche’s theorem and a local 
counting result that will be the key to the local analysis of the next section. 
Then we’ll discuss why the principle is called the argument principle. Finally, 
we'll begin a discussion, concluded in Section [4.3] on the argument principle 
for general curves and use this to define the winding number of curves about 
a point, a critical notion for the discussion of the ultimate CIT in Section[4.2] 


We’ve already seen (see the proof of Proposition [2.3.6) that if f is ana- 
lytic, f(zo) = 0, and f is not identically zero, then there is an integer m so 
that 

f(z) = (2 — 20)'"9 (20) (3.3.1) 
with g(zo) #0. m is determined by f(zo) = f’(zo) =--- = f(z) = 0, 
f(z) # 0, that is, the first nonzero term in the Taylor series at z is 
at m. We call m the order or multiplicity of the zero at zo. 

Because zeros are isolated, if S$ C Q with S compact, f has only finitely 
many zeros in S. We'll systematically use the phrase the number of zeros of 
f in S, not to refer to the number of points, zo, in S where f(z) = 0, but 
rather to the sum of the multiplicities of the zeros in S. We’ll sometimes say 
“the number of zeros of f in S counting multiplicities” for emphasis, but we 
always mean “counting multiplicities” in the terminology. We’ll use Ng(f) 
for this number, sometimes dropping the S if it is clear, and for any a € C, 


Ns(f,a) = Ns(f — a) (3.3.2) 


Lemma 3.3.1. Let f be analytic in a region, Q. Let zo € Q be a zero of 
order m. Define 


ge) = OIE 2", eA 20 
f°" (29) /ml, z= 2% 


Then g is analytic on Q. 


Proof. By Theorem b), f is holomorphic at any z 4 z. By writing 
out the Taylor series of f at zo, one sees that g is analytic at zo. 


Theorem 3.3.2 (Argument Principle). Let f be analytic in a neighborhood 
of some D,(z9) and suppose f is nonvanishing on all of OD,(zo). Then 


Np,(z0) (Ff) = = i a dz (3.325) 
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More generally, if q is another function analytic in a neighborhood of 


r(zo) and {z1,...,2%} are the distinct zeros of f in D-(zo) with orders 
M1,..., Mz, then 
k 
1 q(z)f"(2) 
— dz = Q( 2; 3.3.4 
Qi Sy—-moler FZ) dmsales on 


Remark. (8.3.4) for g = 1 is (8.3.3). 


Proof. Let {21,..., 2%} be the distinct zeros of f in D and m,,...,m x their 
orders. Since f is holomorphic in a neighborhood of D,;(zo) and zeros of 
holomorphic functions are isolated, there are only finitely many zeros. By 
iterating the above lemma, we can write 
k 
f(z) = [[@-4)™a(2) (3.3.5) 


j=l 


with g holomorphic in a neighborhood of D,(z9) and nonvanishing there. 
By Leibniz’s rule, if h = f... fe, then 


h! i 
—= = 3.3.6 
naj cae 
g=1 
so, on OD,(20), 
qf’ _ ag > mjq 
= (3.3.7) 
fog a7 % 
Since g’/g is holomorphic in a neighborhood of OD,(z9), the integral of this 
function over |z — z| = r is 0. By the Cauchy integral formula for the 
function q, for any z; € D,(zo), 
i q(z)dz 


= q(2j) (3.3.8) 


200 J\z—alar 2 — 23 
Thus, (8.3.4) holds by (8.3.7). For ¢ = 1, (3.3.3) is (8.3.4). 


Corollary 3.3.3. Let fi(z), 0 < t < 1, be a family of functions ana- 
lytic in some D,+e(20), fore > 0. Suppose fi(z) ts continuous in t for 
all z € D,+e(z0), uniformly in z in compact subsets of this set. Suppose 
that, for allt € [0,1], fi(z) is nonvanishing on OD,+.-(20). Then Np, (29) (ft) 
is independent of t. 


Proof. By the Cauchy formula for f/(zo), this function is also con- 
tinuous in t, uniformly in zo on compact subsets of D,+-(zo). Thus, f// fz is 
continuous in t uniformly on OD,(z9), so by (8.3.3), Np,.(2o) (ft) is continuous. 
Since it is always an integer, it is a constant. 
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I want to emphasize how remarkable this theorem is. In the case of 
real-valued functions of a real variable, its analog is false, as can be seen 
by looking at f;(x) = 2? — t for x € [-1,1] and¢ € [-1,1]. In a sense, a 
circle on which f; has no zero serves like a Hadrian’s wall: keep zeros from 
outside from sneaking in and zeros inside from sneaking out as a parameter 
is varied. We’ve gotten used to this fact, but it’s amazing nonetheless. The 
corollary has a consequence: 


Theorem 3.3.4 (Rouché’s Theorem for the Disk). Let f,g be analytic in a 
neighborhood of D,(zo) and suppose that on OD,(z0), we have that 


If(z) — g{2)] < |F(2)| + lo) (3.3.9) 

Then, f and g are nonvanishing on OD,(z0) and 
Np,(z0)(f) = No, (zo) (9) (3.3.10) 
Remarks. 1. By the triangle inequality, (8.3.9) always holds if < is replaced 


by <. 


2. This result is stronger than the traditional Rouché’s theorem; see the 
discussion in the Notes. 


3. We'll eventually prove a version of this, allowing more general curves 
than circles; see Section 
Proof. For t € [0,1], let 

fulz) = (12) f(2) + tg(2) (3.3.11) 
If fe(zo) = 0, then f(z) = t(f(z0) — g(zo)), and similarly, g(zo) = (1 — 
t)(9(zo) — f(zo)). Thus, 

|f(z0)| + lg(zo)| = [6 + 1. — 4)] 1 F(z0) — 9(20)| 

violating (3.3.9). 


We conclude that f;(zo) is nonvanishing on OD,(zo), so that (8.3.10) 
follows from Corollary 


Second Proof of the Fundamental Theorem of Algebra (Theo- 
rem[3.1.11). This proof will show more, namely, it will show a polynomial, 


P, of degree N has exactly N zeros, counting multiplicity. Suppose P has 
the form (8.1.16) with ay #0. Let 


f(2)=an2", g(2) = P(z) (3.8.12) 
If |z| > (Jax| +--+ + |an—1| + lan])/lay]|, then (since |z| > 1) 
f(z) — 9(2)| < lal" +--+ + Jaw-al) 
< |an|l2l% = [fl S [fl +191 
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so, by Rouché’s theorem, for every such z, g(z) has exactly N zeros in 
{w | |w| < |zI}- 


We want to note a sharpening of Corollary and so of Rouché’s 
theorem that can be useful (see Problem [): 


Theorem 3.3.5. Let {fi(z)}ocpe1. sep be @ family of functions jointly con- 
tinuous int and z and analytic in z for z € D andt fired. Suppose f;(z) 4 0 
for allt € [0,1] and z € OD. Then Np(ft) ts finite for all t and independent 
of f. 


Proof. We claim that there is ¢ > 0, so fi(zo) 4 O for all t € [0,1] and 
|z| > 1—e. For if not, we can find t, € [0,1] and z, with |z,| > 1 so 
fin (Zn) = 0. By compactness, we can pass to a subsequence so tn(j) — too, 
Zn(j) + Zoo € OD and ft, (200) = 0, contradicting the hypothesis. 

Once we have this, Np(ft) = Np,_.(0)(f) and the result follows from 
Corollary 3.3.3} 


Once we have this, the proof of Theorem [3.3.5] immediately shows 


Theorem 3.3.6 (Sharp Rouché Theorem for the Disk). Let f and g be 
continuous in D,(z9). Suppose for all z in OD,(z0), we have (8.3.9). Then 
f and g are nonvanishing on OD,(z9) and (8.3.10) holds. 


Here’s what we’ll need in the next two sections. Interestingly, we will 
only need the case n = 1 even though we’ll analyze higher-order zeros. 


Theorem 3.3.7. Let f be holomorphic near zo and have an nth-order zero 
at zg. Then there existe > 0 and 6 > 0, so for |w| < ¢, there are exactly n 
zeros, counting multiplicity, of f(z) — w in {z | |z — z0| < 6}. 


Remark. We’ll see (Theorem[3.5.1) that there are actually n distinct zeros 
for w # 0. 


Proof. Write f(z) = (z— z0)"h(z) with h(zo) 4 0. By continuity, pick 6 so 
on D5(zo), we have |h(z)| > 5|h(z0)|. Let ¢ = |h(z0)|5"/4. For z € ODs(z0), 
|f(z)| = 6"5|h(zo)| > 2e. Thus, for |w| < ¢, f(z) — w is nonvanishing on 
5(Z0). For such w, let fi(z) = f(z) — tw and apply Corollary B.3.3} 


We should next explain why (8.3.2) is called the argument principle. 
If f(zo) # 0, then f is Sonveasine in some disk centered at zo, and by 
Theorem 2.6.1] f(z) = e* in that disk. So for A real, 


fe=Fo1e" (3.3.13) 
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that is, f has a locally defined, C° argument A(z). Since L’/(z) = 
f'(z)/f(%), we see that if y is a smooth curve, then 


d tie (y(t) ! 
£ A(o(t)) = in( a 1 «) 


That means that the right side of is (27)~! times the change of the 
argument of f as one goes around OD,(z9). More geometrically, it counts the 
number of times the image of y(t) under f winds around the point 0. This is 
not only a useful intuition but suggests that for any curve and any f analytic 
and nonvanishing in a neighborhood of that curve, the corresponding integral 
should be an integer. That’s the next thing we’ll prove. As preparation: 


Lemma 3.3.8. Let [z0, 21] be a straight line in C and f a function analytic 
in a neighborhood of |z0, 21] and nonvanishing there. Then 


exp (f. a az) = ae (3.3.14) 


Proof. We can find 6 > 0 so that {w | dist(w, [zo, 1]) < 6} =Q CQ and 
f is nonzero on Q. Q is convex, so by Theorem P.6.1] there is an analytic 
function, h, on 2 so that e” = f. Thus, f'/f =h' and so, by the fundamental 
theorem of calculus, 


f BN) iH (3.3.15) 


20,21] f(z) 
Therefore, 
h(z1) 
LHS of (3.3.14) = — = RHS of (3.19) 
e zi 


Theorem 3.3.9. Let y be a closed rectifiable curve in C. Let f be a function 
analytic in a neighborhood of Ran(y) and nonvanishing on Ran(y). Then 


a @ ko eee 
aie as dzeEZ (3.3.16) 


Proof. First suppose that y = [1122...%n21| is a polygonal path. By the 
lemma, with ¢j41 = 2, 


oo fre) -Moo(f 7) 


_ Ty feist) _ 
“HU He) =1 (3.3.17) 


proving (3.3.16). 
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By Proposition [2.2.3] any closed rectifiable contour is a limit of closed 
polygons, so by the earlier case, the integral in (8.3.16) is a limit of integers, 
so an integer. 


A special case of great interest is where zo ¢ Ran(y) and f(z) = 1/(z- 
zg). If you go back to the intuition of the argument principle, the integral 
in (8.3.16) captures the notion of how many times y goes around zo, so we 
define: 


Definition. Let y be a closed rectifiable contour and zo ¢ Ran(y). The 
winding number of y about zo, n(y, Zo), is defined by 


1 dz 


my, 20) = 55 ee 


(3.3.18) 


By the last theorem, this is an integer. Moreover, n(y, z) is continuous 
in z for z ¢ Ran(y) and thus, it is constant on each connected component 
of C \ Ran(y). Since n(y,z) + 0 as z > co (on account of &(y) < oo 
and |z — w| > dist(z,Ran(7)) if w € Ran(y)), we see that n(y,z) = 0 
on unbounded components of C \ Ran(y). The Notes discuss a topological 
notion of winding number that this agrees with for rectifiable curves. 

We will eventually prove (see Proposition |4.8.3) that if to is a point in 
[0,1] so that there is an ¢ with y(t), C1 on (to — €,tp + €), 7/(to) 4 0, and 
for some 6, y~'[Ds5(7(to))] C (to —€, to +) (so there are no self-intersections 
near tg), then n(y, z) jumps by +1 as z crosses 7 near Zo. 


There is a simple and intuitive action on curves that does the right 
thing with regard to winding number. If 7 is a closed rectifiable curve and 
zo ¢ Ran(y) and g: C > C by g(z) = (z— 2)71, then 


F(t) = o(v(t)) (3.3.19) 
is called the inversion of y in zo. By the change of variables in contour 
integrals (Theorem [2.2.1], it is easy to see (Problem [8) that 


n(¥,w) = n(7, 20) — n(7, 9(w)) (3.3.20) 
In particular, when y is a simple curve, so C \ Ran(y) = 01 UQ2 with 
n(y,z) = 1 (respectively, 0) for z € 0 (respectively, z € Q2) and z € 1, 
then g inverts the inside and outside of y. 


Notes and Historical Remarks. The argument principle and what is 
called Rouché’s theorem are often attributed to Eugene Rouché (1832-1910) 
[493], but they appeared already in an 1831 mémoire of Cauchy and the 
argument principle explicitly in two papers of Cauchy in 1855 [109]. 
The traditional form has a stronger hypothesis than (3.3.9), namely, that 
| f(z) — 9(z)| < |f(z)| on OD,(zo). The stronger form that requires a weaker 
hypothesis that we state and prove goes back at least to Estermann [169} 
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p. 156] in 1962. It was rediscovered in 1976 by Glicksberg [210], who is 
usually given credit for it. 


This is the first version of the argument principle and Rouché’s theorem 
that we’ll present, but improvements will come later. In Section [3.9} we’ll 
consider functions with zeros and poles and extend Theorem to that 
case. And in Section we replace OD,(zo) with a wide range of other 
contours (“chains homologous to 0”). 


There is a topological definition of winding number that has the advan- 
tage of working for any curve, not just rectifiable curves. If 0 ¢ Ran(y), 
A(t) = y(t)/|y(t)| defines a continuous function of [0,1] to OD. Since 
exp(i-): R — OD is a covering map (see Section [L.7), there is a unique 
map, 7: [0,1] + R, with exp(i7#(z)) = 7(¢) and 7#(0) € [0,27). n(7,0) is 
then defined by 


(1) — 4/9 
nee) = \= 9 (0) (3.3.21) 
It is not hard to see that this agrees with the definition of (8.3.18) for y a 


C' curve and then for rectifiable curves by an approximation argument. 

Alternatively, given a curve, 7: [0,1] > C, with 0 € Ran(y), one can 
find tj =O0<t) <---<t, =1=t_, and disks, D; = D5,(z;), 7 =0,...,n, 
so that (t;-1), y(t;) € D; and 0 ¢ Dj. Since 0 ¢ Dj, we can define arg; on 
D, a branch of arg(z) and then define 


n 


n(7,0) = 5 Slang, (v(t;)) —argj(v(ta))) (8.8.22) 
j=0 


There is thus a winding number restatement of the argument principle: 
If f is analytic in a neighborhood of D,(z) and nonvanishing on OD,(zZo) 
and y(t) = zo + re?™"*, then Np, 2))(f) is the winding number of f(y(-)) 
about 0, that is, 


Np,(20) (f) = nf ° 7,0) (3.3.23) 


Problems 

1. How many zeros does f(z) = z!2?—428 + 92° —2z+1 have in {z | |z| < 1}? 

2. How many zeros does f(z) = 24 — 6z +3 have in the annulus {z | 1 < 
|z| < 2}? 

3. (a) Show that f(z) = 10z® + 324 +323 +52? — 3z has two real roots and 
determine the quadrants each of the roots lies in. 
(b) Analyze which quadrant the zeros of 24+ — 2z3 — z? + 2z+4+ 11 lie in. 


4. (a) How many zeros does f(z) = z!* — 428 + 925 — 2z + 1 have in {z | 
la| <= 1}? 
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(b) How many zeros does f(z) = z*—6z+3 have in the annulus {z | 1 < 
|z| < 2}? (Hint: Rouché.) 


5. Let f be continuous on D and analytic on D and _suppose for all z € D, 
we have |f(z)| < 1. Prove there is a unique z € D with f(zo) = z and 
that zo € D. (See also Problem 9 of Section 12.2 of Part 2B.) 


6. (a) Let a1,...,a¢ € {z | Rez < 0}. Prove that if Rez > 0, then 


ne[ : =| >0 (3.3.24) 


and if Rez = 0, then (8.3.24) holds, unless Rea; = 0 for all 7. 


(b) Let P(z) be a polynomial all of whose zeros lie in {z | Rez < O}. 
Prove that P’(z) #4 0 if Rez > 0, and if P’(z) = 0 for z with Rez = 0, 
then either z is a double zero of P or all zeros are on the imaginary axis. 
(Hint: Look at P’/P.) 


(c) Prove Lucas’ theorem: If P is a polynomial, then the zeros of P’ lie 
in the convex hull, cvh(zeros), of the zeros of P and that a zero of P’ can 
only lie on O(cvh(zeros)) if P has a double zero on that boundary or all 
the zeros lie on a line. 


Note. This is also sometimes called the Gauss—Lucas theorem or the 
Grace—Lucas theorem. 


7. (a) If z, zo € C, prove that 


1 1 

m| — | <0 (3.3.25) 
Z-2 2-% 

if z is not in the closed disk centered at Re zo (€ R) of radius Im zo, called 

the Jensen disk of zp. Similarly, if zo € R, z € Cz, prove (3.3.25) holds. 


(b) Conclude the Jensen—Walsh theorem: If P is a polynomial with real 
coefficients and z € C1 has P’(z) = 0, then z lies inside one of the Jensen 
disks of the nonreal zeros of P. 


Note. This was stated by Jensen [285] without proof and proven in 
Walsh [573].) 


8. Prove (3.3.20). 


9. Given a function f on a region, 9, or an interval, J C R, its divided 
differences [x1,...,%n; f] are defined inductively on {x; € QorI | 2; F 
xy for all 7 4k} by 
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Licensed to AMS. 


[z1; f] = f(«1) (3.3.26) 


Maeda f= 109 ein 
L1—In 


[z1,%2,...,2n;f] = (3.3.27) 


This problem will explore divided differences. 


(a) For any f and x1,...,@p, prove that there is an entire function g with 
Passa pil | = [Diyos tar al: 

(b) If fia) =(e— 2), fod [ri,...525 fl. 

(c) If C is a rectifiable Jordan contour that surrounds 71,...,¢% and f 


is analytic in a neighborhood of the curve and the region it surrounds, 
prove inductively that 


1 n 

..-;2n;3 f] = — d 3.3.28 
fey tas f mi SOU sa z (3.3.28) 

(d) For any function, f, prove that 

n 
Fie ety] = Fe) (3.3.29) 

= Ties (@ — Xf) 
(e) Show that [71,...,2n; f] is a symmetric function of 71,...,2n. 

(f) If f is analytic inside a rectifiable Jordan curve, prove for 71,...,2n 


in that region, Q, [71,...,2n; f] extends to Q x --- x Q with 


[t1,-.-,2nj f] 


£ 


Soins)" bolle arn] 


j=l kAj 2=y; 


if m; x’s are equal to y; (som +---+me=N). 


(g) If f is C”-*(a, b), prove that (8.3.30) extends [x1,...,2n; f] continu- 
ously to (a,b)”. 


(h) If z1,..., 2 are distinct points, prove that 


n j-2 
2) = Y [eyonseyaet) |[e=z) (3.3.31) 
j=l f=1 


(where 1 ae is interpreted as 1) is the unique polynomial of degree at 
most n — 1 with p(z;) = f(z;). 
(i) If f is a polynomial of degree m, prove that for n < m+1, 
[T1,---,2%njf] is a polynomial of degree m+ 1-—n in x, and that for 
mm + 2, [P4615 8n3 7] = 0. 
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10. This problem will prove and exploit the Kakeya—Enestrém theorem. 
Throughout, 


An > An—1 > An-2 > ++: > ag > 0 (3.3.32) 
Let x 
Pe) => aye! (3.3.33) 
j=0 


(a) Prove that 
Re[z-*)(z-1)P(z)]|_, 


n (3.3.34) 
= Gn + Gay — An—j+1) Cos(J0) — ag cos[(n + 1)6] 
j=l 


(b) Show that if z € OD \ {1}, then Re[z~+)(z — 1)P(z)] > 0 and 
conclude P(z) is nonvanishing on OD. 


(c) Show P(z) has all its zeros in D (Kakeya—Enstrém theorem). 
(d) Prove that 7%, a; cos(j@) has n zeros for 0 € [0,7). 


3.4. Local Behavior at Noncritical Points 


Let f be a nonconstant analytic function on a region, 2. A point, zo € Q, 
is called a critical point if and only if 


f'(z0) =0 (3.4.1) 
Since f’ is not identically zero, the set of critical points is discrete in Q. In 
this section, we analyze the behavior of f near a point that is not critical, 


and in the next section, near critical points. The main theorem in this 
section shows there is an analytic inverse near noncritical points. 


Theorem 3.4.1 (Local Behavior at Noncritical Points). Let f be analytic 
on a region, Q, and zo € Q with 
f'(2) £0 (3.4.2) 


Let wo = f(z0). Then there exist e > 0 and 6 > 0 so that for w € D.-(wo), 
there is a unique z € D5(z0) solving 


aS a (3.4.3) 
Moreover, there is an analytic function, g, from D-(wo) into Ds(zo) so that 
f(g(w)) = w (3.4.4) 


g is a bijection of Dz(wo) and N = g[Dz(wo)| and f | N is its inverse. 


Moreover, 
1 


g'(w) = Falw)) (3.4.5) 
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Proof. By (8.4.2), f(z) — wo has a first-order zero at z = zo, so 
f(z) — wo = (2 — 20) A(z) 


where h(zo) # 0. Following our proof of Theorem [2.3.7] pick 6 so that 
5(z0) C Q and |h(z)| > $|h(z0)| on Dg(z0). So, on |z — z0| = 6, 


|f(z) — wo| = 2e (3.4.6) 


with 
€ = ¥|h(z0)|6 (3.4.7) 


By the argument principle, as in that theorem, if w € D-(wo), (8.4.4) 
has a unique solution with z € Ds(zo). That is, we use the continuity in w 
of 


ae ike 
g(w) = 5— a ii d (3.4.8) 


z)-—w 


Define, for w € D-(wo), 


g(w) : f Ee) dz (3.4.9) 


7 Qri |z—zo|=6 f(z) —u) 


By (8.4.6), f(z) — w is nonvanishing on the circle, so by (8.3.4), g(w) 
is that unique z which solves f(z) = w. Clearly, g is holomorphic in w 
(by approximating the contour integral by a Riemann sum and using Theo- 
rem [3.1.5). f(g(w)) = w by the above, so g is a bijection of D-(wo) and its 
image, and thus on this image, 9(f (2) = z. By the chain rule applied to 


f(g(w)) =u, f'(g(w))9'(w) = 1, which is (5-45). 


/ are a powerful combination that allow extensions of Theo- 
rem|[3.4.1| thought of as an inverse function theorem, to an implicit function 
theorem and also from analytic to C* coefficients. A function, F(z, w), from 
a neighborhood of (z9,wo) € C? to C is called analytic at (zo, wo) if near 
(z0, Wo), it is given by the uniformly convergent power series 


co 


Fi(z,0)= > Anm(Z — 20)" (w — wo)” (3.4.10) 


n,m=0 


Theorem 3.4.2 (Analytic Implicit Function Theorem). Let F' be defined 
and analytic near (zo, wo) € C. Suppose that we have the pair of conditions 


F(z, Wo) = 400 = 0 (aa) 
and 
OF 


Z=29, W=Wo 
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Then there exist e > 0 and 6 > 0 so that Ds(zo) x De(wo) is in the neigh- 
borhood where F' is defined and g: D-(wo) into Ds(zo) so that 


F(g(w),w) =0 (3.4.13) 


and for each w € D-(wo), g(w) is the unique solution of (8.4.13) with g(w) € 
5(20)- Moreover, g is analytic on Dz(wo) and 


Hei oF (g(w), w) 


— E(g(w), w) 


Remark. Theorem is the special case F(z, w) = f(z) — w. 


(3.4.14) 


Proof. Since F(z, wo) has a first-order zero at z = zo, we can write 


F(z, wo) = (2 — 20) hw (Z) (3.4.15) 


where hw,(zo) # 0. Pick 5 > 0 so Dg(zo) x {wo} C N™, the domain of 
definition of F, and so that |hw(z)| > 3|Rwo(zo0)| if z € Ds, (zo). Thus, 


z— 20| = 6 > |F(z,wo)| = 3 6|hw(20)| (3.4.16) 


Now pick € so D5(zo9) x Doe(wo) C N and 


Jz — 20] = 6 |w — wo] < e = |F(z,w)| > 5 d|hw(zo)| 


By analyticity of F(z,w) and Theorem [3.1.6] 
1 o (a, 
N(w) i wei) i, (3.4.17) 


Omi |z—zo|=6 F(z,w) 
1 i 29k 
g(w) = —— dz 3.4.18 
( ) 2nt |z—zo|=6 F(z,w) ( ) 


are defined and analytic for w € Ds(wo). Since N is an integer and N(wo) = 
1 (since implies F'(z,wo) 4 0 if z € Ds(zo) \ {z0}), N(w) = 1 and 
then g(w) is the value of the unique zero of F’. follows from applying 
the chain rule to 


2 F(g(w),w) =0 (3.4.19) 


Analyticity of F in w is only used to get analyticity of g in w. We say 
F(z,w) is analytic in z and continuous (respectively, C*) in w near wo if 
F(z) = or. 9 Gn(w)(z—20) converging uniformly for |z—zo| < do (for each zo 
in a compact subset of allowed z’s) and if the a,(w) are uniformly continuous 
and bounded by Cd ” (respectively, C* with derivatives bounded by Cd9"). 
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The argument above proves: 


Theorem 3.4.3. Let z € C, wo € R*. Suppose F is defined by {(z,wo) | 
|z — z9| < 60, |w — wo| < €} and F is analytic in z, continuous (respectively, 
C*). Suppose and hold. Then there exist 6 > 0, € > 0, and 
g mapping {|w — wo| < ¢} to Ds(z0) so that holds and g(w) is the 
unique solution in Ds(zo). Moreover, g is continuous (respectively, C*). 


Notes and Historical Remarks. In essence, our proof here of the exis- 
tence of an inverse relied on the argument principle. There are at least two 
other approaches. One uses the fact that | f’(zo)| 4 0 implies the real vari- 
able differential, DF, of is an invertible 2 x 2 matrix and then applies 
the real variable inverse function theorem. Another approach manipulates 
power series; see Problem [I] 


Problems 

1. (a) Let z+ S>P25anz" be a power series. We seek a power series 
wt or obnw” so that w = z+ 0 5anz” is equivalent to z = 
wt Sr .bnw”". By plugging the w series into the z series and iden- 
tifying coefficients of w*, show that this is equivalent to 


by — S° ap Py o(b1, see , Op-1) (3.4.20) 


for polynomials Py, ¢ and so conclude inductively that at the level of formal 
power series, there is a unique solution 


by = Q;(a2, sae tty) (3.4.21) 
where the Q; are polynomials. 
(b) Prove inductively that the coefficients of —P; ¢(—b1,..., —bg—1) are all 
positive. Conclude that —Q;(—a2,...,—ax) has all positive coefficients. 


(c) Use (b) to show that if |a;,| < az, then 
be] < —Qe(—aq, --., a5) 


Then verify that a proof that the b series has a nonzero radius of con- 
vergence for the special case a, = —A* (any A > 0) implies, in general, 
that the 6 series has a finite radius convergence if the a series does. 

(d) Analyze this special case to see that the b series has a finite radius of 
convergence. 


(e) Use these considerations for another proof of Theorem 8.4.1 
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3.5. Local Behavior at Critical Points 


In this section, we consider nonconstant analytic functions near a point 29 
with f’(z9) = 0. The main theme is that while solutions of w = f(z) for 
w near wo = f(z) are many-to-one, they can be given in terms of w by a 
convergent series, called a Puiseux series, in a fractional power of w — wo. 
Here is the result: 


Theorem 3.5.1 (Local Behavior at Critical Points). Let f be a holomor- 

phic, nonconstant function in a region, Q. Let z € Q, wo = f(zo), and 

suppose f(z) — wo has a pth order zero, p > 2, at z% (i.e., f'(zo) =--: = 

f"-Y (29) =0, f (zo) 40). Then 

(a) There aree > 0 and 6 > 0 so that for every w € De(wo) \ {wo}, there 
are exactly p distinct solutions of 


f(2)=w (3.5.1) 


with z € Ds(zo). Moreover, for these solutions, f(z) — w has a simple 


zero. 
(b) There is an analytic function, g, on D.1/p(0) with g(0) = 0, g/(0) 4 0, 
so that if w € D-(wo) and 


w = wo + pe’®, 0<p<¢e,0<yp<2r (3.5.2) 
then the p solutions of (8.5.1) are given by 
z=2 + g(p/Pellet?t)/P) f= 0,1,...,p—1 (3.5.3) 


(c) There is a power series, )-°°_, bnx”, with radius of convergence at least 
€, 80 the solutions of (8.5.1) are given by 


Z=20+ x bn (w — wo)? (3.5.4) 


n=1 


where (w—wo)!/" is interpreted as the pth roots of (w — wo) (same root 
taken in all terms of the power series). 


Remark. (3.5.4) is called a Puiseux series. 


Proof. Since f(z) — wo has a pth order zero, we can write 
f(z) — wo = (z — 20)Pa(z) (3.5.5) 


where q(zo) # 0. Pick 6; so q is nonvanishing in Ds, (zo). By Theorem[2.6.1] 
there exists a function, q(z), with q(z)? = q(z). 


Define h(z) = (z — zo0)qi(z). Then 
f(2)— wo =h(2)?, (0) =, (20) £0 (3.5.6) 
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Then (8.5.1) is equivalent to 
(w — wo)!/? = h(z) (3.5.7) 
for any of the pth roots of w — wo, p in all. 


Theorem [3.4.1] says that, for 7 small, h(z) = 7 has exactly one solution. 
So given the p roots, has p solutions, proving (a). If g is the inverse 
function to h, we get (b), and if }>°°., bnn” is the power series for g about 
n = 0, we get (c). 


Functions defined implicitly when 2£(z,w) = 0 are, in general, com- 
Oz 


plicated so we’ll restrict the discussion to algebraic and, more generally, 
algebroidal function (as defined below). The rest of this section should be 
regarded as bonus material; while it belongs here, we’ll need to refer to a 
result (the monodromy theorem) only proven later and to use some exterior 
algebra, as discussed in Part 1. 


Definition. An algebroidal function is a solution w = f(z) of an equation 
of the form 

w” + dn1(z)w"™? ++ +++ ag(z) =0 (3.5.8) 
where {ayy are analytic functions. If the aj(z) are rational functions, 
that is, ratios of polynomials, we say that f is an algebraic function. 


Remarks. 1. In (8.5.8), the a; are analytic in some region 2. and we seek 
f’s defined on all or part of Q. It can be proven (Problem [2) that a locally 
defined solution can be analytically continued throughout 2 if a discrete set 
of points in 2 is avoided. 


2. Often one considers 
bn(z)w™ + bn_1(z)w" 1 + +--+ bo(z) =0 (3.5.9) 


where b,, is not identically zero. If a; = b;/bn for 7 = 0,1,...,n—1, then this 
is equivalent to in Q\ Z, where Z is the discrete set of zeros of bp. In 
particular, algebraic functions can be alternatively defined by where 
the 6’s are all polynomials, that is, F'(w,z) = 0, where F’ is a polynomial in 
two variables. 


The main result in the remainder of this section is: 


Theorem 3.5.2. Let ao, a1,...,@n—1 be analytic functions on a region, Q. 
Then there exists a discrete set D C Q so that all the roots of (8.5.8) are 
analytic near any given z9 € Q\ D. If 2 € D, the roots of are given 
by all the values of one or more Puiseux series about zo. 


Remarks. 1. We emphasize that the analyticity result on 2 \ D is local, 
that is, the roots are the values of n functions analytic in a neighborhood of 
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zo. They may not be globally defined single-valued functions as the example 
w? — z = 0 shows (then D = {0}, w = +2). 


2. To compare with Theorem [8.5.1] we note that the roles of z and w are 
reversed, that is, Theorem implies the case of Theorem where f 
is a polynomial, p(z), in z and we are solving p(w) — z = 0. 


Our proof of Theorem will rely on the following piece of algebra 
whose proof we defer: 


Theorem 3.5.3. Fir n andr <n. View the monic polynomials of degree 
n as C” under 


(a9,.--,Qn—1) > w" + an_iw™] + +--+ ap = Py(w) (3.5.10) 


Then the set of a € C” for which P,(w) has r or fewer distinct roots is a 
polynomial variety, that is, given by the vanishing of a set of polynomials in 
(ao, see On—1)- 

Remark. We'll find (e) such polynomials. In particular, if r =n —1, 
we have one polynomial which can be taken to be the famous discriminant 
which measures multiple roots (for n = 2, r = 1, it is a? — 4ao, that is, 
b? — 4ac in the usual quadratic formula). 


Proof of Theorem given Theorem Write p(w) for the 
polynomial in (8.5.8). Let r(z) be the number of distinct roots of p,. Let 
Too = max{r(z) | ze OQ}. Let 


D2 | Fi 2) re} (3.5.11) 


By Theorem [3.5.3] with r = r., — 1, D is given by the vanishing of some 
number of polynomials in ag(z),...,@n—1(z), that is, by some number of 
analytic functions. These functions cannot be all identically zero on (2 since 
then r(z) < Tro for all z € Q. Thus, D is discrete. 


If zo ¢ D, there are r.. roots w), fs wo), By looking at 
1 Sp (w) 
N;(z == | w dw 3.5.12 
il ) ant jw—w)|=5 pz(w) ( ) 


for 0 < 1 ming zal” — w, we see that for z near zo, pz(w) has Nj(z0) 


(0) (0) 


roots (counting multiplicity) near w; ’,...,N,(20) roots near w;.,. If any 


of these roots split, that is, there is more than one distinct root near ww, 


then p(w) has at least r., + 1 roots, contrary to the fact that ro. is the 
maximum. Thus, the roots have the same multiplicity and are given by the 
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analytic functions 


Opz(w) 
= 1 wow 


If we now take a point in z € D, the various roots can be continued 
indefinitely in D5(zo) \ {zo} for 6 small and remain roots. Thus, circling 
zo once, these rg, roots are permuted by a permutation, 7 € U,,,. By the 
monodromy theorem (Theorem [11.2.1], this permutation is the same for all 
single loops about zo. Let w;(z1) be a root for z; near z9 and suppose j is 
contained in a p-cycle of 7. Then w; returns to itself after circling p times. 


It follows that if written in the variable ¢ = (z — z)!/? that w; is analytic 
in a punctured disk. We claim w; is bounded for z near z. Accepting this, 
we see zg is a removable singularity and w; is given by a Puiseux series. All 
the branches are roots since they are analytic continuations of roots. 


To see that w; is bounded, we note that if p.,(w) has a root of multi- 
plicity & at wo, then for z near zo, p-,(w) has k roots near wo. Thus, there 
are n roots near the roots of pz, (w), that is, all roots of p,(w) are near roots 
of p-,(w), so bounded. 


Next, we turn to the proof of Theorem A first preliminary extends 
the notion that a square matrix, A, has a nontrivial kernel if and only if 
det(A) = 0. 

Proposition 3.5.4. Let T: CS + C*t$ for s > 1. Let {tij}ini,.. kts, j=i,...,8 


be its matrix so 
k+s 


P=) Gp, (3.5.14) 
i=1 


where 6; and 5; are the canonical bases for C* and Ckts For each i, < ig < 
+++ <t, in (1,...,k +8), let Tite) be the s X s square matrix with rows 
in t1,...,4~% removed. Then 


Ker(T) # {0} & Vir < +++ < ig, det(T@""*)) =0 (3.5.15) 
Remark. There are Ce) determinants. 
Proof. This relies on exterior algebra, that is, A‘(C***), as discussed in 
Section 3.8 of Part 1. 
Ker(T’) 4 {0} = {T6;};_, are not independent in Ct 
THA ATI. =0 (3.5.16) 


Given i; <--- < 7% in {1,...,k +s}, let 71 < Jo <--- < j, be the comple- 
mentary set of indices and 


i1,..yth = 51 /\ O50 [NOES 0; (3.5.17) 
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Then (Problem 3) 
Ti Aee ATO = SO det PO isd, (3.5.18) 


d1<i+<tk 


Since the 7’s are independent, (8.5.16) <= (8.5.15). 


All polynomials below are over the complex numbers. 


Proposition 3.5.5. Let p(z),q(z) be monic polynomials of degree n and m, 
respectively. Let €< min(n,m), £>0. Then p and q have at least € common 


zeros <> du,v obeying (8.5.19), 
deg(u) < m— &%, deg(v) <n —- £, up + vq =0 (3.5.19) 


Remark. By ¢ common zeros, we mean counting multiplicity, that is, there 
are not necessarily distinct 21,...,z¢ so that eae — z;) divides both p 
and q. 


Proof. If p,q have £ common zeros, 21,...,Z¢, then take 
wea, ve ee  °8ts.zn) 
[jai — 25) [jai (2 — 25) 
and note that (8.5.19) holds. 
Conversely, if there are u,v so that (8.5.19) holds, then 


up = —vq (3.5.21) 


Since v only has at most n — @ factors, of the n factors in the complete 
factorization of p, at least € must be factors of v. So wu and v have at least 
£ common factors. 


Theorem 3.5.6. Let p,q be monic polynomials of degree n and m, respec- 
tively: 

p(z) = 2" +an_12™ 1+---+a9, g(z) = 2™40m—12 1+ -+b (3.5.22) 
Fiz € < min(n,m), € > 0. Then there are eo) polynomials, {Ra}, 
in {aj, bj }i=0,....n—1;7=0,..,m—1 $0 that p and q have € common factors if and 
only if Ra(a,b) = 0 for all | polynomials. 


Remark. If ¢ = 1, we have a single polynomial called the resultant. For 
> 2, the polynomials are subresultants. The explicit polynomials enter in 
algebraic complexity theory and in computational algebraic geometry. See, 
for example, the discussion in Biirgisser et al. [81]. 


Proof. Fix p and qg. Consider pairs of polynomials, u,v, of degree at most 
m—¢ and n-— , respectively, with u = 7 ryzi,u = wee yz), but 
demand 

Lm—lL = —Yn—-l (3.5.23) 
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Consider the map 
T: (u,v) H up + vq (3.5.24) 
By (8.5.23), up + vg has degree n + (m — £) — 1, so T maps 


This is a set up of Proposition where s = m+n-— 241 and 
k = €—1. Thus, Ker(T) 4 {0} if and only if a) polynomials 
in the matrix elements of T vanish. Proposition B.5.5] says p and q have ¢ 
common factors if and only if Ker(7’) 4 {0}. By the structure of polynomial 


multiplication, all the matrix elements of T are 0’s, a’s, or 6’s. 


Proposition 3.5.7. Let p be a monic polynomial of degree n. Let r <n. 
Then p has r or fewer distinct roots if and only if p and p’ have at least n—r 
common. zeros. 


Proof. Let 


r 


p(z) = | [(z-2)* (3.5.26) 


j=l 


Then the common roots of p and p! are (z—z;)'7~! which number ait 
1) = (jar tj) —r =n —1 since )0%_) tj = deg(p) =n. 


Proof of Theorem P, and n~!P! are monic polynomials. By the 
proposition, we are interested in = n-—r common zeros. Thus, m = n—1, 


n+m——1=n+r—2 and Theorem[3.5.6] gives us Ce) polynomials. 


Notes and Historical Remarks.  Puiseux series were formalized by 
V. A. Puiseux (1820-83) in 1850 [463]. 


Problems 


1. Does there exist a holomorphic surjection from the unit disk to C? (Hint: 
Move the upper half-plane “down” and then square it to get C.) 


2. (a) If w solves (3.5.8), prove that 


|w| < max(1, |ao(z)| +--+ + |an—1(z)]) (S027) 


(b) Using (a), prove that any local root of (8.5.8) can be continued along 
any curve in 2 \ Z. 


3. Verify (8.5.18). 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


114 3. Consequences of the Cauchy Integral Formula 


3.6. The Open Mapping and Maximum Principle 


As a bonus for the analysis of the local behavior of analytic functions, we 
get two global consequences that will often be useful. After proving them, 
we'll turn to three variants: the minimum modulus principle, the Schwarz 
lemma (which we’ll use, in particular, in Sections [7.4] and Section 12.3 
of Part 2B), and the Hadamard three-circle theorem. 


To appreciate how unusual these results are, we note that the real-valued, 
real-analytic function f(x) = 1—2? on (—1,1) has values filling (0, 1J|—note 
that the range is not open and also note that f(a) has a local (indeed, a 
global) maximum at a point (x = 0) in the open set. Of course, these 
two facts are not unrelated—the existence of a global maximum implies the 
range is not open. But analytic functions are different in both regards. 


The absence of local maxima for |f(z)| and, as we’ll see, minima, if 
f(zo) 4 0, implies that nondegenerate critical points, that is, f’(zo) = 0, 
f" (20) #0 are saddle points of | f(z)|. 


Theorem 3.6.1 (Open Mapping Principle). Let f be a nonconstant analytic 
function in a region, Q. Then Ran(f) is an open set. 


Proof. This follows from the detailed analysis of local singularities in the 
last two sections or even from just the argument principle (see Theo- 
rem |3.3. 7). 


Theorem 3.6.2 (Maximum Principle, First Form). Let f be analytic and 
nonconstant in a region, Q. Then |f(z)| has no local maxima, that is, for 
any zo and any 6 > 0, there is z € D5(z0) so | f(z)| > |f(zo)|. 


Proof. Immediate from applying the open mapping principle to f | Ds(z0). 


An equivalent form involves functions on compact subsets, K, of C. A 
function, f, on K is called regular if and only if f is continuous on K and 
analytic on K™*, We emphasize this is a use of the term “regular” distinct 
from that used first in Section[4.3](f is regular at a point z9 € O02 if for some 
r > 0, f agrees on D,.(z9) AQ with a function analytic on D,(z9)). Both uses 
are standard. They are distinguished by prepositions: the earlier notion is 
regular at zg while the notion here is regular on K. These are also distinct 
notions even if K = Q: “regular at” is local and involves analyticity at zo, 
while “regular on K” only involves continuity but at each zo € OM. 


Theorem 3.6.3 (Maximum Principle, Second Form). Let f be regular on 
a compact set K CC. Then f takes its maximum value on OK and, if K™ 
is connected with Ki = K and f is nonconstant, only at points in OK. 
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Proof. Since K is compact, f takes its maximum value somewhere on K. 
If it takes its maximum at z € Ki", then f is constant on the connected 
component Q of K'™* containing zo, so constant on Q which contains points 
in 0Q. This argument also proves the last sentence. 


z +> Re(z) is an open mapping of C to R so if f: Q > C is analytic and 
nonconstant, then Ref is an open map of 2 to R. Thus, we have (using 
inf, Re f(z) = sup, Re(—f(z)) that 


Theorem 3.6.4 (Maximum Principle for Harmonic Functions). Let f be 
regular on a compact set, K CC. Then Ref takes its maximum and also 
its minimum values on OK. 


Remarks. 1. Ref is a harmonic function and locally any harmonic func- 
tions are real parts of analytic functions. We’ll discuss harmonic functions 
on C in Section [5.3] below and even more thoroughly (on R”) in Chapter 3 
of Part 3. 


2. The maximum principle only needs that u (=Re f) be subharmonic (see 
Section 3.2 of Part 3). 


3. The argument doesn’t require f to be continuous on OK, indeed the same 
argument proves 


Theorem 3.6.5. Let f be analytic on a bounded region, 2, in C. Suppose 
u(z) = Re f(z) and 


sup u(z) = M < oo (3.6.1) 
zEQ 
Then there exists Zoo € OQ and zn € D with zn > Zo 80 that 
lim u(Zn) = M (3.6.2) 
noo 


It is difficult to avoid overdoing superlatives in discussing complex vari- 
ables. But even if one tries to minimize raves, one has to conclude that the 
open mapping and maximal principles are central and very powerful. For 
example, in a few lines, the open mapping theorem will prove that a noncon- 
stant analytic function between compact Riemann surfaces is surjective (see 
Theorem [7.1.7), the maximum principle will prove pees 7 has a natural 
boundary (see Problems [10] and [LJ] of Section [6.2), and the Schwarz lemma 
(a refined maximum principle) will describe all analytic bijections of D to 
itself (see Lemma [7.4.1]. 


Having seen there are no points of maximum modulus in 2, we can ask 
about minimum modulus: 


Theorem 3.6.6 (Minimum Modulus Principle). Jf f is analytic and non- 
constant in a region, Q, and zg is a point where for some 6 > 0, 


|f(z0)| = min{| f(w)| | w € Ds(zo)} (3.6.3) 


then f(zo) = 0. 
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Proof. If f(zo) 4 0, g(z) = f(z)~! is analytic near zo, so the maximum 
modulus principle for g implies that (8.6.3) is not true. 


This is a useful tool to assure certain functions have zeros—it provides 
another proof of the fundamental theorem of algebra (see Problem [I] and 
other results on the existence of zeros (see Problem [4]. 


Our last two results improve the maximum principle where there is ad- 
ditional information: 


Theorem 3.6.7 (Schwarz Lemma). Let f be a bounded analytic function 
on D with f(0) =0. Then 


If(2)| < lz] sup | f(w)| (3.6.4) 
weD 
Moreover, unless f(z) = cz, < in (8.6.4) is <. 
Remark. By Theorem[3.6.3] if f is regular on D, (8-6.4) becomes 


If(z)| < lz] sup |f(w)| (3.6.5) 
wedoD 
Proof. Let g(z) = f(z)/z and 
M = sup |f(w)| (3.6.6) 
weD 
Then, for0<r <1, 
sup |g(re’’)| < Mr7} (3.6.7) 
OE [0,277] 


so, by the maximum principle for g, 


sup |g(z)| < Mr7} (3.6.8) 
lz|<r 
As r+ 1, the left side is monotone increasing and the right side decreas- 
ing, so 


sup |g(z)| < M@ (3.6.9) 
jz|<1 


and, by the maximum principle, unless g is constant, also |g(z)| < M for 
all z. Since | f(z)| = |z| |g(z)|, we have the claimed results. 


In Problem the reader will use the Schwarz lemma to prove the 
Borel-Carathéodory inequality (8.2.13). Our final result is for an annulus; 
in Problem [i5] the reader will show it provides another proof of the Schwarz 
lemma. 


Theorem 3.6.8 (Hadamard Three-Circle Theorem). Let 0 <r < R and f 
be regular in the closed annulus A,;,p. Define for any p € |r, RI, 


M(p)= sup |f(pe’”)| (3.6.10) 
dE [0,27] 
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Then for any s € [0,1], 

M(r°R}-) < M(r)§M(R)'* (3.6.11) 
Remarks. 1. The inequality can be rephrased as saying that log(M(p)) is 
a convex function of log(p). 


2. In Problem [13] the reader will show (8.6.11) is equivalent to 


log(M(p)) log(p) 1 
det | log(M(r)) log(r) 1] >0 (3.6.12) 
log(M(R)) log(R) 1 


forr<p<R. 


Proof. Define for each a € R, 


Ma(p) = p°M(p) (3.6.13) 
Suppose we prove that for all a that 
Ma(p) < max(Ma(r), Ma(R)) (3.6.14) 


Then, optimizing in a (see Problem[14) proves (8.6.11). Thus, we need only 
prove (3.6.14) and, by continuity, it suffices to prove it for a = p/q rational, 
with q > 0 and p,q € Z. 


Given such an a, define g on A,1/¢,R1/4 by 


gw) = w? fw") (3.6.15) 
Then 
sup g(p'/2) = Mpyq(p) (3.6.16) 
dE [0,277] 


and the ordinary maximum principle for g implies (8.6.14). 


Notes and Historical Remarks. The maximum principle for harmonic 
functions was stated explicitly by Riemann in 1851, but its use for holomor- 
phic functions seems to have come into use only after 1890. 


The Schwarz lemma in a more general form was stated in passing in 1870, 
but it was only Carathéodory in 1912 [87], who realized its importance and 
gave the now standard proof we use (mentioning that he learned it from 
Schmidt). 


Hermann Schwarz (1843-1921) was a student of Weierstrass. He mar- 
ried Kummer’s daughter. His name comes up most in the Cauchy—Schwarz 
inequality and Schwarz lemma, but his deepest work was on conformal map- 
pings (especially of polygonal regions, see Example[8.4.6) and his wonderful 
analysis of which hypergeometric functions are algebraic and the related 
discovery of Schwarzian derivatives (described in Osgood {416]). For a dis- 
cussion of Schwarz’s work in historical context, see Gray [217]. 
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Schwarz’s work on conformal mapping was related to his attempts to 
make sense out of the Riemann mapping theorem—for a time, he had the 
best rigorous results on the subject; he invented the first notion of universal 
covering and his work was important in uniformization. Eventually, in 1892, 
he was appointed to Weierstrass’ chair in Berlin but he had done most of 
his research eaarlier while at Halle, ETH, and then Gottingen. Under Klein, 
Gottingen took the lead over Berlin under Frobenius and Schwarz as seen by 
Berlin’s inability to lure Hilbert away from Gottingen. Schwarz’s students 
include Fejér, Koebe, and Zermelo. 


The three-circle theorem is usually presented after more developments 
using either subharmonic functions or the three-line theorem, which requires 
a variant of the Phragmén—Lindel6f method. The three-circle theorem was 
attributed to Hadamard in Bohr—Landau and their name has stuck. 


The three-circle theorem is interesting even for functions on D if one 
restates it to say log(M(r)) is convex in log(r). In Theorem 5.1.2 of 
Part 3, we’ll prove an ZL? variant of the three-circle theorem, due to 
Hardy, that says for any function, f, analytic in D and any p € (0,00), 
r — log( fre Pe ye is convex in log(r). 


Problems 


1. Let P be a polynomial. Use the minimum modulus principle to prove 
that P has a zero. (Hint: Prove first that lim),)_,..|P(z)| = 00.) 


2. Let Q be the region surrounded by a polygon in the plane. Prove that the 
maximum over 2 of the product of distances to the vertices of Q occurs 
on 022. 


3. (a) If f is analytic in a neighborhood of D,(z9) and f is constant on 
OD,(zo), prove that f is constant. 

(b) Using the Cauchy formula f(z) = x f fot rel?) oo prove that 
for all r > 0, either f(zo + re’) is constant for all @ or |f(zo)| < 
supgelo,27)|f (20 + re’’)|. Conclude a second proof of the maximum prin- 
ciple. 


4. Let K be a compact set with K™* connected. Suppose f is regular on K 
and |f(z)| is constant on 0K. Prove that either f is constant on K'™* or 
f has a zero in K™, 


5. The function 


B(z,w) = - (3.6.17) 
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10. 


11. 


Licensed to AMS. 


for w € D, z € D, helps one analyze functions f regular on D where 
| f(z)| = 1 on OD (up to a phase, it is the Blaschke factor we’ll look at in 
Sections and [9.9). 

(a) Prove for w fixed that 6 is regular on D and |6(e"’, w)| = 1. 

(b) Prove that f has finitely many zeros in D, wi,..., wx (counting mul- 
tiplicity). 


(c) Prove that for some w with |w| = 1, we have 
k 


f(z) =w TJ Ble, wy) 


j=l 


. Let g be analytic in a region 9 and f in a region Q containing g|Q]. 


Suppose f(g(z)) is constant. Prove either f is constant or g is constant. 


. Let fi,..., fn be analytic in a region Q. Suppose Sala is constant. 


Prove that each f; is constant. (Hint: Look at when equality holds in 
the Cauchy—Schwarz inequality on C”.) 


. If f is analytic and nonconstant on D has zeros at 21,...,z,% € D, prove 


that 
If(0)| < [sup Ite nT I ex (3.6.18) 


(Hint: If 8(-,w) is given by (8.6.17), — the maximum principle to 
[f(2)/ Tas BC, 2))-) 


. (a) Prove that if f: Da (0) + Dg(0) is analytic and f(0) = 0, then | f(z)| < 


Blz|/a. 

(b) Prove that if f is entire and | f(z)|/|z| > 0 as |z| > 00, then f(z) = 
f(0) for all z. (Hint: Take 6 = sup),j<q|f(z) — f(0)|, use the maximum 
principle on f(z) — f(0), and take a > ov.) 


Let f: D > D. Prove the Schwarz—Pick lemma: that then 
fe) a) | < bow 
1— f(z) f(w)|~ [1 — Zu 
(Hint: If 6(-,w) is the function in (8.6.17), apply the Schwarz lemma to 
B(-, f(w))o fo B(-,w).) 
Let f: D + D. Use Problem [10] to prove that 


(3.6.19) 


_ 2 
f(a) < (3.6.20) 


1=[2P 


Remark. This result will be important in Section 12.2 of Part 2B. 
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12. Prove the Borel—Carethéodory theorem— inequality (8.2.13). (Hint: First 
show that it suffices to prove it in case f(0) = 0 and in that case, apply 
the Schwarz lemma to f(z)/(2A—f(z)) where A = maxj,)_p[Re f(z)]. It 
will simplify matters to first see what the map q(w) = w/(2A — w) does 
to the set {w | Rew < A}.) 


13. Prove that (8.6.12) is equivalent to (3.6.11). (Hint: Use row operations to 
prove that if 9 = r°R!~°, then [det(...)] = (log(r) —log(R)) (log(M(p)) — 
slog(M(r)) — 1 — s) log(M(R)).) 


14. For any r,R,s and p = r°R!-5, pick a in @.614) so r-°M,(r) = 
R-°M,(R) and show this implies (8.6.11). Then show this is the op- 
timal choice for a. 

15. Use the three-circle theorem to prove the Schwarz lemma. (Hint: Use 


that f(0) = 0 implies |f(z)| < Cz for some C and look at Az j-< as 
é | 0.) 


16. The Schwarz lemma implies that if f: D — D and f(0) = 0, then |f’(0)| < 
1. Prove the following vast generalization of this fact: If Q is a bounded 
region and f: Q > Q, and for some a € Q, f(a) = a, then |f’(a)| < 1. 
(Hint: First show, by a Cauchy estimate, that given a, there is an MW 
so that for all g: 2 + Q, |g/(a)| < M. Then define f!"! inductively by 
fll = f and fl*"(z) = f(fl"l(z)). Prove that (f!l)'(a) = (f"(a))” and 
so deduce | f’(a)| < 1.) 


Note. This theme is studied further in the problems to Section [7.4] 


3.7. Laurent Series 


The existence of convergent Taylor series in Theorem followed easily 
from the CIF for disks and the geometric series with remainder formula. We 
have seen there is a CIF for annuli and it, too, leads to a convergent series, 
albeit more complicated than a Taylor series. 


Theorem 3.7.1 (Laurent’s Theorem). Let f be holomorphic in an annulus, 


A,r for some r < R. Then there is a two-sided sequence {an }?P-_.,, so that 


ia S- One (S71) 

converging uniformly on Ay(1+4e),R(1-e) for anyO<e< 5(R— r). Moreover, 
1 

= — 2"! F(z) dz (3.72) 


an = ; 
ant Jiz\=p 


for any p € (r, R). 
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Proof. By Theorem [2.7.5] for zo € Ay(14e),R(1-e): we have 


1 7 
Feo) = => (2-2) 1f(2) dz 
ie “ (3.7.3) 
— — (z — zo) 1 f(z) dz 
ami Be sasery 
In the first integral, use 
(z — zo) oy ees Ne a Cee) ee (3.7.4) 
and in the second, interchange the role of z and zg to get 
N 
(g=%) = a Py Nel Nl eg — 29)? (3.7.5) 
n=0 


-1 
=— > g le gro Nl ge) (3.7.6) 
=—N-1 


by changing from n to m = —n—1. The result is, with a, given by (8.7.2), 


N 
fzy- SS anz" = Ry (20) G7) 
n=—N-1 
where 
N+1 N41 
20 r(1 = ) 
veo < faa] Sule) +[PE2P sa) rs) 
with 
S+(z9) = Ra — 5) sup F(z) 
27 |z|=R(1—e/2) | % — 20 
(3.7.9) 
S_ (zo) = r(1 + 5) sup f(z) 
2/ \z\=r(1-e/2) |2 — 20 


Since, for € fixed, S;,S_ are uniformly oa. in : € E Aten R(1—e): 
Ry(zo) > 0 uniformly on the set, and thus, (8.7.1) and (8.7.2) hold. 


Series like the right side of (3.7.1) are called Laurent series. If Ry is 
the radius of convergence of S>°° )anw” and R_ of > )a_nw”, then, 
if Ro’ < R,, such series converge in Ap- Ry uniformly on compacts. 
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(3.7.2) immediately implies an analog of estimates that we’ll still call Cauchy 
estimates: 


Theorem 3.7.2 (Cauchy Estimates for Laurent Series). If f is holomorphic 
in a neighborhood of A,,R, then the coefficients of the Laurent series obey 


20 ; do 2a : do 
< —n ee —n a nal 7. 
jn] max (ro fistre Swen [ere 2) (3.720) 


Remark. For |n| large, the R term is smaller if n > 0 and the r term if 
n<0. 


A finite Laurent series (i.e., one with a, = 0 if |n| > No for some 
No) is called a Laurent polynomial. If a, = 0 for n < N; and ay, # 0, the 
degree of the Laurent polynomial, q, is the degree of the ordinary polynomial 

—N, 
ze “g(2). 


The essence of the proof of Laurent series for an annulus is the following: 


Theorem 3.7.3 (Laurent Splitting). Let f be analytic in an annulus A,,.R 
for0<r<R<oo. Then f can be written 


f(z) = frl2) + FE) (3.7.11) 


where f+ is analytic in {z | |z| > r} and goes to zero at oo and f_ is analytic 
in {z | |z| < R}. Moreover, f+ are uniquely determined by these conditions. 


Remarks. 1. This immediately implies the Laurent theorem by writing 
out the Taylor series for f;(z~!) and f_(z). Conversely, one can derive this 
from Laurent’s theorem. 


2. A,r = 0\ K where Q = Dr, K =D,. In Section 4 we'll prove an 
analog for any domain 2 and compact subset K C 2. 


Proof. In (8.7.3), let f— be the first term and f, the second (with the minus 
sign). This defines f, analytic on C\ D,(4¢/2) and f_ on Dr_z/2) so that 
holds on A,(1+4e),R(1—e): 

By the Cauchy integral formula, for z9 € D,, f_(zo) is independent of ¢ 
so long as p < R(1 —¢/2). Since ¢ is arbitrary, we get an analytic function 


on all of Dr and similarly for f,. This proves existence. 


If fy + f- = 94 +9- on Ay, where fy, 94 (respectively, f_, g-) obey 
the stated properties of f; (respectively, f_), then 


h=fr—9+=-f-+9 (3.7.12) 


on A,r. But f+ —g+ is analytic on C\D, and —f_+g_ on Dp, so h can be 
continued to an entire function which goes to zero at oo (since f+ —g4 — 0). 
Thus, f, — g4 =0= f_ — g_ proving uniqueness. 
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Notes and Historical Remarks. Pierre Laurent (1813-54), a construc- 
tion engineer in the French army (like Cauchy once was), found his series 
for functions in the annulus and submitted it to a prize competition of the 
French Academy in 1843. Alas, he missed the deadline, so the paper was 
not considered, but it attracted Cauchy’s attention. He reported on it to 
the Academy, but his request that the Academy publish it was ignored. 


In his 1841 lectures (only published in 1894!) [582], Weierstrass also 
had this theorem, so some of the older literature calls the series Laurent— 
Weierstrass series. 

In the engineering literature, the map {an}P2_., 4 Oo 4 an2” is 
often called “the z transform.” Restricted to z = e”®, it is, of course, just a 
concrete Fourier series (see Section 3.5 of Part 1). Section [3.10] explores in 
more detail the connection between Fourier series and Laurent series. 


Problems 
1. Let f(z) = (z—-1)7!+(z—2)-! on C\ {1, 2}. How many different Laurent 
series are associated to f? Find them. 


2. (a) Prove that for any z € C, 


F(z,w) = exp (5 (w — w)) (3.7.13) 

is analytic for w € C* and so defines a sequence of functions { J;,(z)}?2._., 
by 

F(z,w)= S> Jn(z)w” (3.7.14) 


n=—0o 
Jn, is the Bessel function (of the first kind) of order n. Bessel functions 
of general order are the subject of Sections 14.5 and 14.7 of Part 2B. 


(b) Prove that 
Inl2y = (—1)" Jal2) (3.7.15) 
and for n > 0, 


z\"e (—1)*(§)* 
In(z) = (5) d ICES (3.7.16) 


(c) By setting w = e’, prove that 


1 TT 
dni2)= -{ cos(z sin @ — n@) dé (3:7.17) 
0 
(d) Prove that (Hint: w = ie’) 
efkroosé — Jo(kr) + >», 21” In (kr) cos(né) (3.7.18) 
n=1 
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Note. This is sometimes called the multipole expansion of a plane wave. 
(e) Prove that J,(z) solves the differential equation 
zu" (z) + zul(z) + (2? —n”)u(z) = 0 (3.7.19) 


(f) This will relate two-dimensional Fourier transforms written in polar 
coordinates to Bessel functions (and assumes your knowledge of Fourier 
transforms; see Chapter 6 of Part 1). S(C) will denote functions in S(R?) 
with C thought of as R?. ~ maps S(C) to S(C) via 


fw) =o / fete es (3.7.20) 


and is essentially the usual Fourier transform. For any function f in 
S(C), define fi (r) by 


20 : : do 
ri ; F(relye 9 (3.7.21) 
Prove that 7 
(AK = 2 [lr yrdn(ro) ar (3.7.22) 


(Hint: See (8.7.18).) 


Remark. There are versions of (8.7.22) on R” and not just R?. In that 
case, e’”® is replaced by spherical harmonics (see Section 3.5 of Part 3) 
of degree @, and J, is replaced by Jey 3-2) (and rdr by pn/2 dr). For v 


odd, this involves Bessel functions of odd half-integral order (or, up to a 
power of r, spherical Bessel functions. ) 


3.8. The Classification of Isolated Singularities; 
Casorati—Weierstrass Theorem 


We say an analytic function has an isolated singularity at zo € C if and only 
if f is analytic in Ds(zo) \ {zo} for some 6 > 0. In this section, we’ll study 
such points, presenting first in terms of the associated Laurent series, a 
trichotomy into removable singularity, pole, and essential singularity. We’ll 
then refine this in terms of the limiting behavior of f(z) as z > zo where a 
key is the Riemann removable singularity theorem that if f(z) is bounded 
near zg, one can assign a value to f(zo) so that f is analytic at zo. Finally, 
we'll prove a theorem about asymptotic behavior near zp in the essential 
singularity case. We'll study poles further in the next section and essential 
singularities in Sections Section 12.4 of Part 2B, and Section 3.3 
of Part 3. 
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If f is analytic in Ds(zo) \ {20}, there is a Laurent series 
[oe] 
{22 > An(z — zo)” (3.8.1) 
n=—0o 
Let Nmin(f) = min{n | an 4 0} withNmin(f) = —oo if there are infinitely 
many negative points in the set and Nmin(f) = co if all a, are zero. 


Definition. We say that f has a removable singularity if Nmin(f) > 0, an 
essential singularity if Nmin(f) = —oo, and a pole if —oo < Mnin(f) < 0. 
The order of the pole is —Nmin(f). A pole of order 1 is called a simple pole. 


The reason for the name “removable singularity” is that in that case, we 
can define f(zo) = ao and extend f to a function analytic in Ds5(zo). 


Theorem 3.8.1 (Riemann Removable Singularity Theorem). Jf f is 
bounded on some Ds:(zo) \ {zo}, then f has a removable singularity at zo. 


Remarks. 1. Our proof shows that it suffices to have the weaker condition 
lim r[ sup If (re®*) |] = 0) (3.8.2) 
rl0O © 9€ [0,27] 

2. In contrast, if f has a pole of order k at zo, (z —20)* f(z) + az as z > 20, 

sO lim) z—z9|0lf(z)| le 


Proof. By a Cauchy estimate, (8.7.10), for any k, we have for any r > 0, 


jax] <r~* sup |f(re’*)| (3.8.3) 
6€ [0,27] 


which goes to zeroasr | 0 if k < 0. Thus, f bounded = all az, = 0 for 
k<0. 


As an immediate corollary, we have 


Theorem 3.8.2 (Casorati—Weierstrass Theorem). Jf f has an essential sin- 
gularity at zo, then for any 5, > 0, the set of values of f in Ds, (zo) \ {zo} is 
dense in C, that is, for any a € C, we can find zn — 29 so that f(Zn) > a. 


Proof. If not, there is an a,e¢ > 0 and 6; > 0 so 
0< |z—2|<61>|f(z)-al>e (3.8.4) 


Let , 
CA = aa 
f(z)-a 
on D5, (zo) \ {zo}. By G84), |g(z)| < «71, so by Theorem B.8.1] g has a 
removable singularity, that is, we can give g a value g(zo) so g is analytic 
at 20. 


(3.8.5) 
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If g(zo) #0, then 

f(z) =9(z) +0 (3.8.6) 

is bounded near zo, and thus, f has a removable singularity at zo, not an 
essential singularity. 

If g(zo) = 0, since g is nonvanishing near zo, g(z) has a zero of some 

finite order k > 0, and thus, f, given by (8.8.6), has a pole of order k at zo, 

not an essential singularity. 


In Section [11.3] we’ll prove a considerable strengthening of this last 
theorem: what is called the great Picard theorem which says that in any 
neighborhood of an essential singularity, every value is taken with at most 
one exception. 


To summarize: we see that 


. f removable singularity at zo <= f bounded near zo = limy,— -5)-50 f (z) 
exists and is finite 
. f pole at zo = lim),_.)0|f(z)| = 00 


. f essential singularity at zo = limit points of f(z) as z > zo are all 
of C. 


If f is analytic in {z | |z| > R}—in particular, if f is an entire function— 
then 
g(z) = f(z") (3.8.7) 
has an isolated singularity at z = 0, and we can use the ideas here to 
analyze the behavior near infinity. The removable singularity theorem is 
then a local variant of Liouville’s theorem and the Casorati—Weierstrass 
theorem says something about the behavior of entire functions which are 
not polynomials. 


Finally, we want to note that f’/f can be a powerful indicator of whether 
an isolated singularity of f is essential. An extension of the following will 
play an important role in Chapter 14 of Part 2B (see Lemma 14.3.4 of 
Part 2B). 


Theorem 3.8.3. Let f be analytic and not identically zero on Dg(z0) \ {zo} 
for some 6 >0. Then 


(a) If f has zeros arbitrarily near zo, then zo is an essential singularity 


of f. 
(b) If f is nonvanishing near zo, then either 
g(2) = a (3.8.8) 


is singular at z = zo or f has a removable singularity with f(z) 4 0. 
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For (c) and (d) below, we suppose f is nonvanishing near zo. 


(c) The residue (i.e., the coefficient of (z—z)~! in the Laurent series of g) 
of g at z is always an integer. If f has a pole at zo, the residue is —m, 
where m is the order of the pole. If f has a removable singularity and 
a zero of order m > 0, then the residue is m. 

(d) The following are equivalent: 

(1) f does not have an essential singularity at zo. 

(2) g has a simple pole or removable singularity at zo and the integer 
in (c) is the order of the pole or zero of f at zo. 

(3) For some C and z near 2, 


l9(z)| < Clz — ol" (3.8.9) 


Remark. Problem [I] explores what happens if g has a finite-order pole of 
order larger than 1. 


Proof. For simplicity of notation, we can take z = 0 and 6 = 1, and in 
(b)—-(d), suppose f is nonvanishing in D*. 


(a) If f has a finite-order pole or removable singularity at zero, for some k, 
z* f(z) = g(z) is analytic at z = 0. So z = 0 cannot be a limit point of zeros 
of g, and so not of f. 


(c) This is immediate from the extended argument principle in the form of 
Theorem and the formula (8.7.2) for a_. 


(d) (1) > (2). If f(z) = z*h(z) with h(0) 4 0 and k € Z, then g(z) = 
kz! + h'(z)/h(z) has a simple pole (if k 4 0) or removable singularity (if 
k=0). 


(2) = (8). is trivial. 
(3) = (1). (8.9) implies for all r small, 


| g(pe’) dr 
1/2 


Since £ log| f (re’’)| = Re g(e*’), (8.8.10) implies that for a constant D and 
lal <9, 


< Clog(2r)~* (3.8.10) 


|f(z)| < Dlz|-° (3.8.11) 


which implies Laurent coefficients vanish for n < —C. 


(b) follows from the proof of (1) = (2). 


Notes and Historical Remarks. In his 1851 dissertation, Riemann 
proved that if a function was analytic in a punctured disk and continu- 
ous in the whole disk, it was analytic in the whole disk. In 1905, Landau 
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339] (whose biographical sketch is in the Notes to Section [9.10) noted that 
boundedness is enough (earlier, Osgood discussed the same result). 


There are vast generalizations of the removable singularities theorem 
of Riemann. For example, if 2 is a domain in C, FE C () a closed subset 
of linear Lebesgue measure zero, and f: 2 \ E — C a bounded analytic 
function, then f has an analytic extension to all of Q. For a discussion of 
this result (including the definition of linear Lebesgue measure zero), see 
the discussion of “Painlevé’s theorem” in Iwaniec—Martin or see Pajot 
[a2]. 

These two results show that there are really two meanings for a set E to 
be removable: we can require f: 2 \ FE — C bounded and analytic implies 
f can be extended to all of 0, or we can require that only for f’s which we 
already know have continuous extensions to 2. The function f(z) = a ie 5 
with Q = C, E = [-1,1] has no analytic or even continuous extension to all 
of C so E does not have the stronger kind of removability but Theorem [5.5.2] 
implies it does have the weaker kind. We'll have a lot more to say about 
these questions in Section and its Notes. 


By the method used to prove Theorem [5.5.2] one can prove that a con- 
tinuous function on 2 and analytic on 2 \ E, where F is the image of a 
rectifiable curve in Q, is analytic in all of Q. See the Notes to Section 
and the discussion in Section|8.8] See also Theorem 3.6.12 of Part 3. 


The Casorati-Weierstrass theorem was proven by the Italian mathe- 
matician Felice Casorati (1835-90) in 1868 and later in an 1876 work 
of Weierstrass [585]. It was also found in 1868 by Sokhotskii in 
his master’s thesis, the first Russian publication on complex variables. In 
the Russian literature, the result is often called Sokhotskii’s theorem or 
the Casorati—Sokhotskii—Weierstrass theorem. Neuenschwander dis- 
cusses the history and concludes it is likely that Weierstrass lectured on this 
result as early as 1863. 


Problems 

1. Let f be analytic and nonvanishing on D* so that g given by (8.8.8) 
has a pole of finite order at z = 0. Prove that there is an integer k, 
an analytic function h on D with h(0) 4 0, and a polynomial P so that 


f(z) = 2*h(z) exp(P(1/z)). 


3.9. Meromorphic Functions 


Essential singularities are quite far from analytic functions, but if g has a 
pole at zo, then f(z) = g(z)~! has a removable singularity at zo, so poles can 
be thought of as points where g is “analytic” but just happens to have the 
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value infinity. This is a view we'll make precise when we discuss Riemann 
surfaces in Section [7.1] This leads to: 


Definition. Let 2 be a region. A meromorphic function, f, on Q is a 
function from Q to C where % = {z | f(z) = co} is a discrete subset of Q 
(i.e., no limit points in Q), where f is analytic on Q\‘P, and each z; € Pisa 
pole of some order. If 2. = C, we will speak of entire meromorphic functions 
(perhaps “meromorphic in all of C” is more common but this term is shorter 
and shouldn’t lead to confusion). 


We see meromorphic functions arise most often via: 


Theorem 3.9.1. Let f,g be analytic functions on a region, Q, with g not 
identically zero. Then there exists a meromorphic function, h, so for all 
z ED with g(z) £0, 


(3.9.1) 


Remark. As the proof shows, if g(z) has a zero of order ¢ at zo and f(zo) 
0, h has a pole of order @ at zo, and if f(zo) = 0 and &k is the order of its 
zero, then h has a pole of order €—k if k < £ and a removable singularity if 
k>. 


Proof. (8.9.1) defines a function analytic on 2 \ {z | g(z) = 0} and by 
looking at the zero factors at the zeros of g, one sees that these zeros are 
poles or removable singularities of h. 


The same argument shows that the result is true if f, g are meromorphic 
functions, so that the meromorphic functions are a field. 


What is true, but we’ll only see in Section|9.5] is that every meromorphic 
function is such a ratio, that is, the field of meromorphic functions is the 
field of fractions of the ring of analytic functions. 


At any pole, zo, f has an expansion 


f(z) = S> bj(z- 2) (3.9.2) 


jae 


where @ > 0 is the order of the pole and b_» 4 0. We define the residue, 
Res(f, zo), at the pole to be b_; and 


=i 
> b;(z — 20)? 


jae 
to be the principal part of the pole. 
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The basis of the use of complex analysis to evaluate integrals (discussed 
further in Section [5.7) comes from the following (which we’ll extend to ar- 
bitrary contours in Theorem [4.3.1]: 


Theorem 3.9.2 (Residue Theorem for D). Let f be meromorphic in a neigh- 
borhood of the closed disk, D, with no poles on OD. Then f has finitely many 
poles in D and 


1 
xy P fle) dz = os f, 2) (3.9.3) 


Proof. Since the poles are discrete in the region of analyticity and D is 
compact, there can only be finitely many poles, say {2} with p;(z) their 
principal parts. Then 


72) = > pj(z) + 9(z) (3.9.4) 


with g analytic in a neighborhood of D 
By the CIT, $g(z) dz = 0, so Eo follows from 


— Le (3.9.5) 


2ri J (z— 20)" 
fork = 1,.... (8.9.5) fork = 1 eau from the CIF and for k > 1 from 
the CIT for derivatives (Theorem [2 and the fact that (z — z)~* = 
at Bey) PD 
Ra wlZ— 20) ‘ 


If f is meromorphic in a neighborhood of D (and not identically zero), 
so is f’/f with poles only at the zeros and poles of f with residues nj; at a 
zero of order nj; and —m, at a pole of order m;. We thus have the following 
version of the argument principle directly from Theorem [3.9.2 


Theorem 3.9.3 (Argument Principle for Meromorphic Functions). Let f 
be meromorphic in a neighborhood of D with no zeros or poles on OD. Then 
f has finitely many zeros and ae in D, say zeros eae 1 of order {nj ie i 


and poles {pj} 7, of order {mj} . Moreover, 
Nz Np / 
1 (2) 
nj- > m= dz (3.9.6) 
y : Sn a Ort Jigia F (2) 


A rational function is a ratio of two polynomials P(z)/Q(z). Problem [I] 
has a partial fraction result for rational functions derived from analytic 
function theory. 


Notes and Historical Remarks. In 1859, Briot and Bouquet pro- 
duced the first systematic textbook of complex function theory. Their 1875 
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sec 


ond edition introduced the terms holomorphic and meromorphic and pop- 


ularized the term pole which appeared earlier in Neumann [407]. 


Problems 


1. 


Licensed to AMS. 


(a) Let f(z) = P(z)/Q(z) be a rational function. Show it has finitely 
many poles. 


(b) Let pi,...,pe be the poles and pi(z),...,pe(z) the principal parts. 
Show that 


L 
f(z) = 5 p;(z) + R(z) 
j=l 


where R is a polynomial of degree exactly deg(P) — deg(Q) (with the 
convention, R = 0, if this difference is negative). In particular, if 
deg(P) < deg(Q), f = 4 p;. (Hint: Use Theorem [3.1.9}) 


The next three problems have a complex variable approach to the 
Jordan normal form following Kato [299]. 


. Let A be an n x n matrix. Let o(A) = {z | det(A — z1) = 0}. Define 


R(z) = (A—z)~! on C\a(A). Prove that R(z) is a matrix-valued analytic 
function by one of the following methods: 


(a) The method of minors (Cramer’s rule). 


(b) (A 2)~* = SiR o(z — 20)?(A — 20) 9 


. Let V be a finite-dimensional vector space. 


(a) Let N be a linear map on V with N* = 0 for some ¢. Prove that there 
is a basis for V for which N is a direct sum of Jordan blocks of the form 
(3.1) with \ = 0. (Hint: Look at Ran(N*') c Ran(N*-?) c....) 


(b) If N is an operator on V and if limp_5.||N”||!/" = 0, prove that 0 is 
the only eigenvalue of N. Then prove N‘ = 0 if £ = dim(V). (Hint: You 
need to know that if p(A) = det(A — N), then p(NV) = 0.) 


. Given a finite matrix, A, with o(A) = {)j;,...,Ax}, this problem will 


show there exist operators P,,...,P,, Ni,..., Ne, so that 


Pi Pe = ojRP; , Nj P; = P)Nj = Nj, N;' =0 (3.9.7) 
k 
A=S (dP) + Nj (3.9.8) 
j=l 


(a) Prove that the existence of these operators proves Theorem [1.3.1] 
(Hint: See Problem B}) 
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(b) Prove R(z) = (A— z)~? is analytic on C \ {Aj,..., Ax} and write 
R(z)=- > CW (z- Aj)" + analytic at A; (3.9.9) 
n-1 


for the Laurent series at ,;. 


(c) Prove that for each j and all n,m > 1, 


Sth 5th) 
CHOCY) = Ci 


m nt+tm—-1 
(Hint: Write a contour integral for (9 ) and use a slightly bigger contour 
for CY). Then use (A—z)~}(A—w)7! = [(A—z)7!-(A—w) 4 ](z-w)“4.) 
Conclude that if 


(3.9.10) 


P=, ne=c® (3.9.11) 
then that P? = P; and Nj Pj = PjN; = Nj and that for m > 2, CY) = 


m—1 
N; ; 
(d) Prove nyt — 0 and conclude that Ny = 0 for = dim(Ran(P;)). 
(e) Prove that P;P, =0 if 7 # k. 
(f) Prove (8.9.8). 


Remark. The approach in this problem is further discussed in Sec- 
tion 2.3 of Part 4. 


3.10. Periodic Analytic Functions 


Recall that if f(x) is a complex-valued function on R with f(x +1) = f(x) 


and 
1 
[ Howe (3.10.1) 
0 
then one defines its Fourier coefficients for n € Z by 
1 
An =| e Brine F(a) dx (3.10.2) 
0 
and in some sense, 
se . 
ia] >) age" (3.10.3) 
n=—0o 


In this section, we'll see what happens to these formulae when f is analytic 
and see that (3.10.3) is essentially a Laurent series! Indeed, the results can 
be proven and can be understood without knowing about Fourier analysis. 
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Here is the main theorem: 


Theorem 3.10.1. For a,b > 0, let Qa, be the strip 


O54 = {2 |—a < Imz < b} (3.10.4) 
Any function f on Qa» which is analytic and obeys 
f(z+1) = fz) (3.10.5) 
has an expansion 
f(z)= -s ie (3.10.6) 


converging uniformly on compact subsets of Qa, where, for any y € (—a,b), 


1 
An = | f(a t+ iye 27" Ot) dy (3.10.7) 
0 


Moreover, for any « > 0, there is C, so that 
lan] < Ce(min(e~ 274-2)”, e2n(b-e)n) (3.10.8) 


for alln. Conversely, if {an }°X_., is a sequence of numbers obeying (3.10.8) 
for all n and «, then the series in (8.10.1) converges on compact subsets of 
Qa», and defines an analytic function, f, obeying (3.10.5). 


Remark. The proof shows more than uniform convergence on every com- 
pact set, K. It shows uniform convergence on each Qq—<,p—<- 


Proof. Let 
ioae"" (3.10.9) 
h is a many-to-one map of the strip, Q,, to the annulus, A,z, where 


rae = =R= er (3.10.10) 


Since h(z) = h(w) if and only if h(z)—h(w) € Z, we see that f is constant 
on {z | h(z) = ¢} for all ¢ € A,r. So there is a well-defined function, g, on 
A,R with 


f(z) = g(h(z)) = g(e*™"*) (3.10.11) 


Since h’(z) 4 0 for all z, by Theorem B.4.]] h is locally one-one with 
a local analytic inverse. Thus, with h~! a local analytic inverse near Co, 
we have that g(¢) = f(h~1(C)) is analytic near Co, so g is analytic in the 
annulus. 


The series (3.10.6) is simply the Laurent series for g, (8.10.7) is just 
(3.7.2), (8.10.8) is just (8.7.10), and the uniform convergence follows from 
Theorem 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


134 3. Consequences of the Cauchy Integral Formula 


For the converse, given (3.10.9), it is easy to see the uniform conver- 
gence of the sum in (3.10.6), so f is analytic by the Weierstrass convergence 
theorem (Theorem [3.1.5). Given that 


1 
0 
and the uniform convergence of the series (8.10.6), we see that the a,,’s obey 


(3.10.7). 


Sometimes, we only need the following, which we just proved along the 
way: 


Theorem 3.10.2. Let f be analytic in Qa» where a can be —oo or b can 
be oo. Let f obey (8.10.5). Let r, R be given by (8.10.10). Then there is an 


analytic function g on A;,.R so that 
f(z) = 9(e?™*) (3.10.13) 


Of interest is the case where f is analytic in UJ 
entire periodic functions: 


a,b>0 Sa,b = C, that is, 


Definition. An entire function, f, is said to have period tT € C% if and only 
if for all integers n and all z € C, 


f(z+nr) = f(z) (3.10.14) 
Theorem 3.10.3. Every periodic entire function with period T has an ex- 
pansion, 
[oe] 
ieg=) ac (3.10.15) 
n=—0o 


where, for each B > 0, there is Cp so 

lay| < Cpe 7h (3.10.16) 
Conversely, if {an}?—_,, obeys (8.10.16) for each B > 0, then the series in 
(3.10.15) defines an entire function obeying (3.10.14). 


Proof. If 

g(z) = f(zr™) 
then g obeys the hypotheses of Theorem [3.10.T]on Q, for all a,b > 0, so 
this just becomes a consequence of that theorem. 


Notes and Historical Remarks. The theorems of this section can be 
summarized as: For periodic functions, analyticity conditions are equivalent 
to exponential decay hypotheses on its Fourier series coefficients. If one 
drops the periodicity requirement and replaces Fourier series by Fourier 
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transform, there are analogous theorems associated with the work of Paley 
and Wiener. We return to them in Section [11.1 


For any entire function, f, the set of r € C for which holds is 
called the periods of f. If f is nonconstant, this set is a discrete, additive 
subgroup of C. We analyze the possibilities for this in Section [10.2] where 
we see the set is either {nt1}nez or {nT + MT2}n,m for suitable nonzero 
71,72 (and 72/7 € R). In the latter case, f is called elliptic or doubly 
periodic. In fact, one needs to allow entire meromorphic, not just entire 
analytic functions for nonconstant f to exist. Chapter will study such 
functions. 


Problems 


1. The purpose of this problem is to show that if f(z) obeys f(z+1) = f(z) 
and f(z) = f(—z), then f(z) has a convergent expansion 


0° 
f2\= S° An (cos(27z))” (3.10.17) 
n=0 
with 
lan| < Cre *” (3.10.18) 
for all K > 0. 
(a) Prove that for w 4 +1, cos(27z) = w has exactly two solutions in 
0 < Rez < 1, and for w = 1 or w = —1, exactly one solution. (Hint: 


1 


Look for 7 with n + n~* = w.) 


(b) Prove there is a well-defined function, g, on C so that g(cos(27z)) = 
f(z). 

(c) Prove that w = cos(27z) is locally an analytic bijection if w A +1 
and conclude g is analytic on C \ {+1}. 


(d) Prove that f only has even terms in its power series about z = 0 and 


about z = 5 and conclude g is an entire function. 


(e) Conclude (8.10.17) and (3.10.18) hold. 
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Chapter 4 


Chains and 
the Ultimate Cauchy 
Integral Theorem 


The year 1885 has a special significance in the history of approximation 
theory. It was then that Weierstrass published his famous result which says 
that a continuous function on a closed bounded interval can be uniformly 
approximated by polynomials. The same year saw the birth of holomorphic 
approximation in the celebrated paper of Runge. 

—Stephen Gardiner [201] 


Big Notions and Theorems: Chains, Homologous Chains, Ultimate CIT, Ultimate 
CIF, Ultimate Argument Principle, Mesh-Defined Chains, Simply Connected Regions, 
Multiply Connected Regions, Ultra CIT, Ultra CIF, Runge’s Theorems, Jordan Curve 
Theorem 


Having seen some applications of the CIT and CIF, we return to our 
study of the CIT, that is, for a rectifiable contour y and analytic function f, 


Fle dz =0 (4.0.1) 
; 


We want to know for which f and for which ¥ this is valid. There is actually 
a third player here, namely, the region 2 on which f is assumed analytic. 
We already began the discussion in Section[2.6]of which Q have for all 
f,7, and we’ll continue that in this chapter (and complete it in Section 8. i). 


137 
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We have already found in Theorems 2.2.5] and 2.5.4Ja general answer to 
the question of which f’s have for all y, and one of our main focuses 
in the start of this chapter will be determining for which y’s holds 
for all f’s analytic in Q: we'll actually want more. In essence, in Section[2.7] 
we showed for the annulus A,. pz if p,p’ € (r, R), then 


z)dz— z)dz=0 4.0.2 
» FC) ps ) (4.0.2) 


So we’ll want to consider “sums of contours” and this notion of “chain” will 


be the focus of Section [4.1] 
The canonical example of the failure of (4.0.1) is for Q = Ao1+- where 


nae Le) (4.0.3) 
2771 jel=1 2 

The moral of this chapter is that, in some sense, this is the only example! 
(4.0.1) only fails for 7’s that have nonzero winding numbers for some zo ¢ 2. 
This will be the ultimate CIT, which we’ll prove in Section [4.2] following a 
remarkably simple argument of Dixon. We'll then use this to prove an 
ultimate CIF, ultimate argument principle, ultimate Rouché theorem, and 
ultimate residue theorem in Section [4.3] 


I know some mathematicians who, on philosophical grounds, object 
strongly to this approach pioneered by Artin and Ahlfors. Since this con- 
trary view is illuminating, I want to describe it, even though, for pedagogical 
reasons, I will follow the Artin—Ahlfors approach. 


The point is, that at a deep level, homology is really about the ability 
or inability to fill in chains with disks, often described in terms of singular 
homology as described in Section [1.8] It is a fact that for subsets, 0, of C, 
the first homology group can be described in terms of winding numbers. 
But it is winding about points in the complement, C \ 9, of Q. What if 
there is no complement, as in the study of Riemann surfaces. For a complex 
torus, an object we’ll study in Sections [7.1] and in Chapter homology is 
described in terms of wrapping around the basic cycles. So the reader needs 
to at least understand the approach in this chapter is not suitable for more 
general objects than subsets of C. 


We caution the reader that, despite the name, there are variants of 
the CIT not covered by the ultimate CIT. For example, if f is regular on 
, that is, continuous there and analytic on D, then Freja f(z) dz = 0 by 


taking limits of Gijci—e f(z) dz as e | 0. In fact, if y is a closed Jordan 
curve oriented so n(7, 29) = 1 in the bounded component of C \ Ran(y), if 
Q is this bounded component, and if f is regular in Q, then for zp in the 
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bounded component, 


Zo)= : P(2) dz 
f (zo) f 


a Qi z— 2 
We'll prove this in Section [4.6] (see also the Notes to Section [4.7). 


The moral of the ultimate CIT is that holes in 2 destroy holomorphic 
simple connectivity. We’ll make this precise in Section [4.5] and prove that 
if C \Q has a bounded component, then 2 is not hsc. To do this requires 
a useful technique for constructing polygonal contours, which we present in 
Section [4.4] Since that technique will easily provide a second proof of the 
ultimate CIT, we’ll present that also. There is a third proof of the ultimate 
CIT sketched in the Notes to Section [4.7] 

The technique will also provide a proof (in Section|4.7) of Runge’s theo- 
rem that if kK is compact, C\ K connected, and f analytic in a neighborhood 
of K, then f can be uniformly approximated on K by polynomials. Finally, 
in Section [4.8] we’ll close this chapter on contours and winding numbers by 
proving the Jordan curve theorem for C! Jordan curves. 


4.1. Homologous Chains 


Here we define the notion of formal sums of contours, aka chains, and the key 
notion of homologous chains. Let C(Q) denote the set of all closed rectifiable 
contours y with Ran(y) C Q. The chains in 2, Chain(Q), is the free abelian 
group generated by C(Q). More specifically, a chain, T, is an assignment, 
Nr(y), of an integer to each y € C(Q) so that {y | Nr(7) 4 0} is a finite set. 
If ; and Ig are two chains, their sum I; + Pg is the chain with 


Nera (7) = Np, ea) 1 Nr, (y) (4.1.1) 


Clearly, this makes Chain(Q) into an abelian group. We define Ran(I’) = 
U{Ran(y) | Nr(y) 4 0}. 
If f is a continuous function on Ran(T), we define 


Pflde= YN) fre) dz (4.1.2) 


yNr (7) 40 
Winding numbers are defined as in (8.3.18) by 


n(P20) = pe = Nea) 20) (4.1.3) 


z— £O 


yNr(y)40 
One can invert chains (see (8.3.19) about zo ¢ Ran(L) and get 
n(F,w) = n(L, 29) — n(0, g(w)) (4.1.4) 


the analog of (3.3.20). 
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Figure 4.1.1. Homologous to, but not homotopic to, zero. 


While we have taken Np(y) € Z, it is sometimes useful to allow coef- 
ficients in Q, R, or C; for example, principal value integrals have natural 
coefficients of 5: 


Definition. Two chains, [', and 1g, are called homologous in Q if and only 
if for all 29 € Q, 

nly, z0) = n(To, 20) (4.1.5) 
A chain, I, is called homologous to zero in Q if and only if it is homologous 
to the zero chain, that is, for all zo ¢ Q, 


n(T, zo) = 0 (4.1.6) 


We associate a contour, y, with the chain, I’, with Np(7’) = 4, so that 
we can say a single contour is homologous to zero. 


Since homotopy preserves contour integrals, it preserves winding num- 
bers, and thus, homotopic contours are homologous by Theorem [2.6.5] but 
the converse is definitely not true, that is, homology is weaker than homo- 
topy. Figure [4.1.1] shows a curve in C \ {0,1} which is homologous to zero 
but not homotopic to zero—we will say more about this in the Notes. 


We can now state the two main theorems of this chapter: 


Theorem 4.1.1 (The Ultimate CIT). Let Q be a region, f an analytic 
function on Q, andT a chain homologous to zero in Q. Then 


f fle) iz=0 (4.1.7) 
iy 


Theorem 4.1.2 (The Ultimate CIF). Let 2 be a region, f an analytic 
function on Q, and T a chain homologous to zero in Q. Then, for all w € 
Q \ Ran(P), 

1 (z) 


On —— dz=n(l,w) fiw) (4.1.8) 
mi Jpz—w 


We want to note for now that either theorem implies the other: 


Theorem <= Theorem Given w € 2\Ran(T), and f € 2(Q), 
define g by 
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Then g € 2(Q) and every g arises via this relation (take f(z) = g(z)(z—w)). 
Since 


(4.1.3) <= [oe dz=0 (4.1.10) 
we see the equivalence of (4.1.8) for all f to (41.7) for all f. 


In Section [4.4] we will prove another major result which is motivated by 


Theorem [3.7.3] 


Theorem 4.1.3 (Ultimate Laurent Splitting). Let K CQ Cc C with K 
compact and Q open and connected. Let f be analytic on Q\ K. Then one 
can write 


fHfith (4.1.11) 
where fx, is analytic on C\ K with limz +40 f4(z) = 0 and f_ analytic on Q. 


This decomposition is unique. Moreover, if f is bounded on Q\ K, then f+ 
(respectively, f_) is bounded on C \ K (respectively, Q). 


As a final topic, we briefly consider when two chains, [',,T2, are equiv- 
alent in that 


f(2)a2= f(z) dz (4.1.12) 
QT T2 


for all continuous functions on 2 (not just analytic functions). There are 
four types of equivalence we mention. 


(1) Running backwards: One can replace y by y~! and flip signs. Namely, 


in Tj, replace a y by y~+ and make Np,(y~') = —Nr, (9). 

(2) Combining y’s: If [Ty contain 7,7 with y(1) = 7(0) and Nr, (y) = 
Nr, (¥), one can drop 7,4 and take Nr, (7 *7) = Nr, (7). 

(3) Cyclic reparametrization: Replace y by ¥ | [0,t] * | [é, 1]. 

(4) (the one we'll need later) Cancellation: Suppose y,¥ are two closed 
curves and ¥ | [s1,t,] is a linear reparametrization of ¥ | [s2, t2] but run 
backwards (i.e., for 0 < 8 < 1), 


(0s; + (1 — 6)t1) = 7(Ot2 + (1 — 8)s2) (4.1.13) 


Thus, these cancel and one can drop y,¥ (i.e., decrease their Np’s by 
one) and add ¥ | [é1, 1]*¥ | [0, s2]*¥ T [t2, 1]* T [0, 51]; see Figure[4.1.2] 
We'll call this matched contour cancellation. 


NS 


Figure 4.1.2. These two chains are equivalent. 
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Notes and Historical Remarks. The idea of stating a CIT for general 
regions and curves in terms of homology, as defined by winding numbers, was 
in the first edition of Ahlfors’ book [9], following a suggestion of E. Artin. 


Homology is usually defined (see standard books on algebraic topology 
such as Hatcher or see Section [L.8) in terms of curves or formal sums 
of curves bounding areas. Intuitively, at least, this should be equivalent to 
winding number and that can be proven using singular homology for the 
open regions in C we are considering. 


The family of chains is an abelian group and the set of chains homologous 
to zero is a subgroup, so the quotient of equivalence classes of homologous 
chains is an abelian group, called the first homology group. The group of ho- 
motopy classes of curves, aka fundamental group, is, in general, nonabelian. 
Hurewicz’s theorem (see Theorem [1.8.1) says that, in fact, the homology 
group is the abelianization of the fundamental group for arcwise connected 
spaces. Figure exactly shows a commutator. 


4.2. Dixon’s Proof of the Ultimate CIT 


Quite remarkably, the proof of the ultimate CIT found by Dixon is elegant 
and really simple. 


Lemma 4.2.1. Let 2 be a region and f € A(Q). Define for z,w € Q, 


f(z) — fw) 
G(z,w) = gay} * Ce (4.2.1) 
f(z), z=w 
Then, G is jointly continuous, and for each fixed z, w + G(z,w) is analytic 


inweQ. 


Proof. Continuity at points in {(zo,wo) | zo # wo} is trivial and at z = 
w = zo by writing f(z) = [P29 an(z — 20)”, so 


we get continuity. 


Analyticity in w ¥ z is trivial and w = z is handled either by writing 
out the Taylor series or appealing to the Riemann removable singularity 
theorem (Theorem [3.8.1). 


Proof of Theorems [4.1.1] and [4.1.2] As noted, it suffices to prove the 
ultimate CIF. Let 


Q = {z ¢ Ran(L) | n(P, z) = 0} 
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By hypothesis, QU Q= C, and clearly, both are open since n is continuous 
and integer-valued. Since C is connected, AND ¥ 0. 


For w € 2, define 
F(w) = 25 f f(z) — Fw) dz (4.2.2) 
2mi Jp =z -—w 
and for w € Q, define 


Cn eee cae (4.2.3) 


- Qri Jpz—w 


F and F are analytic in their regions of definition by Theorem B.1.6} 
In Q, clearly 
F(w) = F(w) — f(w)n(T, w) (4.2.4) 
This implies that F = Fon Q2nNQ so, by Proposition [2.3.10] F can be 
continued to C and so defines an entire function. 
Clearly, 
-1 


F(w)|< su z inf |z—w > 0 
Few) s__sup LIC pat, 


as w — oo. So, by Liouville’s theorem (Theorem [3.1.10), F = 0. Thus, by 
(4.2.2), (4.1.8) holds. 


Remark. This proof is due to Dixon in 1971 [146]. 


4.3. The Ultimate Argument Principle 


Given the ultimate CIF and the steps we used to go from the ordinary CIF 
to the argument principle and residue theorem, their ultimate versions are 
easy. 

Given T, a chain in Q, we define out(I), the outside of T, to be those 
zo € C\Ran(TL) with n(T, zo) = 0 and ins(T), the inside of T, to be C\out(T), 
so it is Ran(T) union those z € C \ Ran(I) with n(T,z) 4 0. If T is 
homologous to 0 in Q, ins([) C Q and, always, out(I) is open and ins(T) 
closed, indeed compact. 

If f is a meromorphic function on Q, then, since ins(I’) is compact, f 
has only finitely many poles in ins(I’) and we can find Q Cc Q, a region, so 
that the only poles of f in Q lie in ins([). Clearly, if [ is Q-homologous to 
zero, it is Q-homologous to zero. 


Theorem 4.3.1 (Ultimate Residue Theorem). Let Q be a region, T a chain 
homologous to zero, and f a meromorphic function on Q with no poles on 
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Ran(I). Let {zj}jo be the positions of the poles of f in ins(I). Then 


1 


N 
ee => n(T, z;)Res(f; 2;) (4.3.1) 
Tt mT 


Proof. Let p;(z) be the principal part of f at z;. Then (8.9.4) holds with 
g analytic on Q, so (4.3.1) follows from 


1 

— f pj(2) dz= n(T, 2) Res(f; 23) (4.3.2) 

27t Jr 

which in turn follows from 

1 dz 

= n(T, z;)d, 4.3.3 
aK (z— z;)* n( 25) k1 ( ) 
fork = 1,2,.... For k = 1, this is the definition of winding number, and for 


—k 


k > 1, it is zero by noting that (z — z;)~* is a global derivative on T. 


If f has no zeros or poles on Ran(I), f’/f has poles exactly at the 
positions of the zeros (respectively, poles) of f with residues the order of the 
zero (respectively, the negative of the order of the pole). Thus, 


Theorem 4.3.2 (Ultimate Argument Principle). Let 2 be a region, T a 
chain homologous to zero, and f a meromorphic function on Q with no 
zeros or poles on ae ). Let 2 be the zeros of f in en with order 


tig hee , and let {pj}j2 , be the poles of f with orders {my}j2 . Then 


ei ae ere eee 
= g He dz Donation (4.3.4) 


As usual, we get an ultimate Rouché theorem: 


Theorem 4.3.3 (Ultimate Rouché Theorem). For f nonvanishing on 
Ran(T), let Np(f) denote either side in (4.3.4). If f and g are analytic 
functions in Q, T is homologous to zero on Q, and on Ran(P), 
If(2) — 9) < |f)| + lo) (4.3.5) 
then 
Nr(f) = Nr(g) (4.3.6) 


Proof. Identical to the proof of Theorem 


Notes and Historical Remarks. There is a version of analogous 
to (8.3.23). If is a chain with continuous paths, homologous to zeros on 2 
in the sense that n(T', w) = 0 for w ¢ Q, if f is meromorphic on 2 with no 
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zeros or poles on Ran(T) and if {ry} {pi}21 are the zeros and poles at 
points in 2 with n(T, z) 4 0, then 


Nz Np 
n(f oT',0) = S_ ngn(P, 23) — 55 myn(V, p,) (4.3.7) 
A j=1 


4.4. Mesh-Defined Chains 


One of our goals in this section is to prove 


Theorem 4.4.1. Let Q be a region and K a compact subset of Q. Then 
there exists a chain, 1, homologous to zero in Q so that Ran(T)N Kk = 0 
and 
1, ze K 
n(T, zo) = 0, 20 ¢ Q (4.4.1) 
0 orl, for every z ¢ Ran(T) 


This result will be the key to our proof in the next section that 
Q hsc = every component of C \ Q is unbounded (4.4.2) 


and of Runge’s first theorem that for any compact K, any analytic function 
in a neighborhood of K can be uniformly approximated on K by rational 
functions. 


By slightly modifying the construction, we’ll also find a second proof, 
due to Beardon, of the ultimate CIT. Given the simplicity of the Dixon 
proof, we don’t have a need for a second proof, but since it is just a few 
lines, given the machinery to prove Theorem [4.4.1] we give it. 

All the chains in this section are not only consisting of curves but of 
polygons, indeed ones whose sides are parallel to the axes. Here is the basic 
construction: Given 6 > 0 and z = %9 + tyo € C, we define the associated 
mesh to be the family of open squares indexed by a € Z? with 


Aa = {eatin 


6 6 
|x — 2 — a 0| < 5? ly — yo — a2d| < “} (4.4.3) 


As we run through a, the different A, are disjoint with A, 9 Ag either 
empty or a single side or a single corner. Moreover, 


Ja. =C (4.4.4) 


Given 5, zo, and a finite subset, J C Z?, we define a contour Ty as 
follows. We start with each OA,, thought of as a closed contour going 
counterclockwise around the sides of the square, starting at the lower-left 


corner. ['y = Vacs Aa. If J contains a nearest neighbor pair, (a, 3) (ie., 
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Figure 4.4.1. A mesh-defined contour. 


with Ja — 8| = 1), then OA, and OAg have a single side in common, but 
the directions are opposite. So we can remove them by matched contour 
cancellation (see the end of Section[4.1). By doing this successively for each 
neighboring pair, we get I'7, a collection of closed polygons so that each 
segment bounds two squares in the mesh, one in J and one not in J (see 
Figure [4.4.1). We’ll also define 


Az =|.) Be (4.4.5) 
acd 


I; is the boundary of A,;, wrapped around counterclockwise. Viewed 
this way, there is an ambiguity at points which are corners of exactly two 
squares touching in a point (see Figure [4.4.2{a)). The rule at such corners 
is to take the paths that bend (Figure [4.4.2(b)). This issue only arises if 


we think of Ty as 0A;—if we think of it as [7 with removed edges, the 
orientations of 7 determine the behavior at such corners. 


Proposition 4.4.2. We have that 


(a) Ran([y) = 0A, (4.4.6) 
(b) n(T yz, 20) =90 forall 2 €C\ Ay (4.4.7) 
(c) n(Ty, 20) =1 for all z € Az \ OAZ (4.4.8) 
Proof. (a) Ran(Py) = Uses A4a and contour cancellation removes the 


borders of this union that are in ins(A,). 


(a) (b) 


Figure 4.4.2. At crossing boundary lines, choose the path that bends. 
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(b), (c) We note that 


1, z€ Aa 


_ (4.4.9) 
0, z€C\Aa 


nos, z0) = 
Thus, n(T'y, 20) =1 if 2 € Uses Aa and 0 if 2 € C\ Ay. Since Py and Vy 
are equivalent, for zo ¢ Ran(Iy) U Ran(T‘z), n(Vy, 20) = n(Ty, 20), proving 
(b) and (c) for z € Uge; Aa. Since n(I'y, -) is continuous on components 
of C\ Ty, we get (c) in general. 


Proof of Theorem Pick 6 > 0 so that 
6/2 < dist(K,C \ Q) (4.4.10) 


Pick zp = 0 and let 
J=fo|KiAgA7v (4.4.11) 


Let I'y be the chain constructed above and A, given by (4.4.5). By 
(£4.10), if z € Aj, then z € O (for z € some Ag, so that there is w € K 
with |z — w| < 6/2). Thus, since Ran(Iy) Cc Aj, we see that Ty is a chain 
in Q. 

Since we have proven that Ay C Q, by (44.7), Tis homologous to zero, 
and the middle of holds. 


KM Ran(L) = 0, since any edge in Ran(I) is in some Ag with 6 ¢ J. 
Thus, since K Cc Aj, (448) implies the first of (44.1). Finally, by (44.7) 
and (4.4.8), we have the final line of (44.1). 


For the second proof of the ultimate CIT, we need a strengthened form 
of Theorem [4.4.1] 


Theorem 4.4.3. In Theorem|44.1] suppose Q is bounded. Then the contour 

can be picked so that for every w € Ran(L), there is z € C\Q and a curve 

y with 7(0) = w, y(1) = z, and Ran(y)N K =9. In addition, we have for 
any zo © K and any f analytic in Q, that 

1 f(z 

720). = = @) 


«Oni Jp z— 2 


dz (4.4.12) 


Proof. Pick 6 so that holds, z9 = 0, but now 
J=da|Agc oO} (4.4.13) 
which is finite since (2 is bounded. 


If w € Ran([‘;), then the edge containing w must be contained in both 
a square, Aj, in © and one, Ag, not entirely in Q, that is, there is z € 
Agn(C\Q). Thus, by (£4.10), Ago K = 0, so the straight line from w to 
z is the required y. Also, by (4.4.10), K c Ay. 
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That leaves (4.4.12). For zo € Aq for some a € J, and all 6 € Z?, 
1 _ 
fle) — Flea) 9. 


271 dAg z— £ 


=0 (4.4.14) 


since Ag is convex and g(z) = (f(z) — f(zo))/(z — zo) is analytic in a 
neighborhood of Ag. By (44.9), we see 
f(z) 
— —— dz = ba 4.4.15 
Fri Pag, Pag = Pas) (4.4.15) 
which proves for such zo and I\; replaced by Ty. But then by 


equivalence, we can replace ['y by Ty and use continuity to get the result 
for A; \ Ran(T7) D K. 


Second Proof of Theorems and Let I be the given chain 
and kK = Ran(I). Pick R so large that K C {z | |z| < R}. For |z| > R, 
n(T, z) = 0 since n(T, z) > 0 as z > co, n(T, -) is continuous on {z | |z| > 
R} integral. Then T is homologous to zero with respect to ON {z | |z| < R}, 
so without loss, we can suppose 2 is bounded. 

Therefore, Theorem is applicable and we let I. be the contour 
guaranteed by it. For z € C\Q, by hypothesis, n([,z) = 0, so for w € 
Ran(I), 

n(T,w) =0 (4.4.16) 
because n(T, z) is continuous on the curve y guaranteed by the theorem. By 


for z € Ran(T), 


f(z) = = D fw) dz (4.4.17) 


Thus, by Fubini’s theorem and boundedness of f(w)/(w—z) for w € Ran(T), 
z € Ran(L), 
aie fw) 


-frore(f 


= — f F(w)n(P,w) dw 
i 
=0 


by 4.16). 


Proof of Theorem (Ultimate Laurent Splitting). Let ro be a 
mesh chain as given by Theorem [4.4.1] Define 


ins(T?) = {z ¢ Ran(T) | nr, z) = 1} (4.4.19) 
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and 

out(L?)) = {z ¢ Ran(T) | n(r{, z) = 0} (4.4.20) 
Since ins(I'.?) U Ran(T”) is compact, we can find a mesh chain, ro, with 
ins(I)?) U Ran(P”) = ins(T)’) Cc ins(T?’). 


Define FO (respectively, FO) on ins(T) (respectively, C \ ins(M)) 
by 
Mgj=) 202 Poe.) 29" aan 


fp wz po) w—z 


It is easy to see that ee is Q\.K homologous to 0 and n(rO—r, Z)= 
1 for all z € ins(P) \ ins(M0), so by the ultimate Cauchy formula, for 


such z, 
f2=hO+L) (4.4.22) 
By shrinking mesh size, it is not hard to find ree, re” inductively so 
that 
ins(TTY) cins(T™), ins(TY) c ins(TY*) (4.4.23) 
and 
(inst) = K,  ins(r() = 2 (4.4.24) 
n=1 n=1 


If we define f (n) by the analog (4.4.21), by the ultimate Cauchy formula 


again Me) = f(z) on the sets where both f(” and f+” are defined. 


Thus we get a single function f; analytic on C\ K and f_ analytic on Q, so 
that holds on 0 \ Kk. Clearly f(z) —+ 0 as |z| > co. This shows 


existence. 
We get uniqueness as in the proof of Theorem[.7.3] If fs +f_ = gi+g9_, 
ft -—94 =—f-+g9- on 2\ K, so we get an entire function h going to zero 


at infinity, so 0, i.e., fp = 94, f- =g_. 


Since f, — 0 at infinity and is analytic in a neighborhood of Ran(P), 
it is bounded on C \ ins(T Py Since f_ is analytic in a neighborhood of 
ins (r), it is bounded on ins (ry). If f is bounded on 0\ K, fy = f—fL 
is bounded on ins (0 (0) ) \ & and, therefore, on C \ K. A similar argument 
works for f— on 2. 


Notes and Historical Remarks. Mesh-defined contours go back at 
least to Saks—Zygmund (they appear on page 155 of the third English 
edition (1971); the Polish first edition was published in 1938). They have 
been used in Ahlfors’ book [9] where the Beardon proof was presented. 
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While the subtlety shown in Figure is easy to overcome, Ash-— 
Novinger has an interesting way to avoid it: define contours based on 
hexagons rather than squares. In that case, three edges come together at 
each point and, after removing duplicate edges, only two edges can come 
into a vertex, and there is no ambiguity to resolve. 


4.5. Simply Connected and Multiply Connected Regions 


In Section [2.6] we defined 2 to be holomorphically simply connected if and 
only if f, f(z) dz = 0 for all f € 2(Q) and all closed rectifiable curves, y, 
in Q. The ultimate CIT implies that this is equivalent to n(y, z) = 0 for all 
such y and all z ¢ Q. Here we’ll pursue this further by proving: 


Theorem 4.5.1. Let Q be a region in C. The following are equivalent: 


(1) In ¢,¢ \ Q is connected. 
(2) Every component of C\ Q is unbounded. 
(3) Q is hse. 


Remarks. 1. For now, C is just the one-point compactification of C, that 
is, C together with an extra point called {oo}, so that the open sets in Cc 
are the open sets in C plus the complements in C of compact subsets of C. 
We’ll put a lot more structure on C in Chapters [6] and [7] 


2. If is bounded, (1) is equivalent to C \ Q being connected, but as 
Q = {z | |Imz| < 1} shows, if 2 is unbounded, (1) can hold even though 
C\ QQ is not connected. 


3. Recall (see Section 2.1 of Part 1) that a component is a maximal connected 
subset, that such sets are always (relatively) closed, and that the components 
are a disjoint decomposition of the space. 


Since n(z,y) is constant on each component of C \ Ran(y) and 
lim,z,o0 n(z, y) = 0, n(z, y) = 0 on each unbounded component of C \ 2, so 
by the ultimate CIT, (2) > (3). We will prove (3) => (1) below. Thus, (2) 
= (1). That (2) = (1) is a general topological fact that only depends on C 
being a compact, connected metric space. We proved it as Theorem 5.4.24 
of Part 1. That the result (1) = (2) is subtle can be seen that it can fail if 
Q is not assumed open (see Example 5.4.23 of Part 1). 


Proof that (3) => (1) in Theorem [4.5.1} We'll prove ~ (1) > ~ (3) 
which is equivalent. If Cc \ Q is not connected, we can find A, B disjoint 
subsets of this space both relatively open and closed. Suppose oo € B. 
Then A is a compact subset of C since BU is an open neighborhood 


of oo. Thus, in C, dist(A, B) > 0, and thus, 2 = 2.U A is open in C. By 
Theorem [4.4.1] with K = A and 0 = Q, there is chain TP with Ran(T) c 2 
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(=2\ A) so n(T, zo) = 1 for any zo € A. But then 1/(z — zo) € A(Q) and 
g, f(z) dz £0, so 2 is not hse. 


A region 2 so ¢ \ Q is connected is sometimes called simply connected. 
We already have used hsc and tsc (in Section [2.6]. We’ve just seen this 
notion is equivalent to hsc and we’ll see eventually (Theorem that 
these are equivalent, so the name is reasonable. 


irc \ Q has more than one component, then it is called multiply con- 
nected; if there are n components, it is called n-connected. One can speak 
of doubly connected if n = 2. An annulus is doubly connected. A disk with 
k, disjoint closed disks removed is (k + 1)-connected. 


4.6. The Ultra Cauchy Integral Theorem and Formula 


Our goal in this section is to prove the following, which says that if f is con- 
tinuous on a rectifiable Jordan curve, y, and if f has an analytic continuation 
to the inside of y, then 


Fe dz=0 (4.6.1) 
i 


Theorem 4.6.1 (Ultra CIT/CIF). Let y be a rectifiable Jordan curve and 
Q the bounded component of C \ Ran(y). Orient y so that n(y, z) = 1 for 
z€Q. Let f be regular on Q = QU Ran(y). Then holds, and for 
any 27 €Q, 


fag ae (4.6.2) 


277% ny & — 20 


Our proof will exploit the Banach indicatrix theorem (see Theo- 
rem 4.15.7 of Part 1). The Notes to Section [4.7] will sketch another proof, 
given an approximation theorem (Mergelyan’s Theorem) that we will prove 
in Section 6.10 of Part 4. 


Proof of Theorem Let L = length of y. For n = 2,3,..., let dn = 
L/n and pick n points 2”), ies ot) on Ran(7) so that they lie consecutively 
in a counterclockwise direction, and the length of each segment, obtained 
by deleting these points, is L/n. 

Consider lines Rez = a. Since the z-component of y has bounded 
variation, Banach’s indicatrix theorem (see Theorem 4.15.7 of Part 1) implies 
that for almost every a, these lines have finitely many intersections with ¥. 
The same is true for the lines Im z = §. It follows that if we consider grids 
with spacing, 6,, for almost every choice of the center of squares Ag, all the 
grid lines have only finitely many intersections with y, so since y is bounded, 
the intersections with the grids are finite. Fix such a choice. 
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Break all {Aa}qez2 into three collections: those with A™ C Q, the 
bounded component of C \ Ran(y); those with A Cc C\ QO, the unbounded 
component; and those with A A Ran(y) 4 0. Given that there are only 
finitely many intersections, we include all squares. We'll call them inner, 
outer, and boundary squares. Any collection of more than four squares 
must have two whose boundaries are disjoint, so a distance > 6, from each 
other. It follows that each segment of 7 intersects at most four squares, so 
there are at most 4n boundary squares. 

For each inner and boundary square, Ag, let yg be the boundary of 
Am, that is, OA, if Ag is inner and pieces of OAg, and of 7 if Ag is a 
boundary square. The parts that are boundaries of A, cancel, so 


hfe dz = Ss f(z), dz (4.6.3) 


{a|Aq inner or boundary} * 7 


= YS $UO-Hedlaz (464) 
Yo 


{a|Aq boundary} 


since $.,, f(z) dz = 0 for inner squares (by the usual CIT or a limit if yo 
contains single points of y). In adding — f(z.) with zg € AgNQ, we use the 
fact that if yq is a closed rectifiable curve, then gy, dz =0. 


It follows from that 
f Fle) ae 
is 


L(y) comes from parts of A, of size at most 46, and a piece of y—the 
sum of these pieces has length at most L(y), so 


RHS of < sup [f(z) — f(w)|[Lq) + (46n)(4n)] 


ree, 
=[17L()] sup [f(2) — Fw) 


|z—w|<dnV2 


< sup |f(z)—fw)l >> Le) (465) 


wEeQ 
\z ules Va {a|Aq boundary} 
= —V tt 


Since J, > 0 as n + oo and f is uniformly continuous on 2, this goes 
to zero as n — oo. Thus, ¢ f(z) dz = 0, proving the ultra CIT. As usual, 
applying the CIT to (f(z) — f(zo))/(z— 20), we get the ultimate CIF. 


Notes and Historical Remarks. Theorem is a result of Denjoy 
[137], Heilbronn [248], and Walsh (see also Beckenbach [85]). The 
proof we give, which I learned from P. Deift and X. Zhou, is due to Chen 
[114]. For other proofs, see Kunugi and the Notes to Section [4.7] 
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4.7. Runge’s Theorems 


In this section, we discuss approximation of analytic functions by polynomial 
and rational functions. This seems far afield from the subject matter of this 
chapter—it is here because the key to the proof is the mesh-defined contours 
of Section [4.4] In addition, as we explain in the Notes, there is a third proof 
of the ultimate CIF that depends on Runge’s theorem. One uses the CIF 
for rectangles and mesh-defined contours to get Runge’s theorem, proves the 
ultimate CIF for rational functions, and uses density and Runge’s theorem 
to get the full ultimate CIF. Finally, we mention that in the Notes, we’ll 
discuss how a different approximation argument implies a CIF for boundaries 
of Jordan regions. 


For background, recall the classical Weierstrass approximation theorem 
(proven in Section 2.4 of Part 1): Given any continuous function, f, on [0, 1] 
and every € > 0, there is a polynomial, p, so ||f — plloo = suPzejoay|f(z) — 
p(a)| < €. Equivalently, the polynomials are ||-||,.-dense in C((0,1]). The 
analog for general sets in C is false because of a different result of Weierstrass: 
the Weierstrass convergence theorem (Theorem[3.1.8) that a uniform limit of 
analytic functions on an open set is analytic. Thus, for example, a uniform 
limit on D of polynomials is regular, that is, continuous on D and analytic 
on D. The reader is asked in Problem[I]to prove that every regular function 


on D is a uniform limit of polynomials. 


The best approximation theorem for K C C compact with C \ Kk con- 
nected (Mergelyan’s theorem, stated formally in the Notes) says that any 
regular function on K can be uniformly approximated by polynomials. We 
will not prove this result here (but will in Section 6.10 of Part 4) but only 
the weaker: 


Theorem 4.7.1 (Runge’s Second Theorem). Let K be a compact subset of 
C with C\ K connected. Then given any ¢ > 0 and any function, f, analytic 
in a neighborhood of K, there is a polynomial, p, so that holds. 


There is also a theorem for general compact K: 


Theorem 4.7.2 (Runge’s First Theorem). Let K be a compact subset of C. 
Then given any € > 0 and any function, f, analytic in a neighborhood of K, 
there is a rational function, p/q, with all poles in C\ K so that 


4 


<€ (4.7.1) 
K 


In this section, we’ll prove the two Runge theorems (and a somewhat 
stronger version of the first Runge theorem). We emphasize that K need not 
be connected in Runge’s theorem, and this is the basis for some remarkable 
constructions (Problems [4] [6] and [7). 
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Proof of Theorem [4.7.2} Let 2 5 K be the open set on which f is an- 
alytic. Let [ be the mesh-defined chain assured by Theorem (Note 
that K, and so 2, may not be connected, so 2 may not be a region, but the 
proof of Theorem [4.4.1] did not use connectedness of 2.) 


By and the ultimate CIT, for all z € K, 


f= 55 f 1 (4.7.2) 


w—z 
By definition of contour integrals, the right side of (47.2) is a limit of 
Riemann sums, and by the uniform continuity of (w — z)~! for w € T, 
z € K, these sums converge uniformly on K. Thus, f | K is a uniform limit 
of 33 cn f (Wn)/(wn — z), which are rational functions. 


Proposition 4.7.3. Let K C C be compact and let Q be a connected subset 
of C\ K. Fiz z € Q and let Rz, be the closure in C(K) in ||-||K of the 
polynomials in (z — z)~!. Then Rz, contains (z — 2)~* for every z1 € Q 
and everyk = 1,2,.... If Q is unbounded, one can replace Rx, by Roo, the 
closure of the polynomials. 


Proof. Let Q1 = {21 € Q | (z-—2)71 € Ra}. Qi is nonempty since 
z € Qy. Since 2%, > 2p all in Q implies ||(- — z,)~+ — ¢ — 200) 11k > 0, 
Q1 is closed. If z1 € Q; and R = dist(z,, K) > 0 and |z_ — z| < R/2, then 
[oe] 
(2-22) = SO (a—ajy*(z- ay? (4.7.3) 
n=0 
gives a ||-||« convergent expansion in polynomials in |z — z,|~+. Since (z — 
21)! is a uniform limit of polynomials in (z — zo)~!, we see that z2 € Q1. 
Thus, Q1 is open, and thus, by connectedness, Q; = Q. 


When Q is unbounded, let R = sup{|z| | z € K} < co and let Q1 = {21 € 


Q| (2-21)! € Reo}. Since |2i| > 2R implies (2—z)-! =- D%y zy"), 
we see 21 € Qi, so Q; is nonempty. That it is open and closed is the same 
as above. 


Proof of Theorem [4.7.1] By a partial fraction expansion, any p/q with 
poles in C \ K is a sum of (z — 21)~*, so by the proposition, approximable 
by polynomials. 


Remark. Proposition[4.7.3]also implies that Theorem[4.7.2]can be improved 
to allow q to have all its zeros in a fixed set, S, with one point in each 
bounded component of C \ Kk. 


Finally, when kK C Q, we’d like to know any function analytic in a 
neighborhood of K can be approximated by functions analytic in Q. The 
example Q = D, K = {z| 4 < |z| < #} and f(z) = 271 shows this isn’t 
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true in general. Basically, one needs every component of C \ A to contain 
points of C \ Q (with a special rule for unbounded components). Here is a 
case where it’s true and which we'll need in Section 


Theorem 4.7.4. Let Q C C be a region, and fore > 0 and R finite, define 
the compact set K by 


K={z€Q| |z| < R, dist(z,C\Q) => e} (4.7.4) 


Then for any function, f, analytic in a neighborhood of K and 6 > 0, there is 
a rational function, g, with poles in C\Q so that || f—g||x <6. In particular, 
2A(Q) is dense in ||-\|K in the functions analytic in a neighborhood of K. 


Proof. Let Q be a bounded component of C \ K. We claim Q contains 
points of C \Q. For, since Q is bounded, Q Cc {z | |z| < R}, and so if 
yo € Q, dist(yo, C \ Q) < €. Pick x) € C\Q so that dist(yo, v9) < ¢. Then, 
with y(s) the line segment, 7(s) = sao + (1 — €)yo, dist(y(s),C \ Q) < e, so 
y(s) € C\ K. Thus, yo is the same component of C \ K as xo. 

By Theorem [4.7.2] there is h a rational function with poles in C \ Kk so 
that || f — hllk < 6/2. Then, by Proposition [4.7.3] we find g with poles in 
C\ Q for bounded components and a polynomial part (for the unbounded 
component), so ||h — g|lx < 6/2. 


Remarks. 1. The above proof shows that if 2 is simply connected (in 
the sense of (1)—(3) of Theorem [4.5.1), then K given by (4.7.4) has C \ k 
connected. For since K is compact, C \ K has at most one unbounded 
component. If C \ A had a bounded component, by the above proof, it 
would contain points of C \ 2, so a component of C \ Q, so it wouldn’t be 
bounded after all. 


2. In Problem B] the reader will prove an improvement of Theorem [4.7.4] 
that shows if f is nonvanishing on K, then g can be picked rational with no 
zeros or poles on 9). 


Notes and Historical Remarks. Carl David Tolmé Runge (1856-1927) 
was a German mathematician, experimental physicist, and applied mathe- 
matician. Carl was born in Bremen but spent his early years in Havana, 
Cuba where his father traveled as Danish consul. His mother was British 
and his parents spoke English at home so that their children would be flu- 
ent in the language. When Carl was seven, his father died and his mother 
returned to Bremen to raise her eight children. After he graduated from 
secondary school, his mother took him on a six-month tour of the cultural 
centers of Italy. 


He began studying mathematics and physics in Munich where he met 
and became lifelong friends with Max Planck. After two years, he and 
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Planck moved to Berlin where, attracted by the courses of Kummer and 
Weierstrass, he shifted to pure mathematics. His 1880 thesis on differential 
geometry was formally supervised by Weierstrass but it was on a topic he 
came up with in discussion with the other students. He then worked in the 
group around Kronecker in Berlin but did not publish much until he visited 
Mittag-Leffler in Stockholm who encouraged him to publish and accepted 
a number of papers in Acta (the journal Mittag—Leffler had founded) in 
1884-86 including the one on the theorems of this section. 


In Berlin, Runge became friendly with professor of physiology, Emile du 
Bois-Reymond, brother of the mathematician Paul, and became engaged to 
Aimée, Emile’s daughter, but her father wouldn’t allow the marriage until 
Runge obtained a professorship! As a result, Runge moved to Hanover in 
1906 where he was made a professor. He was in Hanover for 18 years during 
which time he mainly worked on experimental and theoretical spectroscopy, 
including the determination of the spectrum of the recently discovered he- 
lium. He also worked on numerical analysis producing in 1895 a method 
for solving ordinary differential equations that, after a refinement by Martin 
Kutta (1887-1944), became known as the Runge-Kutta method. 


Recognizing his talents, Klein arranged an appointment as a professor 
of applied mathematics in Gottingen where he joined Hilbert, Klein, and 
Minkowski starting in 1904 until his retirement in 1923 (the special nature 
of what Klein had done is seen by the fact that his successor, Gustav Herglotz 
(1881-1953) did not have “applied” in his title). Max Born was a student 
of Runge. 


One can ask how small the error is in Theorem [4.7.1] for || — P,|| as a 
function of n = deg(P,,). In Problem [8] the reader will reconstruct a proof 
of Szegé that, in the simply connected case, it is O(e~°”) for some a > 0. 


For simply connected K, the best general approximation result is 


Theorem 4.7.5 (Mergelyan’s Theorem). Let K be a compact subset of C 
with C \ Kk connected. Then given any ¢ > 0 and any function, f, regular 
on K, there is a polynomial, p, so that 


If — pllx = sup |f(z) — p(z)| <e (4.7.5) 
zeKk 


Runge proved his theorem in 1885 (there was related work by 
Appell slightly earlier). Remarkably, while Mergelyan’s theorem 
(Theorem [4.7.5) uses related ideas to Runge, it was only proven 67 years 
later in 1952 [380]. For a proof, see, Theorem 6.10.4 of Part 4 or, for 
example, Greene and Krantz Ch. 12). 


Just as Mergelyan’s theorem extends Runge’s second theorem, one might 
hope that there is a similar extension of the first Runge theorem, that is, 
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that for any compact K, any f regular on K can be approximated uniformly 
on K by rational functions. This hope is unfounded—a counterexample can 
be found in Example 6.10.12 of Part 4. 


Another theorem in the circle of ideas is the following, which we prove 
in Part 4 as Theorem 6.10.1: 


Theorem 4.7.6 (Hartogs—Rosenthal Theorem). If kK Cc C is compact and 
of zero planar Lebesgue measure, then any continuous function on K is a 
uniform limit in ||-||z of rational functions. 


For a proof as well as a discussion of other results on rational and poly- 
nomial approximation, see Section 6.10 of Part 4 or Gamelin [198]. There 
is an enormous literature on analogs of Runge’s theorem in several com- 
plex variables; see Gamelin [198], Stout [545], Browder [78], and Leibowitz 
352). 


While we used the ultimate CIF in our proof of Theorem [4.7.2] we used 
it only for a mesh-defined contour which is a sum of squares for which the 
CIF is known from the star-shaped case. Once we have Theorem 
we can use it to prove the general ultimate CIF, which is easy for rational 
functions. This approach of proving Runge’s first theorem first and using it 
to prove the ultimate CIF is the one of Saks—Zygmund [500]. 

Similarly, Mergelyan’s theorem (proven in Section 6.10 of Part 4) allows 
a quick proof of Theorem [4.6.1] 


Proof of Theorem Mergelyan’s theorem for 2 shows that it suffices 
to prove (4.6.2) when f is a polynomial P. Let 


P(z)-P 
Qe) = = Po) (4.7.6) 
zz 2) 
This is also a polynomial, so a global derivative, so g, Q(z) dz = 0. Thus, 
RHS of (4.6.2) = P(zo)n(7, 20) = P(z0) (4.7.7) 


A different approach to polynomial and rational approximation to ana- 
lytic functions using approximations by lemniscates is due to Hilbert [258]; 
see also Walsh and Hille [262] Ch. 16 of Vol. 2]. 


Problems 


1. Let f be analytic in D, continuous in D. 
(a) Prove that if f,(z) = f(rz), then lim,y||f — fr||p = 0. 


(b) Prove that the Taylor series for f, converges uniformly on D. Con- 
clude f is a uniform limit on D of polynomials. 
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2. 


Licensed to AMS. 


Prove a converse to Runge’s second theorem as follows. 


(a) Given a compact K C C, let 2 be the unbounded component of C\ 
and let kK = C\Q. Prove that any function, f, analytic in a neighborhood 
of kK has 


sup | f(z)| = sup |f(z)| (4.7.8) 
2eK zek 
(b) If K #K,2€ K \ K, and p is a polynomial such that 
1 
sup — p(z)| < ¥ sup |z— zo| 
zeK |*% — 20 2eK 


prove that f(z) = 1— (z— 20)p(z) violates (4.7.8). 

(c) Prove that if K C C is compact and has the property that any function 
analytic on K can be approximated in ||-|| by polynomials, then C \ Kk 
is connected. 


. Under the hypothesis of Theorem [4.7.4] suppose also that f is nonvan- 


ishing on K. This problem will prove g can then be picked nonvanishing 
also. 


(a) For any a € C \ K, prove that there is b € C\ and a polygonal 
path, Ty, C C \ K, connecting a to b. 

(b) Prove that there is hay analytic in a neighborhood of K so that 
exp(hav(z)) = (z — b)/(z — a) on K. (Hint: Prove for any path 7 in 
C\Ta, with H(z) = (z—b)/(z — a), we have x4, f, eh dz = 0 and 
define ha, so hi, = H’'/H.) 

(c) Given any a1,...,@m € C\K and any ¢, show there exist b),..., bm € 
C\Q and h analytic on 2 so that 


m 


(d) Prove the g in Theorem [4.7.6] can be picked nonvanishing on 2. 


. The purpose of this problem is to lead the reader through a rather re- 


markable application of Runge’s theorem, the existence of a sequence of 
polynomials, pn (note that pn is not claimed to have degree n) so that 


lini, (0) = 15 For any fixed z 4 0, lim p,(z) = 0 (4.7.9) 
N—-+O0o Noo 
We’ll comment on the significance of these sequences below. 


(a) Let (see Figure [4.7.1) 


Kn = [{2| lz] Sa} \ {2 | dist(z, Dn)) < n"}] U {0} U E v7 
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. The purpose of this problem is to construct a function f analytic on 


ty 


Figure 4.7.1. The set K, for n = 4. 


Prove that K,, is compact and C \ K,, is connected. 


(b) Let f,, be the continuous function on K,, with f,(0) = 1 and f,(z) = 0 
for z € K, \ {0}. Use Runge’s second theorem to find a polynomial, py, 
with 


(4.7.10) 


Sle 


sup [Pn(z) — fn(2)| < 


(c) Show that p, obeys (4.7.9). 


Remark. We’ve already seen in the Weierstrass convergence theorem 
(Theorem [3.1.5) that analyticity is preserved under uniform convergence 
on compact subsets of Q, and we’ll see more about the suitability of this 
topology in Chapter|[6] This example dramatically shows that analyticity 
is not preserved under pointwise limits. At first blush, one might think 
the maximum principle (or the Vitali convergence theorem; see Theo- 
rem 6.2.8) forbids examples like this. They do not, but they do imply p, 
obeys sup,|<e|Pn(2)| + 00 for any ¢ > 0! With a slightly more involved 
Runge theorem construction (see [477] Sect. 2.3.1]), one can arrange that 
also, for all k > 1, F(z) — 0 for each fixed z € C. In spite of this ex- 
ample, if gn + goo pointwise for g, € 2(Q), there is a dense open subset, 
Q!, of Q so that goo | 2’ is analytic; see Problem [13] of Section 


. By mimicking the construction in Problem [4] find a sequence of polyno- 


mials so P, + fs. pointwise and f., = 5 on U2, OD,(0), foo = 0 on 
a 2n(0) \ Dan—1(0), and foo = 1 on DU Un-2 2nt1(0) \ Den (0). 


so that for any 6 € [0, 27), the set of limit points of f(re”’) as rt 1 is all 
of C. Let {w;}21 be a subset of C so that {wo; 52; and {waj+i}F2y are 


License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


160 4, Ultimate CIT 


both dense in C. Let 


gc He esa) j odd 
7 | {1-274 )e@ | | - 3] < 34}, 7 even 


and K; = Aj U{z| |z) <1—27-9-)}, 
(a) Prove C \ A; is connected so any f analytic in a neighborhood of K; 


can be approximated by polynomials on Kj. In particular, this can be 
done if f is a polynomial on K; \ A; and any constant on Aj. 


(b) Show that one can inductively find polynomials f; so that fi = w1 
and 


sup | f;(z) — f;-1(2)| < 27 
|z|<1—2-G-D 


sup | fj(z) — wy| < 27 
z€A; 


(c) Prove that limj,.. fj(z) = f(z) exists uniformly on compact subsets 
of D and that sup,c4,|f(z) — wj| < Q-3+1, 


(d) Prove that for any 0, the set of limit points of f(re’’) as r + 1 is all 
of C. 


7. The purpose of this problem is to find an entire function, f, in 2(C) 
whose translates are dense in 21(C)! 


(a) Let {Q,,}°2, be a counting of the set of all polynomials with rational 
coefficients. Prove this is dense in 2(C). 

(b) Define K, = A, U By, where An = D,2(0) and Bn = 
n(gn2+4(n+1)?). Note that A, and B, are disjoint. Define ana- 
lytic functions, gn, and polynomials, P,, inductively as follows: 


a= Pi= Qi 
gnet An =Pat An, gnti l Bn =Qntil+ $n? +$(n+1)’) 


Py+1 is a polynomial so that 


sup |9n+1(2) — Pati(z)| < 2™ (4.7.11) 
ze Kn 


(c) Prove that in the topology on 2(C) of uniform convergence on com- 
pacts, P,,(z) converges to an entire function f. 

(d) Prove that if f,(z) = f(z — $n? — 3(n + 1)?), then SUP|z|<nlfn(Z) — 
Qn+i(z)| < 27"*!, and conclude that the translates of f are dense in 
A(C). 
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Remark. The existence of functions with the property above is due to 
Birkhoff [52]; the construction using Runge’s theorem is due to Seidel— 
Walsh [515]. 


8. The purpose of this problem is to lead the reader through a proof of 
Szeg6’s result that, in the context of Runge’s second theorem, the er- 
ror can be made exponentially small in the degree of the approximat- 
ing polynomial. Fix K compact, connected, and simply connected, f 
analytic in Q a simply connected neighborhood of f, and I a closed 
mesh contour homologous to 0 in 2 with n([,z) = 1 for z € K. Let 
R=max(|z — w| | z € K, w € Ran(T)). 

(a) Prove that [ can be decomposed into segments T;,...,U¢ (which can 
be smaller than the mesh size) so that for each Tj, 


{ 1 1 
sup 


(b) Pick a point w; € Pj; and polynomial p; so 


W— 2 wW— 2 


z€K,w,we ry} < (4R)1 


P= 


Wj —* 


Prove that sup, er,,zex|1 — (w — 2)p;(2)| < 5: 
(c) Let 


U 
ae 1— (1 — (w — z)p;(z))™ 

Qm(2) = remy? f ERO BEN Fw) do 

j=l Bi 

Prove that for some constant d, Qm is a polynomial of degree at most dm. 

(d) Prove that ||f — Qmllk < C27~™ and conclude the error is 

O(exp(—adeg(Qm))) for some a > 0. 


For further examples of the use of Runge’s theorem, see Rubel [494]. 


4.8. The Jordan Curve Theorem for Smooth Jordan Curves 


Recall that a closed C! curve is a C! function 7 = [0,1] > C so 7'(z) 4 0 
for all t € (0,1) and 7/(0+) = y(1—) 4 0. This curve is instead called 
piecewise C1 if there exist tg = 0 < ty <--- < ty, < 150 that 7 is C! on 
Us-o(ts, tj;+1) and at each t;, y/(t; +0) exist but they may not be equal. We 
again require that all derivatives are nonzero. A cusp is at; (or 0) with 


7 (t; + 0) = —7; (é; — 0) (4.8.1) 


(see Figure [4.8.1]. 
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Figure 4.8.1. A cusp. 


That is, at a cusp, the curve comes in and leaves in opposite directions. At 
noncusps, there is either smoothness (i.e., y/(t; +0) = 7/(t; — 0)) or a finite 
nonzero angle between the incoming and outgoing curves. In this section, 
we'll prove: 


Theorem 4.8.1 (Jordan Curve Theorem). Let y be a closed, simple piece- 
wise C! Jordan curve in C with no cusps. Then C \ Ran(y) is a disjoint 
union SU S_ of open connected sets (1.e., regions) where S is unbounded 
and S_ bounded. n(y, 20) = 0 for all z € S;4 and for all z € S_, either 
ny, 20) = +1 or n(47, 20) = —1. 


Remark. The result is true for any continuous simple curve, but it is eas- 
ier in the special case, and the proof we give uses some complex function 
techniques. 


The sketch of the proof is as follows: 


(1) Using the implicit function theorem, we’ll prove a local version, namely, 
for all to € [0, 1], there is ad > 0 so that Ran(y) divides {z | |z—7(to)| < 
6} into two connected components, S,4 and S_ 4. 

(2) The winding number for 7 jumps by one as we cross from S44. to S_ to. 

(3) By picking a finite number of points, t1,...,t¢¢, in [0,1], we get an open 
connected neighborhood, N, of Ran(y) with at most two components 
for N \ Ran(7). 

(4) By a simple argument, C \ Ran(y) has at most two components. 

(5) By a winding numbers argument, there are precisely two components. 


Proposition 4.8.2. For every to € [0,1], there is a6 so Ds(7(to)) is divided 
into two connected components, S44, and S_ 4, by removing Ran(y) from 
that set. 


Proof. Suppose first that to is a point where y is C! and that ¥’(to) is real. 
Write, for y near to, 


(t) = a(t) + iy(t) (4.8.2) 
so by hypothesis, 
a'(to) #0, —-y"(to) = 0 (4.8.3) 
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Figure 4.8.2. Corner of a piecewise C' curve. 


By the real variable implicit function theorem (see Theorem [L.4.2), there is 
a6 > Oand function Y defined on (x(to) —6, (to) +46) so that y(t) = Y (a(t)) 
for t € {s | |x(s) — x(to)| < d}. Define 
Sto = {(#,y) € Ds(y(to)) ly > ¥(w)} (4.8.4) 
S_ to = {(@,y) € Ds(y(to)) ly < Y(x)} (4.8.5) 


Then these two sets are arcwise connected and cover D5(y(to)) \ Ran(7). 


If y is C! at to, the same construction works in a rotated coordinate 
system (%,y) where z’ # 0, y/ = 0. If to is a noncusp singularity, each 
half-line can be extended and D5(ao) is broken in four pieces, three of which 
combine to give S; on one S_ (see Figure 4.8.2). 


Proposition 4.8.3. Under the above hypotheses, n(7y, 20) is constant on 
Sto and on S_4, and the values differ by 1 in absolute value. 


Proof. By the above analysis, y crosses Ds(y(to)) in a curve from one side 
of the circle to the other, say from y(t1) to 7(t2), tg > t1. Let Ct,C~ be 
the closed curves obtained by going counterclockwise from (ti) to y(t2) 
along OD5(7(to)) or from +(t2) to y(t1) and closed by using y | [t1, t2] or 
going counterclockwise from y(t,) to y(t2) and running y | [t1,t2] back- 
wards. After cancellation, Ct + C~ is 0D;(y(to)) counterclockwise. So CT 
(respectively, C~) is the boundary of S44. (respectively, S_4.). For points 
zg outside S44, (respectively, S_ 4), we have (see Figure [4.8.3) 


n(Ct, 2) =0 (4.8.6) 


Figure 4.8.3. Closing a contour. 
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(respectively, n(C~ , zo) = 0), since zo can be connected to infinity. On the 
other hand, 


n(Ct, 20) +n(C7, zo) = n(OD5(z)) = 1 
by the Cauchy integral formula. 


We conclude that the discontinuity of n(C*, zo) is 1 as zo crosses 
inside 5(7(to))- On the other hand, by cancellation, n(CT, zo) + n(7, Zo) 
is continuous across + in 5(7(to)), so the discontinuity of n(y, zo) is one as 
zq crosses y inside D5(7y(to)). 


In Problem [I] we’ll extend this discontinuity of winding number argu- 
f(z) 


Z—Z2 
as a function on Ran(y). These jump calculations of Cauchy integrals are 
often useful. 


ment to more general integrals of the form g, dz where f is nice enough 


Proposition 4.8.4. There exists 0 = to < --- < tp <1 so that U(Sy4, U 
S_4;) URan(y) is a connected neighborhood, N, of Ran(y) so that Ran(y) 
breaks N into the connected subsets, each of which n(7¥, zo) is constant with 
values differing by 1. 


Proof. By the paving lemma, Proposition[2.2.7| we find 0 = to < ty <-:-< 
th < 1 so that the corresponding D5(y7(t;)) cover Ran(y). With this choice, 
the neighborhoods SF fit together into two connected sets as claimed. 


Proof of Theorem [4.8.1} Given any zo € C\Ran(y), let ¥(s) bea straight 
line from 4(0) = zo to a point 7(1) € Ran(y). Let so = inf{s | ¥(s) € 
Ran(y)}. Then for ¢ small, 7(so — €) is in N, and then, zo is in the same 
connected component of C \ Ran(7) as either ust or US; . Thus, C\ Ran(7) 
is either one of two components. Since on the two halves of N(Ran(y)), 
n(y,-) are 0 and +1, there must be two components and one must be 
bounded. The other is obviously unbounded. 


Notes and Historical Remarks. The Jordan curve theorem first 
appeared in the 1887 first edition of his Cours d’Analyse [289]. Early 
twentieth-century geometers complained that it was not rigorous so that 
they would quote Veblen or Brouwer for a complete proof, so 
much so that some call it the Jordan—Brouwer theorem. But many contem- 
porary mathematicians think the proof is essentially correct and complete; 
see Hales [234], the Wikipedia pagd|, or the page on Andrew Ranicki’s 
homepage [470]. 

Camille Jordan (1838-1922), a student of Puiseux, was a French math- 
ematician who lived long enough to see three of his six sons killed in the 


lhttp://en.wikipedia. org/wiki/Jordan_curve_theorem 
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First World War. Like Cauchy, he was trained as an engineer at Ecole Poly- 
technique where he also taught for much of his career. A key contribution 
was the development of the notion of a group (as a group of permutations) 
and the related notion of composition series for solvable groups. He studied 
finite subgroups of the group of rotations and crystal groups (discrete sub- 
groups of the affine group), work that strongly influenced Lie and Klein who 
studied with him. He also discovered the Jordan normal form for matrices 
(Weierstrass had earlier not unrelated ideas) and was the first to define the 
fundamental group. He realized the need to actually prove the intuitively 
obvious result we now call the Jordan curve theorem and attempted it in 
his multivolume Cours d’Analyse. 


For the record, here is a precise statement of the Jordan curve theorem. 
It relies on the notion of winding number for general closed (not necessarily 
rectifiable) curves described in the Notes to Section B.3] 


Theorem 4.8.5 (Jordan Curve Theorem for General Curves). Let y be 
a closed simple continuous curve. Then C \ Ran(y) has two components, 
Cx and C_. On the unbounded component, C+, n(y,-) = 0, and on the 
bounded component, C_, either n(y,-) = 1 or n(y,-) = —1. Moreover, 
every neighborhood of zo € Ran(y) intersects both Cy and C_. 


A simple closed curve is called a Jordan curve. In the case n(y, -) = 1 
on C_, we say ¥y is positively oriented. For proofs of the general Jordan 
curve theorem, see Burckel [80], Hatcher [244] p. 169], or Leoni 


While our desire to avoid mainly topological arguments has restricted 
us to the smooth case, there are costs in limitations. Consider, for example, 
the following theorem of Darboux: 


Theorem 4.8.6. Let y be a Jordan curve. Let Q = C_, the bounded com- 
ponent, and let f be a continuous function on QU Ran(y) which is analytic 
on Q. If f | Ran(y) is one-one, then f is one-one on all of QU Ran(y). 


Given the full Jordan curve theorem and full argument principle (4.3.7) 
(extended to regular functions), the proof is extremely simple: If f were 
constant, it would be constant on Ran(y), so we know f is an open map. 
Since f is one-one, fo7 is a simple closed curve. Let Cz. be the components 
of C \ Ran(f oy). If 29 € 2, f(zo) ¢ en by the argument principle applied 
to f(z) — f(zo). Thus, by the last sentence in Theorem [4.8.5] and the open 
mapping theorem, f(zo) ¢ Ran(f oy) either. Thus, f(zo) € C_ and the 
argument principle applies to f(z) — f(zo) to show there is no other point, 
z1, in Q with f(z.) = f(z), so f is one-one on 2. As we’ve seen, values 
there are disjoint from f{[Ran(7)], so f is one-one on all of QU Ran(7). 
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Clearly, for f merely continuous on Ran(7), this argument requires the 
full Jordan curve theorem. But even if f is analytic in a neighborhood of 
Ran(y) and y obeys the hypotheses of Theorem fovy may not, if 
f'(zo) = 0 for some zp € Ran(7). 

We note that the converse of Theorem is false. If y is the curve 
which goes from —1 to 1 along R and returns along OD in the upper half- 
plane and f(z) = z?, then f is one-one on Q = C_ but not on Ran(y). 


Problems 

1. Let y be a simple C! arc and f a C! function on Ran(y) supported on 
y({e,1 — €]) for some ¢. For w ¢ Ran(y), define the contour integral 
(Cauchy transform of f), 


1 f fe) 
C =_— d 
a) w/o r 
Fix ¢ > 0. For 2 € Ran(y), define [*+(zo) = {w | w = zo + re*(?+%) | 
0<r<p, |0| < 5—e}, where p is picked so small that [+7 Ran(y) = 0, 
and 69(z) is defined so that e~*(2)4/(zg) is a positive imaginary (normal 
and to the left; see Figure [4.8.4). 


Figure 4.8.4. Nontangential limits. 


(a) If f(zo) = 0, prove that C's(w) can be extended to ['* (zo) UT (zo) U 
{zo} to be continuous at 29 (i.e., Cp(w) has equal nontangential limits at 
z0). 

(b) Using Proposition[4.8.3] prove the Cauchy jump formula that for any 
such f and all zo, we have 


jin, Crlz) = jin, Cs(z) = f (2) (4.8.7) 
welt (z9) wel (z0) 
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Chapter 5 


More Consequences 
of the CIT 


Riesz was troubled by the fact that his proof did not extend convexity 
to the entire unit square and at the end of his paper he even conjectured 
that this was not possible. But ten years later the extension was done by 
Riesz’s student Olof Thorin. 

—tLars Garding 


Big Notions and Theorems: Phragmén-—Lindelof Method, Three-Line Theorem, 
Riesz—Thorin Theorem, Complex Interpolation, Complex Poisson Representation, Real 
Poisson Representation, Harmonic Functions Defined by Mean Value Property, Equiv- 
alence of Three Definitions of Harmonic Function, Maximum Principle for Harmonic 
Functions, Dirichlet Problems for the Disk, Painlevé’s Theorem, Reflection Principle, 
Strong Reflection Principle, Analytic Arcs, Continuity in Corners Theorem, Contour 
Integral Calculational Methods, Gaussian Integrals, Fresnel Integrals 


Having taken a break from studying consequences of the CIT and CIF 
to prove the ultimate CIT, we return to a diverse set of applications of the 
CIT. The first two sections extend our study of the maximum principle from 
Section 8.6] Section [5.2] includes an application to L? space mappings (the 
Riesz—Thorin theorem), filling in something used in Part 1. This latter half 
of Section [5.2]can be skipped by readers focusing on complex analysis per se. 
The next two sections discuss some simple aspect of harmonic function the- 
ory in the plane—a subject, extended to R”, that we return to in Chapter 3 
of Part 3. This is a preliminary for a strong version of the reflection princi- 
ple, the subject of Sections and [5.6] A final section is an exposé of using 


167 
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complex analysis to compute definite integrals, a subject usually treated in 
greater depth in the more elementary texts. 


5.1. The Phragmén—Lindelof Method 


Recall that f is called regular on Q with © a region in C if f is contin- 
uous on 2 and analytic in 2. In one form, the maximum principle (see 
Theorem 8.6.3) says that if f is regular and 2 is compact, then 


sup |f(z)| = sup | f(z)| (5.1.1) 
zEN z€0Q. 


There are two further facts—namely, that the sup is taken at a point zp € 
OQ, and if the sup is taken at a point zo € 0, then f is constant. We will not 
always be explicit about similar situations below, although they sometimes, 
even often, hold. In general, fails for unbounded 2. Here is the 


canonical example: 
Example 5.1.1. Let 0 = {z| Rez > 0}. Let 
fase (5.1.2) 


Then f is regular on 2, 
sup |f(z)| = 00 (5.1.3) 


but on 00 = {iy | y € R}, |f(z)| =1. 


Our goal here is to prove in fairly great generality that for suitable Q, 
rather weak a priori growth conditions on f, together with boundedness 
on 0Q, imply boundedness of f and (5.1.1). For example, we’ll prove below 
the following that shows is essentially the slowest growth consistent 
with even though f is bounded on 00. 


Theorem 5.1.2. Suppose that f is continuous in Q = {z| Rez > 0} and 
analytic in Q = {z| Rez > 0}. Suppose also that 


(i) sup|f(iy)| < co (5.1.4) 
yER 


(ii) For some C1,C2 and some a € (0,1), 
|f(z)| < Ci exp(C2|2|*) (5.1.5) 
for allz €Q. Then f is bounded and (5.1.1) holds. 


By applying this to f(z) = g(e’’z7) for suitable real 6 and ¥, one gets 


Corollary 5.1.3. Suppose Q = {z|a < arg(z) < 6} and that g is analytic 
on Q and continuous on Q with 


|g(z)| < C1 exp(C2|z|”) (5.1.6) 
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where 
(B-a)jv<t (5.1.7) 
and 
sup |g(z)| < co (5.1.8) 
z€0Q. 


Then g is bounded and (5.1.1) holds for g. 


Lest the reader think that the idea of this section has to do with un- 
bounded regions, we note the following theorem that illustrates the essence 
of the Phragmén—Lindel6f method: 


Theorem 5.1.4. Let f be analytic on D with 


sup |f(z)| < oo (5.1.9) 
zeD 


Fiz zo € OD and suppose that for all z, € OD, z1 4 2 we have 


lim sup |f(z)| <1 (5.1.10) 
ZZ 
Then 
sup |f(z)| < 1 (5.1.11) 
zeD 


Proof. Without loss, suppose z) = 1 and define on 
ge(z) = f(z) + elog($(1— 2) (5.1.12) 


where the branch of log with log(5(1 — z)) real on (—1,1) is picked. g is 
analytic on D and since 


Re log($(1 — z)) = log(4|1— 2|) <0 (5.1.13) 
on D, (6.1.9) implies that 


sup Reg-(z) =M <1 (5.1.14) 
zeD 


By Theorem B.6.5] there is z; € D and z, — z, such that Reg-(zn) — M. 
By @.1.9) and log(35(1 — z)) —+ —oo as z > 1, we see that z; 4 1. Thus by 
(5.1.10) and (6.1.13), M < 1, i.e., we have proven that 


Re[ f(z) +elog($(1— z))] <1 (5.1.15) 
for all z € D and e > 0. Taking « | 0, we see that for all z € 
Re| f(z)] <1 (5.1.16) 


Applying this argument to ef and using | f(z)| = sup,ieep Re [e* F(z], we 
get (6.1.11). 
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Remarks. 1. The essence of this method is that for some boundary points 
(which may be oo!) not to matter, we need a function A singular (in this 
case log (4 |1 — z|)) at the boundary points and an apriori bound on Re f 
by eg. 

2. The result is really something about harmonic (even subharmonic) func- 
tions, not analytic functions, so there are versions on R” and this is a result 
in “real analysis,” not complex analysis. 


3. As aresult on harmonic functions using that log (dq! |z—z0l) is harmonic, 
one can replace D by any bounded domain 2. 


4. Clearly {zo} can be replaced by an finite set. More can be said; the set 
on which one has no apriori information can be a set of logarithmic capacity 
zero; see Theorem 3.6.12 of Part 3. 


5. As we'll see in Section 3.6 of Part 3, this result says something about 
uniqueness of solutions of the Dirichlet problem. 


We begin the discussion of unbounded regions with the elementary: 
Proposition 5.1.5. Suppose f is regular on Q and 
lim |f(z)| =0 (5.1.17) 
z|—+00 
2€0 


Then f is bounded on Q and (&.1.1) holds. 


Proof. By the compactness of 2 U {oo} and (&.1.17) which says f is con- 
tinuous on 2 U {oo} if we set f(oo) = 0, f is bounded. 


For R < oo, let Or = {z | z € R, |z| < R}, so 
OQR = [00N {z | |z| < R}U{z€Q| |z| = R} (5.1.18) 
We define the two sets whose union is given in @.1.18) as OY Op and O@ Op. 


Clearly, by (5.1.17), 


lim [ sup |f(z)|] =0 (5.1.19) 
R00 z€020QR 


By Theorem |3.6.3} 


sup |f(z)| < sup [f(z)| 
zE€QR z€0QR 


< max( sup |f(z)|, sup | f(20)1) 
IHR dAQR 


< max(sup|f(z)|, sup |f(z)|) 
dQ. IQR 
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Thus, by (6.1.19), 
sup [f(2)| = jim sup [f(2)| <suplf(2)|_—— (641.20) 
zEQ R00 zEN Rp 10) 


Theorem 5.1.6 (Phragmén-—Lindelof Method). Let be a region and f a 
function regular on Q. Suppose there exists a function g regular on Q so 


that 
(a) Reg >0 on (5.1.21) 
(b) | ee Re g(z) = 00 (5.1.22) 
Z|—>0o 
ze 
If f is bounded on OQ and, for all e« > 0, there exists Cz so that for all 
z€EQ, 
[Ff (z)| < Ceet Reo) (5.1.23) 
Then f is bounded on Q and (@.11) holds. 
Proof. Let 
he(z) = f(z)e~°9) (5.1.24) 
which is regular on 9. Moreover, by (6.1.23) with ¢ replaced by ¢/2, 
lAe(z)| < Coe 7) (5.1.25) 


By (5.1.22), h- obeys (5.1.17), so h- obeys G11), that is, for all z € Q, 
|he(z)| < sup |he(w)| 
wean 


< sup |f(w)| (5.1.26) 
wedaQ 


by (1-27). 
Fix z € 2 and take « | 0 in (5.1.26) to get (5.1.1) for f, and so bound- 


edness of f. 


In applications, one often proves (5.1.23) only for ¢ = 1 but has two 
comparison functions to juggle: 


Corollary 5.1.7. Let Q, f,g be as in the first sentence of Theorem [5.1.6 
(i.e., g obeys (5.1.21) and (6.1.22)). Suppose there is a positive function, h, 
on so that for alle, there is Dz so that 


|h(z)| < eReg(z) + D- (5.1.27) 

and that f obeys 
lf(z)| < Celh! (5.1.28) 
for all z € Q. Then if f is bounded on OQ, it is bounded on Q and (5.1.1) 


holds. 
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Proof. (5.1.27) and (5.1.28) imply that 
lf(z)| < CeP et Rea) (5.1.29) 


and so (5.1.23). 


Corollary 5.1.8. Let 2 be a region, f regular on Q and bounded on Q. 
Suppose a function, g, exists obeying (6.1.21) and (5.1.22). Then (6.1.1) 
holds. 


Proof. Let h(z) = 1. Then, since Reg > 0, (6.1.27) holds with D, = 1. 
Since f is bounded, (5.1.27) holds. Now use the last corollary. 


Proof of Theorem [5.1.2) Pick 6 soa < 6 < 1. Let h(z) = |z|* and 
g(z) = 28. Then 


Re g(z) = |z|? cos(Blarg(z)]) (5.1.30) 
Since |arg(z)| < 7/2 in the right half-plane, 
cos(6[arg(z)]) > cos( =) >0 (5.1.31) 


so (5.1.21) holds, and clearly, (5.1.22) holds since |z|F > co as |z| > oo. 


Since a < £, for any e, (5.1.27) holds. Thus, this theorem follows from 
Corollary [5.1.7] 


A similar argument proves: 


Theorem 5.1.9. Let f be regular on Q where Q = {z | 0 < Rez < 1}. 
Suppose f is bounded on OQ. and obeys 


If(2)| < exp(Aexp(alz|)) (5.1.32) 
for some a <7 and some A. Then f is bounded and (5.1.1) holds. 


Remarks. 1. f(z) = exp(iexp(imz)) is unbounded on (2 but bounded 
on OO, showing a < 7 is optimal. 


2. To get the applicability of Corollary [5.1.8] one can use the simpler calcu- 
lations with 

g(z)=—27 +1 
rather than the g used in Problem [i] 


Proof. Left to Problem [i] 


The Phragmén—Lindelof idea of bounding f by studying fh for suitable h 
has other applications; see the next section and Problems [2] and 


Notes and Historical Remarks. The Phragmén—Lindel6of principle is 
named after Edvard Phragmén (1863-1937), a Swedish student of Mittag- 
Leffler, and Ernst Lindeldf (1870-1946), the founder of the Finnish school 
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of complex analysis (that later included Nevanlinna and Ahlfors). A first 
version appeared in a 1904 paper of Phragmén alone [429]; its final form, 


inc 


luding the method discussed here, is in a 1908 joint paper [430]. A 


detailed history can be found in Chapter 3 of Garding [202]. 


Problems 


1. 


2. 


Licensed to AMS. 


Prove Theorem 5.1.9] (Hint: Translate so Q = {z | |Rez| < 5} and let 
g(z) = e*?* + e*% where a < 8 <7.) 


The purpose of this problem is to lead the reader through a proof of 
the following theorem: Let Sq,3 be the sector, (2.6.4), with 6 -—a < 2n. 
Suppose f is regular and bounded in Sg.g and that for some a € C, 


: iB\ _ 4; 1a) __ 
jim. fire”) = im fire”) =a (5.1.33) 
Then, uniformly in Sq,g, 


lim f(z)=a (5.1.34) 


|z| 00 


The key will be the use of the maximum principle on 


z 


Pale) = ae f(z) (5.1.35) 
a Phragmén—Lindel6f-type of idea. 
(a) Prove that it suffices to consider the case a = 0, 8 = —a = 7/4, 
which we henceforth assume. 
(b) Prove that for all n, 
Fr(z)iSIf(2))  |Fr(z)| S lal f(z) (5.1.36) 


n 


|f(z)| = (1 + ) im) (5.1.37) 


|2| 


(c) Find (recall that a = 0), Ri(e) so that for all n, 


sup (|F,(re’™/4)), |Fa(re7i7/4)|) < £ (5.1.38) 
r>Ry, 2 
and then n(<) so large that 
E 
sup [Frey (Z)| < 3 (5.1.39) 
|z|=R1(e) 
z€S_a a 
474g 


(d) Prove that if |z| > max(n(e), Ri(e)) and in S_x x, then |f(z)| < «, 
and so conclude that f — 0 uniformly in the sector. 
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3. In the theorem in Problem [2] replace (5.1.33) by 
. iB\ _ : 1a\ __ 
im site =a, im fire") =b (5.1.40) 


Prove that a = b and (5.1.34) holds. (Hint: Consider g(z) 
a)(f(z) — b).) 


4. Let = {z| a < Rez < b}. Let f be analytic on 2, continuous on Q, and 
bounded on 2. Suppose limy-400 f(a+iy) = a and limyo. f(b+iy) = 8. 
Prove that a = 8 and, uniformly in x € [a,b,], limy.0 f(x + iy) = a. 
(Hint: See Problems [2] and [3] noting the continuity at 0 played no role 
in those problems. ) 


Fai | 
Sh 
F siete 
XR 
~~" 
| 


5.2. The Three-Line Theorem and the Riesz—Thorin 
Theorem 


Here we’ll prove the analog of the Hadamard three-circle theorem (Theo- 
rem[3.6.8) for a strip and apply it to interpolation theory for L? spaces. The 
main result is: 


Theorem 5.2.1 (Hadamard Three-Line Theorem). Let f be regular and 
bounded on the closure of the strip {z | Rez € (0,1)}. Let 


M,(f) = sup |f(t+ ty)| (5.2.1) 
yER 


forO<t<1. Then 
M; < My ‘Mt (5.2.2) 


Remarks. 1. By Theorem [5.1.9] we can replace boundedness on the entire 
strip by boundedness on the boundary and (5.1.31) for some a < 7. 


2. As in the circle case, this implies t + log M; is convex. 


3. One can deduce the three-circle theorem from the result (see Problem[]). 


Proof. Define for any A € R, 


ga(z) = f(z)e* (5.2.3) 
Then gx, is regular and bounded, so by the maximum principle for the strip, 
Mi(ga) < max(Mo(ga), Mi(ga)) (5.2.4) 
Since |e4(+#v)| — e4t, we have 
Mi(ga) = eM, (f) (5.2.5) 
so implies 
M,(f) < max(e~“*Mo(f),e-4Mi (f)) (5.2.6) 
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Now choose A so that 
A_ Mo 


TE 
(if My; = 0 or Mo = 0, use ©.2.7) with Mo or M, replaced by ¢ > 0 and 
take e | 0) and get (6.2.2). 


€ (5.2.7) 


The remainder of this section fills in a “gap” in Part 1 and may be 
skipped by the reader uninterested in L? spaces. 


Theorem 5.2.2 (The Riesz-Thorin Theorem). Let (Q,,:) be a measure 
space. Let po, P1, 90,1 € [1,00] and define, for t € (0,1), 


Po =(1—t)pp t+tpy’, = ge = (1-tgg + tay? (5.2.8) 
Let T be a linear transformation from LP°) LP! to L271 LY with 
IT Flla; < Call fle; (5.2.9) 
for j =0,1 and all f € LP°N L?!. Then for allt € (0,1) and f € LON L”!, 
ZF lla < Cell fll. (5.2.10) 
where 
C=C, 'C: (5.2.11) 


Remark. Since L?° LP! is dense in each L?*, T’ extends to a bounded map 
of Lt to L®. 


Proof. Fix t € (0,1). Let 7 be the dual index to q (see Section 4.9 of 
Part 1 for a discussion of L? duality), that is, rp — qe ! So that 


r =(1-é)rp'+try' (5.2.12) 


It suffices, by a density argument, to prove (5.2.10) when f is a simple 
function (if gq = q1 = oo and u(X) = o, this is not true, but the case 
qo = q1 is easy to see directly; see Problem B), that is, 


N 
f= >) o;xe, (5.2.13) 
j=l 


where ju(E;) < oo and the Ej are disjoint. 
By duality, to get (6.2.10), we need only prove 


/ g(x) (Tf) (0) dy(x) 


and again, by density, it suffices for g a simple function, that is, 


< Call fllpellallre (5.2.14) 


M 
9 = >> Bex, (5.2.15) 
k=1 
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with «u(F%) < oo and the Fy, disjoint. By replacing f by f/||f||p, and g by 
9/\lg\lrn, We Can suppose 


N M 
SS les! (By) =1= S$ Pel* Fs) (5.2.16) 
j=l k=1 
Write 
aj =lajle, Be =|Pele (5.2.17) 


and define for z € {z | 0 < Rez < 1}, 


F(2)= SD eiBiel aj] 8, PO p (Tyn,)(w)du(x) (5.2.18) 
j=1,...,.N Bj 
=1,...,M 
where 
&(z) =p[(1—z)po'+2py"], = Az) =r[(1—z)ro' try") (5.2.19) 


Clearly, F(z), as a finite sum of exponentials, is analytic and bounded on 


the strip. 

We claim that: 
(1) FO) = f o(@)(7 1) 2) aula) (5.2.20) 
(2) |F(éy)| < Co (5.2.21) 
(3) |F +iy)| < Ch (5.2.22) 
Assuming this, we get (6.2.14) since the three-line theorem says, given (2) 


and (3), that |F(t)| < Cg-*Cf. 
(5.2.20) is immediate from ¢(t) = A(t) = 1. To get (6.2.21) and (6.2.22), 
define 


N 
f(a,z) = >> ei a,|* xn, 
= 


M 
g(a,z) => eB“ yn, 
k=1 


and note that 
P(A) = f ol2,2)(PFC.2))(2) dela) (5.2.23) 
and that, by (5.2.16), 
If(-,t+ ty)Ilpe = 1 = llo(-,t+ tyre 
so and follow from Hélder’s inequality and (6.2.9). 
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Notes and Historical Remarks. The three-line theorem is a variant 
of the three-circle theorem, so it is often named after Hadamard. Since it 
first appeared explicitly in Doetsch [147], it is sometimes called the Doetsch 
three-line theorem. Between Hadamard and Doetsch, Lindelof had a 
closely related result. 


M. Riesz in 1927 in his studies of conjugate harmonic functions on the 
disk initially proved that H, the map from a function to its 
harmonic conjugate (aka Hilbert transform), was bounded from L? to L? 
if p = 2,4,6.... He then invented interpolation and proved in case 
qj = pj. The general result was proven by Olof Thorin, a student of Riesz, 
in 1938 [554], with a detailed exposition in his final thesis after the war in 
1948 [555]. By then, Thorin had left mathematics to go into the insurance 
business. We discuss Riesz’s theorem on conjugate functions (proven by 
other means) in Section 5.7 of Part 3. 

Abstract versions for suitable pairs of norms on vector spaces were de- 


veloped by Calderén and Lions {360} |361) [362]. E. Stein proved 


a variant that allows the map T to depend on a complex parameter, see 


Problem 4] A typical application of his approach shows that if e~7” is 


bounded from L! to L1 for z € [0,00) and from L? > L? for Rez > 0, then 
for p € (1,2), one has boundedness for z in a sector. 


Problems 


1. By mapping {z | 0 < Rez < 1} to an annulus via z — e°, deduce the 
three-circle theorem from the three-line theorem. 


2. Prove that the choice (5.2.7) optimizes A in (5.2.6). 


3. Prove Theorem directly (i.e., without complex analysis) in the spe- 
cial case go = q1. 


4. Prove the Stein iterpolation theorem. If po, qo, P1, 41; Pz, dz are as in The- 
orem and T(z) is a function from {z | 0 < Rez < 1} to the linear 
transformations from L?° 7 LP! to £2 4 £7, so that for all y € R, 


ITY) Fllao S Collfllpos ITA + ty) fla < Call filles (5.2.24) 
Then, for all ¢ € (0,1), T(t) map L?? to L® and 
IZ@)Fllae < Co Ct Ii lle. (5.2.25) 


(Hint: Go through the proof above but in (6.2.19) replace T by T(z).) 


5.3. Poisson Representations 


The identity principle for analytic functions (see Theorem[2.3.8] implies the 
values of such a function, f, on a sequence of points {z,}°°, with a limit 
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point in the region, 2, of analyticity determine f. But what about Re f: do 
its values on a sequence determine Re f or even f? The answer is no. A 
function like f(z) = iz is analytic on C has Re f(z) = 0 on R but Ref is 
not identically zero. 


Remarkably though, if f is analytic in a neighborhood of D, then the 
values of Re f on OD determine f up to a single imaginary constant, and 
even via an explicit formula. That’s our main goal in this section. It will be 
critical in the next section and also in Chapter 3 of Part 3. In particular, 
that chapter will refine our results in this section, and, more importantly, 
will discuss extensions to functions on R”. 


Lemma 5.3.1. For all z € D, e’® € OD, we have that 


1 Hayes ne +2 (5.3.1) 


6 _ x 


where the convergence is uniform in (z,e!) € Dp x OD for each p <1. 


Proof. By the geometric series with remainder, we deduce the claimed uni- 
form convergence of the sum on the left side of (5.3.1) to 


2 1+ ze“® 
: i 7 = RHS f @.3.1) 
1— ze- 1— ze? . 


Theorem 5.3.2 (Complex Poisson Representation). Let f be a regular func- 


tion in D. Then for all z € D, 
2m 10 
eC =e do 
(2) = itm f(o) + [ 7 ; Re fe”) — (5.3.2) 
0 e 27 
Remarks. 1. The function 
: ci 4g 
C(z, et?) = = (5.3.3) 


is called the complex Poisson kernel or Schwarz kernel. 
2. For (partially) alternative proofs, see Problems [I] 2] and [3] 
3. (5.3.2) is sometimes called the Schwarz integral formula. 


Proof. Let 
[o-e) 
= ae Anz” (5.3.4) 
n=0 
be the Taylor series for f at z = 0. Since f is analytic in D, Cauchy’s 
formula (8.1.2) for f says that for any p < 1, 


20 
“Ne —ind dé 


an = f (pe Ye 


0 Qn 


(5.3.5) 
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(since, for y(@) = pe’, dz/iz = dO). Since f is uniformly continuous on D, 
we can take pt 1 and conclude 


20 
yn 29 GO 
ig= : fee" on (5.3.6) 
Again, by the analyticity and the CIT for n = 1,2,..., 
1 n-1 a 
oni fp fiz\2” “dz=0 (00) 
which, as with the argument ear to , proves that 
dé 
10 ein 
= 5.3.8 
0 ae wo (5.3.8) 


Taking complex conjugates for n = 1,2,..., 
—=; _jn», dd 
= #8) en? —_ 5.3.9 
[Heme S 65.3.9) 
so, by (5.3.6), for n = 1,2,..., 


_ 10 —ing “i 
a=2 / [Re f(e)Jem? S (5.3.10) 
On the other hand, by (5.3.6), for n = 0, 
. dé 
=O) +f Re f(e%)] & (5.3.11) 
0 Qn 


By (6.3.4), for z € D, 
do 
fey=aimsoy+ [ [Re f(e”)] wf +23 . em) = Ga) 


where the uniform convergence in e’” justifies the interchange of sum and 


integral. (6.3.1) yields (5.3.2). 


The Poisson kernel (or real Poisson kernel) is defined for r € [0,1], 
9, € [0, 27], by 


P,.(0, ) = ReC(re, e*”) (5.3.13) 
1—r? 
~ T4+r— 2r cos(@ — w) 
by a direct calculation (Problem [4). Clearly, by applying Re to both sides 


of (5.3.2), we get 


Theorem 5.3.3 (Poisson Representation). If f is regular on D, then for all 
€ (0,1),  € [0, 27), 


Re s(re) = | P,(1), 6) Re f(e) 


(5.3.14) 


dé 


5.3.15 
= ( ) 
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Here is a consequence of this: 


Theorem 5.3.4. Let u be a continuous real-valued function on D. Then u 
is the real part of a function, f, analytic on D if and only if u obeys 


: 20 ». dO 
wre) =f Pb, ule) 


f is uniquely determined by u up to a single additive purely imaginary con- 
stant. 


Remark. u is thus only dependent on f = u | OD so allows 
one to solve the Dirichlet problem for OD (i.e., given f € C(OD), find u 
harmonic on D, continuous on D so u | OD = f). This is a theme we return 
to in Section 3.1 of Part 3. 


(5.3.16) 


Proof. If u = Ref, then, by Theorem applied to f,(z) = f(pz), for 


any p <1, 
: 2n r do 
u(pre’”) = i. P,.(~p, 0)u(pe'”) = (o3:17) 
0 
By the uniform continuity of u on D, we can take pt 1 and see that (5.3.16) 
holds. 
Conversely, if (5.3.16) holds, define f by 
eF 4 zx io, 0 
= — 5.3.18 
fa) = f Gwe) S (5.3.18) 
It is easy to see (Problem[5) that f is analytic in D, and clearly, by (6.3.16), 
Re f =wuin 


Finally, to prove the uniqueness statement, suppose g and f are two 
analytic functions on D with Re f = Reg (= u). It is easy to see (Problem|[6) 
that f — g is a pure imaginary constant. 


Notes and Historical Remarks. Poisson never discussed complex anal- 
ysis, but he did solve the problem of expressing the value of a harmonic 
function inside a sphere in terms of the values on the sphere. The impor- 
tance of this result to complex analysis and what we’ve called the complex 
Poisson representation is due to Schwarz and especially Fatou many years 
after Poisson’s work. 


Siméon Poisson (1781-1840) was a contemporary of Cauchy and, like 
him, a student at Ecole Polytechnique. He made fundamental contri- 
butions to electrostatics, in which he developed the Poisson equation 
(Ay = —47r?p in three dimensions, where p is charge density and ¢ elec- 
tric potential), and the three-dimensional kernels, and to probability theory 
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(Poisson distribution, which is discussed in Section 7.4 of Part 1; but also 
early versions of the weak law of large numbers and the central limit theo- 
rem). 

(5.3.2) appeared first in Schwarz [511], which is why it is sometimes 
called the Schwarz integral formula. The Poisson kernel arises in the discus- 
sion of Abelian summation of Fourier series; see Problem 12 of Section 3.5 
of Part 1. 


Notice that there is a subtle difference between Theorems and 
The function f in Theorem [5.3.3] is regular, that is, continuous on D. 
Clearly, in Theorem [5.3.4] if u is given, Re f is continuous in D, but we have 
not claimed that Im f is. Indeed, there are examples (see Problem [7] where 
Im f is not continuous. In Chapter 5 of Part 3, this continuity problem will 


be studied further. 


If we make the choice (5.3.18), which fixes the arbitrary constant by 
setting Im f(0) = 0, we get a natural map from continuous functions on 
D obeying to functions on D which are also the real part of an 
analytic function (since Im f = Re(—if)). This is called the map from 
harmonic functions to their harmonic conjugate. It will be studied heavily 
in Sections 5.7, 5.8 and 5.11 of Part 3. 


Problems 


1. (a) Prove that the real Poisson kernel obeys P,(,¢) > 0, [ P,(9, y)# = 
1, and for alle > 0, 


d 
lim Pow So (5.3.19) 
rt J\o—pl>e 2 


(b) Use (a) to prove that if f € C(OD) and if 


PHO) = f Pret) 2 (5.3.20) 


then ||P-f — filo > O0asrftil. 

(c) Prove G(re*’) = P,(f)(0) is harmonic in z = re”. 

(d) Assuming an independent proof of the fact that the harmonic func- 
tions are determined by their boundary values, prove that if F’ is regular 
on D and f(e’) = Re F(e’®), then Re F(re’’) = P,(f)(@). Use this to 
provide a new proof of (5.3.2). 


2. Show that the CIF can be rewritten as 
dd 


fl) = 4 f CG e%) Fe) F + 4 10) 
and manipulate this and its complex conjugate to prove (6.3.2). 
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3. For f analytic in a neighborhood of D, we have, of course, that 


ro= fre # (5.3.21) 
= J, ae ve 3. 
Given a € D, let 
zt+a 
ha(2) T+ ae 


which maps D to D, OD to OD, and 0 to a. (Check these facts.) Let 
g(z) = f(ha(z)). By applying (3.21) to g, deduce that if a = |ale’, 
then : 
i io, dO 
Fa)= J Paw, 0)F(e") = 
0 TT 


and deduce the complex Poisson representation from this. 
4. Verify the calculation needed to get from (5.3.13) to (.3.14). 
5. Check that f given by (5.3.18) is analytic in z € D. (Hint: Morera.) 


6. Suppose f and g are analytic in D and Ref = Reg. 


(a) Use the CR equations to prove that grad(Im f — Img) = 0. 
(b) Conclude that 


f(z) — tlm f(0) = g(z) — tImg(0) 
7. Let u(e’®) = sgn(0)(—log(|sin(@)|))~* and let f be given by (©.3.18). 


Show that for all a > 0, Im f has continuous boundary values on (0,7) U 
(7,27). For which a are these boundary values continuous at @ = 0? 


8. A Carathéodory function is an analytic function on D with F(0) = 1 and 
Re F(z) > 0 on D. Suppose 


F(z) =14+ 5) enz” (5.3.22) 
n=1 


Prove (a theorem of Borel [66]) that for such functions, |c,| < 2. (Hint: 
Use the complex Poisson representation to prove for each r € (0, 1), 


' o, a0 
=a" e'”? Re F(re’’) = (5.3.23) 
us 
and take r — 1 after using [ Re F(re®) @ =1,) 


9. Prove the following theorem of Rogosinski [490]: If f: D — D is analytic 
and everywhere nonvanishing, then | f’(0)| < 2/e by the following steps: 


(a) Without loss, show one can suppose that f(0) > 0. 


(b) Let L(z) be the analytic branch of log(1/f(z)) with L(0) > 0. Prove 
that Re L(z) > 0 and that L(z)/L(0) = F(z) is a Carathéodory function. 
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c) Prove |L’(0)| < 2|L(0)|. (Hint: See Problem [8}) 
d) Prove that | f"(0)| < —2|f(0)| log] f(0)]. 
e) Prove that maxo<y<1 —y log(y) = e~' and conclude | f’(0)| < 2/e. 


10. 


( 
( 
( 
(a) Let f be bounded and analytic in D and suppose lim,+; Re f (re) = 


Re f(e’’) exists for a.e. 6. Prove that (6.3.15) is valid. 
(b) Let f be analytic and bounded in C, and continuous in C,. For 
y > 0, prove that 
1 f° yoRe f(z) 
R — 

eC f(£o =e iyo) T ‘s (x = x0)? ate ye 
(Hint: Apply (a) to g(z) = f@— 2)/(1 + 2)).) 
Remarks. 1. (a) requires you to know the dominated convergence the- 
orem (see Section 4.6 of Part 1). 


da (5.3.24) 


2. Pro .yo(x) = yor *[(@ — x0)? + y@] is called the Poisson kernel for the 
plane. (5.3.24) is the Poisson formula for the plane. We’ll say a lot more 
about this in Sections 3.1 and 5.9 of Part 3. 


5.4. Harmonic Functions 
We will define a function to be harmonic via the following rather weak 
condition: 


Definition. Let Q be a region in C. A function wu: 2 > R is said to be 
harmonic at zo € Q if and only if there is 6 > 0 so that Ds(zo) C Q, u is 
continuous on D5(zo), and for any p € (0,0), 


27 r do 
[ u(zo + pe’) — = u(zo) (5.4.1) 
0 21 
If wu is harmonic at each zg € Q, we say u is harmonic in Q. 


Remarks. 1. (5.4.1) is called the mean value property (MVP). 


2. For our application in the next section, it is critical that in the definition 
of “harmonic in 2,” 6 can be zo-dependent and is not a priori assumed to 
be bounded from below on compact subsets, although a posteriori, it is (see 
Problem [I). In some ways, the fact that the a priori requirement is totally 
local is a harmonic function analog of Morera’s theorem (Theorem [3.1.4), 
which is also totally local. 


3. Chapter 3 of Part 3 is an extensive study of harmonic functions on R’. 


The main result of this section, towards which we are heading, is: 


Theorem 5.4.1. Let u: Q > R be a real-valued function on a region, Q. 
The following are equivalent: 
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(1) u ts harmonic in Q. 
(2) For every zo € Q, there is ad > 0 and function, f, analytic in Ds(z0), 
so that 


u(z) = Re f(z) (5.4.2) 


for z € Ds(z0). 
(3) u is C? and Au=0 on Q. 


One can show (Problem [3) that if Q is hsc, we can find an analytic 
function, f, on all of Q so that (5.4.2) holds. However, 


Example 5.4.2. Let Q = D* and u(z) = log|z|. Then for any zo € Q, 
if 6 = min(|zo|,1 — |zo|), then Ds(zo) C © and is hsc, and g(z) = z is 
nonvanishing on D5(zo). Thus, by Theorem [2.6.1] there exists f analytic in 
5(z) so ef = z and Re f = log|z|. Thus, u obeys (2). But it is not hard to 
see (Problem [2) that there is no global f on 2, so that holds. 


Proposition 5.4.3 (Maximum Principle for Harmonic Functions). Let u 
be harmonic on Q. If there exists z9 € Q so that for some 6 > 0, 


u(zo) = sup{u(z) | |z — zo| < 6} (5.4.3) 


then u is constant on Ds(zo0). If 


u(zo) = sup{u(z) | z € OQ} (5.4.4) 


then u is constant on . 


Remark. Once one knows (1) = (2) in Theorem[5.4.1] u constant on D5(z0) 


implies u constant on all of Q. 


Proof. If (6.4.3) holds, then for any p € (0,6), the MVP and continuity of 
u(zo + pe’) in 6 imply 

u(zo + pe’) = u(zo) (5.4.5) 

for all 0 € [0, 277), so u is constant in D5(zo). This proves the first statement. 

If holds, let Q = {z1 | u(z1) = u(zo)}. Since zo € Q, it is not 

empty. Since wu is continuous, Q is closed. By the first part, Q is open. By 

connectedness of 0, Q =. 


Given g € C(OD), we say u solves the Dirichlet problem of D for g if 
and only if wu is a function continuous on D, harmonic on D, and u | OD = g. 


Corollary 5.4.4. The solution of the Dirichlet problem, if it exists, is 
unique. 


Proof. If u, ug solve the Dirichlet problem for g, then u3 = u, — uz solves it 
for g = 0. Thus, we need only show that if wg is continuous on D, harmonic 
in D, and u3 | OD = 0, then uz = 0. 
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Let 
M, = max u3(z) = sup us(z) (5.4.6) 
zeED zeED 
If w3(zo0) = Mx for zo € D, then by Proposition 6.4.2] u is constant on D, so 


on D, so M, = 0. 


If ug(zo) < My for all zo € D, then max ug(z) occurs on OD (since, by 
continuity and compactness, it occurs somewhere). Thus, again M, = 0. 
We thus see that 


ug(z) <0 (5.4.7) 


for all z € D 


Applying the same argument to —u3, we see u3(z) > 0 for all z € D, 
that is, u3 = 0. 


Theorem 5.4.5. For any g € C(OD), there is a unique solution of the 
Dirichlet problem, and on D, it is the real part of an analytic function, f. 


Proof. Uniqueness has just been proven. For existence, define f by 
where u(e’’) is g(e’’). By Problem 6] of Section f is analytic in D. 
u = Ref is given by with u(e”) = g(e’). So by Problem [J of 
Section 5.3] u is continuous on D if we set u [| OD = g. By the Cauchy 
formula for any zo and p< 1— |zpl, 

20 


flco) = [He + pe “ (5.4.8) 


so Re f is harmonic. 


Proof of Theorem [5.4.1} (2) = (3). As noted already in (2.1.39), if f is 
holomorphic and C® (we now know C® is implied by being holomorphic), 
then f obeys Af = 0, so Re(Af) = A(Re f) = 0 and, of course, Re f is C™, 
and so C?. 


(3) > (1). Obviously, if u is C?, it is continuous, so we only need to check 
the MVP. In polar coordinates (r,@), A has the form (Problem [4) 


Oe ae, ti 
¢ OF (+ =) J r? OG? On8) 
away from r = 0. 
For zo € 2 and r € (0, dist(zo, C \ Q)), let 
g(r, 9) = u(z + re’) (5.4.10) 
27 
A(r) = i u(zp + re’) - 
0 20 
27 dé 
= : g(r, 9) = (5.4.11) 
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By integrating the derivatives and using that 0g/00 is periodic in 0 of period 


27, for r #0, 
1 2" ag dé 
= 4,12 
r2 Jo 070% Ix (5 ) 
Since g is C? in r, A is C? away from r = 0 and 
rdr dr Jo \r Or Or Jo”! oF 
eo es, dd 
= 5 se ae 
[| anea = se otro] 2 
=0 (5.4.13) 
by (5.4.12) and Au = 0. 
Thus, 
dA 
— = 4.14 
a (5 ) 
If c. £0, A=co+c, log(r) diverges as r | 0. But 
ai A(r) = u(zo) (5.4.15) 


since u is continuous. It follows that cj = 0, so A is constant and (5.4.15) 
implies A = u(zo), that is, the MVP holds. 
(1) > (2). Pick 6 so Dos(zo) C Q. let g = u | ODs(z0). Then wu solves the 


Dirichlet problem for g on D5(zo), so by Theorem [5.4.5] u is the real part of 
an analytic function on D5(zo). 


The above proof shows the MVP holds for any disk in Q; see Problem [I] 


Note. Many of the results of this section are extended to R” in Chapter 3 
of Part 3. 


Notes and Historical Remarks. For a discussion of the history of the 
Dirichlet problem, see the Notes to Section 3.6 of Part 3. 


Harmonic functions and the Dirichlet problem arise in many physical 
situations: first, via fluid flow, as explained in the Notes to Section [2.1} 
second, in electrostatics since the electric field in a region void of sources 
is given by E = grad(u) where u is harmonic, and also in acoustics. For 
example, if one has a circle in the plane made of two arcs, A; and Ao, 
which are perfect conductors joined by insulators (so A; U Ag = OD and 
A, M Ag = 0), the potential inside the circle solves a Dirichlet problem with 
a discontinuous g equal to different constants on A; and Ag. 
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Problems 


1. 
2. 


Licensed to AMS. 


. Let u be nonnegative and harmonic in a neighborhood of D 


If wu is harmonic in Q, show that (5.4.1) holds for all p < dist(zo, 0). 


Let u = log|z| on D*. Show there exists no analytic function, f, on all 
of D* so that Re f = u. 


Lary 


. (a) Let uw be harmonic on a region, 2. Let f; and fg be two analytic 


functions on some D5(zo) C 2, so Re f, = Re fo = u | Ds(zo). Prove that 
fi=fe 

(b) Conclude there is an analytic function, g, on all of 2 so that if f is 
analytic on some D5(zo) with Re f = u | Ds(zo), then f’ = g. 


(c) If Q is hsc, prove that there is an analytic function, f, on all of Q so 
Re f =u. (Hint: Theorem [2.5.41) 


. (a) Using r? = 27 + y?, 6 = arctan(x/y), prove that 


O xo y O O yO xz oO 


Ox =r Or” r? 00’ Oy rdOr_ r? 00 
(b) Prove that 


07u 1 Ou 7! O2u 


re pea. le ak Og2 


(c) Deduce (5.4.9). 


(a) Prove that the Poisson kernel obeys 


_ l+r _1=f 


P,(@ = inf P,.(0 = — 5.4.16 
one OO) = 7 inf OO) = Ta ( ) 
(b) Prove that for any z € D (Harnack’s inequality) 
1—|z| 1+4|z| 
u(O) < u(z) < u(O 5.4.17 
Tp) s ule) s EE Wo) (5.4.17) 
(c) Let 0 < Un < Uns <... for functions harmonic in a neighborhood 


of D. Prove Harnack’s principle: 


SUP Un(z) < oo for one z € D & sup un(z) < 00 for all z € 
n nm 


Note. Problems [6] assume a knowledge of distribution theory; see 
Chapter 6 of Part 1. 


. Let f be a C™ function of compact support on C and let 


Woe ~ toatlz() (5.4.18) 


(a) Prove g is C® on C% and that on that set, Ag = 0. 
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10. 


11. 


Licensed to AMS. 


(b) Prove that 
[ONE #: = 70 
so that, in the distributional sense, 
Ag = 6(z) (5.4.19) 


(Hint: Use Seejzjcr(GAF — fg) @z = Jecjzjcr 9tad(9 div f — 
f div 9) d’z, followed by Gauss’ theorem, and then take ¢ | 0.) 


. Prove that, in the distributional sense, 


(=) = 6(z) (5.4.20) 


TZ 


(Hint: Use (6.4.19), (2.1.38), and Problem [8] of Section 2.1]) 


. Given a complex measure pp of compact support on C, prove that 


(@) [ @z fee. 5 (5.4.21) 
(b) Cay(2) = [ EO 


w-z 
is defined for a.e. z and defines an L1(C,d?z) function. It is called the 
Cauchy transform of [. 


(5.4.22) 


(c) Prove that, in the distributional sense, 
Ca, = —7 du (5.4.23) 


Remarks. 1. There are differing conventions on whether Cg, is given 
by (4.22) or has a (27)7!, 27!, or (27i)~+. Our definition is the most 


common. 
2. There are whole books on the Cauchy transform [117]. 


. Let 7 be a rectifiable Jordan curve, 2 its interior, and orient y so the 


winding number of y in © is 1. Compute Oxg and Oyg where xq is the 
characteristic function of 2 and the derivatives are distributional. 


Let f be regular on D. Let dy = f dz where dz is the line integral on 
OD, counterclockwise. Compute Cq,. Comment on the relation of the 


Cauchy integral theorem and (5.4.23). 
Let g € Cp°(C) and let 


fiz)= = / HL) Py (5.4.24) 


Prove that f is C® and solves Of = g. (Hint: Use Problem [7] to 
first check that it is a distributional solution in that, for all h € C@°, 
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— f f(z)(Oh)(z) dz = f g(z)h(z) d?z, and then knowing that f is C™, it 
obeys Of = 9.) 


Note. There is a connection between this result and Pompeiu’s formula; 
see Problem [I] of Section and (2.7.7). 


5.5. The Reflection Principle 


The main result of this section is: 


Theorem 5.5.1 (Reflection Principle). Let Q C Cy = {z | Imz > 0} be a 
region and I CR, an open set (in the topology of R), so that for any x € I, 
there is 6 so that Ds5(ap) NC C O (see Figure 5.5.1). Suppose f, given 
on QUT, is analytic in Q and continuous on QUI. Suppose also that f is 
real-valued on I. Then the function, F, on Q=2uUN by 


Fee Seoud 
F(z)= {eh eo (5.5.1) 


is analytic on Q. 


Figure 5.5.1. A reflected region. 


Remark. We emphasize that here 2 means {z | 7 € Q}, not the closure 
of Q! 


We will deduce this from: 


Theorem 5.5.2 (Painlevé’s Theorem). Let Q be a region in C. Suppose 
+ is a simple rectifiable curve with y[(0,1)] Cc Q, 7(0),7(1) € 0, and so 
that Q\ Ran(7¥) is the union of two connected components Q+ and Q~ (see 
Figure [5.5.2). Suppose that f* are two functions defined and continuous on 
Q* U Ran(y) and analytic on Q*, and that 


fF Pyl(,1)) = F> flO, 1)] (5.5.2) 
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y(0) 


yd) 
Figure 5.5.2. A divided region. 


Then the function F on Q defined by 


oe ee z€O*U7[(0, 1)] 


7 7 (5.5.3) 
f-(), z2€Q°-VUY(0,D)] 


is analytic on QO: 


Remarks. 1. In other words, if f is continuous in 2 and analytic on Q* U 
Q-, it is analytic on 2. 


2. This result may fail if 7 is not rectifiable; see the Notes. 


Proof. We use a variant of the argument used in the proof of Theorem[4.6.1] 
By Morera’s theorem, it suffices to prove ¢, f(z) dz = 0 for every triangle, 
T in Q. If T intersects ¥ in finitely many points, ins(7’) \ Ran(7), the inside 
of T with y removed, is finitely many regions, each entirely in Q* or Q7 
and each bounded by a Jordan curve. Thus, hp f(z) dz is equal to a sum of 
finitely many integrals by adding and subtracting integrals of f along pieces 
of y, each of which is 0 by the ultra Cauchy theorem (Theorem [4.6.1). 

For an arbitrary triangle, 7’, let AT be the triangle with the same ortho- 
center as T but sides scaled by a factor of A. For |A—1| small, AT C 2 and, 
by the rectifiability of y and the same Banach indicatrix theorem argument 
used in the proof of Theorem [4.6.1] AT intersects 7+ finitely many times for 
a.e. A. Since A + pyr f(z) dz is continuous in \ by the continuity of f, we 


see f, f(z) dz = 0. 


Proof of Theorem Let Jp be an interval in J. Let QT =, OT = 


Q, and F~ be defined on Q* UI by 


_ Jf), 2€0 

rit)= {7s 268 (5.5.4) 
_ JF), zen 

r=. 288 (5.5.5) 
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Figure 5.5.3. Slicing a triangle. 
Since 09 = Og and if h(z) = g(z), then (Oh)(z) = (0g)(Z), we see that if 
g(z) = f(z) and h(z) = f(z), then 
dg = dh =f =0 (5.5.6) 


so F is analytic on Q~. Moreover, since f is real on Ip, F* [| In = F~ | Ip. 
Now use Theorem [5.5.2 


Sy 


Remark. The Morera theorem argument used in the proof of Theorem[.5.2] 
can be specialized to this case. There are only two regions (see Figure[5.5.3) 
where the Banach indicatrix argument isn’t needed. Moreover, the ultra 
Cauchy theorem is trivial at a flat edge by a simple continuity argument. 


We are interested in extending Theorem[5.5. lin several ways. The most 
significant for later applications concerns the following: In the hypotheses 
of Theorem [5.5.1] we need to suppose that Im f(z) > 0 as z > I and 
that Re f(z) has a continuous limit as z + J. Remarkably, it is actually 
true that if Im f(z) > 0, then Re f automatically has continuous boundary 
values on I. 


Theorem 5.5.3 (Strong Reflection Principle). Let Q, I, and Q be as in 
Theorem Suppose f is analytic in Q and the function v on QUI 
given by 
v(z) = 5.5.7 
(z) 0, ee (5.5.7) 
is continuous. Then there is an analytic function F onQ so F | Q= f and 


(F | Q)(z) = f(2). In particular, f has continuous boundary values on I. 


able zen 


Proof. Define v on 2 by 
Im f(z), zEN 
v2) =< 0, zel (5.5.8) 
—Im f(z), z€EQ 
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We claim v is harmonic in the sense of the definition involving (@.4.1). Since 
v is the real part of an analytic function in 2, for z € 2, the MVP holds 
so long as the p in is such that it obeys p < min(Im 29, dist(0Q)). 
By reflection in R, the MVP holds for zo € 9. If zo € I and p < 6 where 
5(Z0) NC, C Q, we have {z | z = 29 + pe} CO and v(z9 + pe”) = 


—vo(zp + pe~’). Averaging from —7 to 7, we see 
1 27 : 
— v(z9 + pe’) dd = 0 = v(z) (5.5.9) 
27 0 


so the MVP holds on J. Thus, v is harmonic as claimed. 
By Theorem[5.4.1] for any zo € J and with 6 as above, there is a function 
g analytic in Ds(zo), so v = Reg. Thus, on Ds(zo) C4, Re(g+if) = 0. So, 
by the Cauchy—Riemann equations, (g + if)’ = 0 there, so for a constant c, 
f=ig+e (5.5.10) 


on Ds5(zo) 1 Cz. Thus, f has an analytic continuation to Ds(zo), and so f 
is continuous on J. Thus, by Theorem [5.5.1] there is the required analytic 
function F on 2. 


Next, we want to note an extension to OD in place of R: 


Theorem 5.5.4. Let Q Cc D and I C OD an open set (in the topology of 
OD) so that for zo € I, there is 6 > 0 so that Ds(zo0) ND CQ. Suppose that 
f is analytic in Q and the function v on QUT given by 


v(z) = a soa (5.5.11) 


0, zEn 


Qt = A 
z 


and Q =QUTUM. Then Re f has a continuous extension to 2UT and 
there exists F analytic in Q so that F }Q =f, and for z € 1%, 


F(z) = FQ/5) (5.5.13) 


is continuous. Let 


ze al (5.5.12) 


Sketch. The map 

_ i(1+ 2) 
ulZ)= ims 
maps D to Cy (since U(e’) = — cot(@/2) and U(0) = i). Moreover, U maps 
C\ {1} to C and 


(5.5.14) 


U(z) = U(1/z) (5.5.15) 


This theorem then follows by applying Theorem to foU-! on 
U(Q) with boundary values on U(I). The details are left to the reader 
(Problem [I). 
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The same idea, but applied to the values rather than the domain, leads 
to (the reader is asked to prove this in Problem [2): 


Theorem 5.5.5. Let 0,12 be as in Theorem Suppose f is analytic 
on Q, |f(z)| has a continuous extension to QUT, and for z € I, we have 


|f(zo)| =1. Then there is a meromorphic function, F’, on Q, so forz EQ, 
F(z) = f(z), and for z €Q with f(1/z) £0, we have that 


F(z) = (5.5.16) 


There is an additional facet of continuations guaranteed by the reflection 
principle that we should mention: 


Theorem 5.5.6. Let f be analytic inQ C Cy with IC R an interval in OQ. 
Let z9 € I so that for some 6 > 0, No = Ds(z0) N Cy CQ and suppose that 
on No, either Im f > 0 and lim,-,7,zea(Im f)(z) = 0 or |f(z0)| < 1 and 
lim,-,7,zcal|f(z)| = 1. Then f has a meromorphic continuation to Ds(z0) 


and f'(z) £0. 


Proof. We consider the case Im f > 0. By the strong reflection principle, 
f has an analytic continuation to Ds(zo) with f real on 1M Dg(zo). If 
f'(zo) = 0, f has a zero of order k > 2 at zo, so arg(f) changes by 7k in No 
near Zo, inconsistent with Im f > 0 there. 


Finally, we mention a somewhat special situation that one can analyze 
via a special reflection, and then leave to the problems a generalization that 
uses the mapping idea of the last two theorems. 


Theorem 5.5.7. Let f be analytic in Q = {z|0< |z| <p, arg(z) € (0, 5)} 
and so that Im f has a continuous extension to Q with Im f(z) = 0 if arg(z) 
is 0 or 5. Then f has an analytic continuation to Dp(0) and the Taylor 
series at z =0 has the form 


FQ) => aan2”” (5.5.17) 
n=0 
with aan, real. 


Proof. By the reflection principle applied to arg(z) = 0, f has a continua- 
tion to {z |0< z <p, arg(z) € (—§, §)}. But then applying the reflection 
principle to arg(z) = +5, we get an analytic continuation to D,(0) \ {0}. 
By reflection, we have Im f(z) > 0 as |z| > 0. 


This continuation, call it f also, cannot have a finite-order pole at 0, 
since if it is real on arg(z) = 0,5, it must be imaginary at some sector in 
between, and then Im f(re’®) —+ 00 or —oo as r — 0, contradicting the 
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assumption lim,_59 Im f (re*?) = 0. By the Casorati—Weierstrass theorem, it 
cannot be an essential singularity and have this behavior of Im f as |z| > 0. 
Thus, it has a removable singularity. 


We have f(z) = f(z) and f(iz) = f(tz), which implies f(—z) = f(z). 
So there can only be even nonzero Taylor coefficients. Reality of f on R 
proves that all a, are real. 


By a different method (see Problem [4), one proves: 


Theorem 5.5.8. Let f be analytic in Q = {z | 0 < |z| < p, arg(z) € 
(0,2) for some a € [5,00) and suppose Im f has a continuation to Q with 
Im f(z) = 0 ifarg(z) is 0 or 5. Then there is a function g analytic at w = 0 
with real Taylor coefficients so that 


f(a) = 9(2%) (5.5.18) 
Moreover, if Im f > 0 in Q, then g/(0) £0. 


Notes and Historical Remarks. The reflection principle was discovered 
by Schwarz in 1869-70 in the same series of papers that had the Schwarz 
lemma. It is often called the Schwarz reflection principle. 


Painlevé’s theorem, in the form we refer to involving arbitrary rectifiable 
curves, can be found in Beckenbach or Rudin [495]. It is false for 
nonrectifiable curves; see below. There are several different theorems called 
“Painlevé’s theorem”; see the Notes to Section and to Section 12.6 of 
Part 2B. 


The issue of Painlevé’s theorem and its failure for certain nonrectifiable 
curves is intimately connected to the discussion of extensions of the Rie- 
mann removable singularity theorem to sets more general than points. For 
example, the same argument that proved Theorem shows if £ Cc Q, 
E is the image of a simple rectifiable curve and 2 \ F is connected, then f 
continuous in 2 and analytic in Q\ EF implies analyticity in E. This question 
is discussed further in the Notes to Section 


Some of the counterexamples related to the Painlevé theorem in the 
nonrectifiable case are in this Q \ E context where E may not be an image 
of a curve or even connected. The original constructions go back to Pompeiu 
and Denjoy and were raised to high art in Carleson (94). In 
particular, it follows from Carleson’s results that if 7 is the Koch snowflake, 
a nonrectifiable curve constructed in Problem [9] of Section then there 
is a function f continuous on C and analytic on C \ 7, but analytic at 
no point of 7. This uses the fact that the Koch snowflake has dimension 
log 4/log3 > 1. 
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There are, of course, nonrectifiable curves for which Painlevé’s theorem 
holds. For example, if y is a parametrization of {cv +iy|-l<a<l,y= 
asin(4)} and Q = {x + iy | -1 < x,y < 1}, then 7¥ is not rectifiable, but 
Painlevé’s theorem holds since 74 is rectifiable except at x +iy = 0, and soa 
combination of Theorem and the Riemann removable singularity result 
proves that Painlevé’s theorem holds in this case. 


For the special case where Ran(y) is a subset of R (used for Theo- 
rem [5.5.1), the generalization of Painlevé’s theorem to higher complex di- 
mension is called the edge of the wedge theorem—it is discussed in Rudin 
[495], Jost [293], and Streater-Wightman [546]. The name comes from the 
form of the theorem. The one-variable theorem can be rephrased as taking I 
open in R so that O* = {x+iy | « € I, +y € (0,¢)} with analytic functions, 
f=, on Q* and equal boundary values. In higher dimensions, J is open in 
R”, V is an open convex cone in R", and Q* = {x+iy|x eI, tye V}, 
which are wedges. 


There are distributional versions of Painlevé’s theorem (and the edge 
of the wedge theorem). f*(a + ie) are only required to converge to equal 
distributions in the sense of distributional convergence. Problem [5] has an 
L' version of this. 


Problems 
1. Fill in the details of the proof of Theorem 


2. Prove Theorem [5.5.5) (Hint: Prove |f(z)| is harmonic in any disk free of 
zeros of f since |f(z)| = Re(log(f(z))).) 


3. Prove a version of Theorem [5.5.5] when Q), Q are like the sets in Theo- 


rem 
4. Prove Theorem [5.5.8] (Hint: Apply Theorems and to g(z) = 
f(z/%) with arg(z) € (0,7), 0 < |z| < p%.) 


Note. The next problem requires the reader to know about L!, convolu- 
tions, and approximate identities (see Theorem 3.5.11 of Part 1). It also 
uses the Vitali theorem of Section 


5. Let fs be analytic in Q* = {x+iy | x € (a,b), ty € (0,5)} and suppose 
for a function g € L1((a,b), dx), we have that 


b 
in [ Wer eo een (5.5.19) 


This problem will lead you through a proof that g is continuous and there 
is an analytic function F on 0 = {a+ iy | a € (a,b), y € (—6,6)} so that 
FQ = f+. 
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(a) For r € (0, 5(b—a)), let OF = {x+iy | x € (at+r7,b—7), ty € (0, 45)}. 
Let h; be a C™® approximate identity on R with support h, € (—7,7). 
Define f> on Q= by 


ety) = [ite —w)f*(w t+ iy) dw (5.5.20) 


; and have equal continuous boundary 


Prove that f> are analytic on Q Ot 
values so that Theorem [5.5.2]implies there is an analytic F; on 0, with 
Oe =i. 
(b) For any 6, show there exists a C®, g supported in D;(0), so if f is 
any function analytic in a neighborhood of D5(0), then 


i@)= [wre —w) dw (5.5.21) 
(Hine: For p= 6, fle) = al flz- ipe’?) 2. Average this in p with a 


smooth function.) 

(c) Using (b), prove that for any T > 0, there is a uniform bound on 
{F,}+<7) on any compact subset of 2,,. 

(d) Prove that in 0*, f-(z) > f(z) pointwise, and use (c) and Vitali’s 
theorem to prove that the required F' exists. 


5.6. Reflection in Analytic Arcs; Continuity at Analytic 
Corners 


We’ve seen two cases where continuation across a boundary is automatic if 
boundary values are real—when the piece of boundary is in R and when 
it is in OD. The two have in common that they are real analytic curves 
in a sense we make precise below. After proving that there is a reflection 
principle for all such curves, we prove a continuity at a corner where two 
analytic arcs come together, a result we’ll need in Sections[8.2]and[8.3] Given 
a simply connected region, 2, there is a biholomorphic bijection f: Q —> 
. Its existence is asserted by the Riemann mapping theorem discussed in 
Section[8.1] In this section, we’ll refer to this map, f, and call it a Riemann 
map. 


Definition. A real analytic curve (also called an analytic arc) is a curve 
y: [0, 1] > C which is simple and real analytic on [0, 1] with 7’(t) 4 0 for all 
t € (0, 1]. 


By real analytic, we mean for each to € [0,1], there is a convergent 
Taylor series at to with y(t) = \>P°.9 an(to)(t — to)” for all t near to and in 
[0, 1]. Here’s the general reflection principle: 
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Theorem 5.6.1. Let 9 be a region and {y(t)}o<t<1 a real analytic curve 
which is an edge of OQ in the sense that for every zo = y(to), to € (0,1), 
there is a disk Ds(zo) so that Ran(y)D5(z) divides Ds(zo) in two: D* and 
~, so that Ds(zo)NQ = Dr (i.e., (Ran(y)ND5(zo)) UD~ Cc C\Q). Suppose 
that f € U(Q) and for every zn € Q, zn > 20 = y(to) with to € (0,1), we 
have Im f(zn,) > 0. Then f can be analytically continued from Q to a 
neighborhood of y{(0, 1)]. 


Proof. This is a local result. We need only prove analyticity in a neighbor- 
hood of any zp = y(to). Pick 69 so that the power series representation for 
converges in Ds, (to), and let {I'(z) | z € Dg, (to)} be the value of the power 
series. By shrinking 69, we can suppose ['[ID5(to)] lies in the disk guaranteed 
by the conditions of the theorem and that I is one-one on Ds(to) (since 
(to) # 0). 

Then ['[(to — 6, tp + 5)] = 7[(to — 6, to + 6)] C Ran(y). So ON Ran(L) is 
either [[C+MD5(zo)| or P[C_ ND 5(zo)]. For simplicity, suppose the former. 

Define g on C+ ND (zo) by g = fol. Then Img(zn) > 0 if zn G te € 
(to — 6,tp + 6), so by the strong reflection principle (Theorem [5.5.3), g has 
an analytic continuation, g, through D5(zo). Thus, f = go I~! extends f 
through T'[D5(zo)]. 


Next, we want to note two further aspects of the situation. First, instead 
of Im f(z,) > 0, we could have used | f(z,)| + 1 and Theorem[5.5.4] Second, 
as with Theorem [5.5.6] if |f(z)| < 1 for z € D* and |f(zn)| 3 1 as zn > 
Ran(y) M Ds(zo), then f’(zo) # 0. Indeed, the sign of if (y(t) Sf(7@)) is 
determined by the placement of Ran(7) relative to D* (if, as t increases, D* 
is to the left of y(t), then this derivative is positive). 


As a final result on reflections, we want to prove a continuity result at 
corners under special circumstances: 


Theorem 5.6.2 (Continuity at analytic corners). Let Q be a region, 
zo € OQ, so that there are two curves starting at zo, y and ¥ both real 
analytic at t = 0 with 7/(0) 4 0 4 ¥/(0) and with Ds(zo)N OQ = 
(Ran(y) U Ran(¥)) ND5(z0) for suitable small 6 (see Figure[5.6.1). Let f be 
analytic in Q. Suppose, for some 6 > 0, f: QOD 5(zo) to D and is one-one 
there, and that 


aim |f(@|=1 (5.6.1) 
zn ED 5(z0)NQ 
Zoo COD. 


For z € (y[(0,1)] U ¥[(0, 1)]) AN Ds(zo) = T, define f to be limits of f(z) 
guaranteed by Theorem [5.6.1| Then 


(a) f ts one-one onT. 
(b) f(zo) can be defined so that f | TU {zo} is continuous. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


198 5. More Consequences of the CIT 


Figure 5.6.1. An analytic corner. 


Remark. We emphasize that this theorem is local—it is not required that 
all of OQ be analytic curves with C! corners. That said, if OQ has this 
property, a Riemann map of 2 to D extends to a homeomorphism of Q 
and 


Proof. By Theorem [5.6.1] we have continuous extensions of f to I’, so for 
t small, f(y(t)) = e and f(F(t)) = e#. By the remark about the sign 
of the derivative, either 0’ > 0 and 6’ <0 or vice-versa. Let us suppose the 
former. 

Since f’(z1) £0 for z; €T, f is a bijection near z1, and since |f(z)| > 1 
for z € Q near z1, we see f takes all values in D near f(z) for z’s near 21. 
Since f is supposed one-one on (2 near zo, we conclude that for t, s small, it 
cannot be that f(y(t)) = f(F(s)), that is, (a) holds. 


By the monotonicity, limyyo f(y(t)) = e#© and limgjo f(7(s)) = e 
exist, and by the monotonicity and one-one property, 6(0) < (0) (we may 


i0(0) 


need to adjust 6 or 0 by 27). The continuity result (b) that we need to prove 
is that 

6(0) = @(0) (5.6.2) 
So suppose is false. 

By the geometric assumptions, for r small, OD,(z9)NQ is an arc running 
from z_(r) € Ran(¥) to z4(r) € Ran(7) (see Figure 5.6.1). Write z_(r) = 
zotre’?-©), 2. (r) = z9+re”+™ and define the arc n,: [¥_(r), ¥4(r)] 9 O 
by 


Tr(p) = zo + re” (5.6.3) 


By definition of 0, 0, we have 


F(ar(h—(r)) = FO), Fab (r)) = EO (5.6.4) 
for suitable t*(r). 


By the monotonicity of 0, 0, for r small, 


LF (mm (4 (P))) — Fm (b(7)))] = [eo — ef] = B > 0 (5.6.5) 
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so, by (2.2.20), the length of the image of 7,([w_(r),~+(r)]) under f obeys 


w+(r) ; 
; |f’(zo+ re) |r dy > B (5.6.6) 
w_(r 


By the Cauchy—Schwarz inequality, 


w+(r) wt w+(r) 2 
i. I (co-+ rea) (| ww) = (/ Lf (co-+re)] a0] 
w_(r) we p_(r) 


(5.6.7) 
so, by (5.6.6), 


w+(r) ; 2 
/ Lf! (zo + re¥))2 dab > — ck (5.6.8) 
v-(r) as 


On the other hand, by the conformality of f as expressed in (2.2.22), 
R pb+(r) 
[ / |f’ (20 + re™)|?r dr < wR? (5.6.9) 
0 /p_(r) 
(5.6.9) and (5.6.8) imply 


R 
al BE eee (5.6.10) 


This is a contradiction with 6 4 0, that is, (5.6.2) must hold. 


If Q = Q\ Ran(y), where ¥: [0,1] is a Jordan curve from 2 € 09 to 
z1 € Q with 7(s) € © for s € (0, 1], we say 2 is Q with a slit removed. If ¥ is 
real analytic, we can apply the reflection principle on either side and see that 
if f: Q > D isa Riemann map, f~! can be continuously extended onto part 
of OD, so that f~! maps to each side of Ran(y). If 7 is real analytic at s = 1 
also, f~! can be continued to part of OD, so that a single arc gets mapped 
two-one onto y[(1 —«,1)] and is continuous at the tip. To see things locally, 


FY O) fen mere, 
YO) fy) 
yo fyo) 


Figure 5.6.2. Boundary behavior of a Riemann map to a region with 
analytic slit. 
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map 9 = D-(y(1))\Ran(7) to a “half-disk” by taking G: z > (z—7(1))'/”. 
Under the map, 2; has a boundary which is two analytic curves, real analytic 
at their ends coming together at angle 7 (see Figure[5.6.2). A Riemann map, 
f, of O defines a map of 21, w+ f(y(1) + w?) to which Theorem [5.6.2] can 
be applied. We summarize in: 


Theorem 5.6.3 (Continuity of Analytic Slit Maps). Let 2 = Q \ Ran(7) 
be a slit domain whose slit is piecewise analytic with real analytic corners 
and real analytic ends. Let f: Q— D be a map obeying area points 
in Ran(y). Then f—! can be continued to an arc (a,8) € OD, so that for 
Kk € (a,8), f-'(k) is the tip of the slit and f—' maps (a,K) onto y{(0, 1)] 
and also (kK, 3). f is continuous as one approaches Ran(y) from one side or 
the other as one approaches the tip. 


Notes and Historical Remarks. The lovely geometric argument used 
in the proof of Theorem [5.6.2] is due to Carathéodory in his proof of 
continuity of Riemann mappings up to the boundary for interiors of Jor- 
dan curves. Earlier, Schwarz in his work on the reflection principle proved 
continuity up to the boundary for Jordan curves which are a finite union 
of analytic arcs coming together at nonzero angles. In our application in 
Sections [8.2] and [8.3] we’ll need the result at cusps, that is, points where the 
angle of intersection is 0. 


Constantin Carathéodory (1873-1950) was the son of a Greek diplomat 
(his father was of Greek descent but served the Ottoman Empire which con- 
trolled much of Greece at the time). Carathéodory was born in Berlin, spent 
much of his youth in Brussels, and was a student in Berlin and Gottingen 
where he got his degree from Minkowski in 1904. He married his aunt, who 
was eleven years younger than him, in 1909. He was at a remarkable number 
of different universities, in part because of the economic dislocations from 
the First World War and because of a period in the 1920s when he helped set 
up mathematics in several Greek universities. Most notably, he was Klein’s 
successor at G6ttingen and a professor in Munich from 1924 until his re- 
tirement in 1938, and again after the Second World War when he helped 
reestablish German mathematics. 


Carathéodory was a key player in both the proof of the Riemann map- 
ping theorem and, as we’ve seen, the study of boundary behavior of such 
maps. In this regard, he was the mathematician who realized the power 
of the Schwarz lemma which he named. Under Minkowski’s influence, his 
early work was in the theory of convex sets and his focus on Carathéodory 
functions came in that context. He also did fundamental work in the foun- 
dations of the calculus of variations, in thermodynamics, and, as we’ve seen 
in Part 1 (Section 8.1), in measure theory. 
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5.7. Calculation of Definite Integrals 


Cauchy first caught the imagination of the mathematical world with his abil- 
ity to compute some definite integrals where an explicit antiderivative is not 
available, and this use of complex variables is still central to many applied 
areas. Since it it not central to the theoretical concerns that dominate this 
book, we’ll not spend as long as some texts, but we’d be remiss if we didn’t 
say something. The choice of contour is an art as much as a science, so 
we'll mainly study by example, which we’ll break into six parts. All use the 
residue theorem, Theorem [4.3.1] 


5.7.1. Periodic Functions Over a Period. These are the simplest since 
they essentially come as an integral over a closed contour. 


Example 5.7.1. For a > |b| both real, compute 
= iA do 
— — 5.7.1 
[ a+ bcos@ 27 ( ) 


Let z = e”” so dz = izd@ and the integral in (7.1) becomes (with the usual 
counterclockwise contour on OD) 


1 f 1 dz 1 f 2 d 
= Z 
Qri J at 50(z + 271) z QWwisy bz2+2az+b 
The poles are at (+Va? — b? — a)/b = z4. Both are in (—oo,0), one inside 


the circle, one outside. The polynomial is thus b(z — z1)(z — z_) and the 
residue is 1/b(z4 — z_) = 1/2(v a? — 67), that is, 
a st dO 1 
| - (5.7.2) 
9 a+bcosé 27 Vaz — b2 


Taking a = 1 and expanding both sides as a power series in b (using the 
binomial theorem for (1 — b?)~!/?) one gets (one can also get this from the 
binomial theorem and go backwards to (5.7.2)) 


[ * 0927) 8 _2n) (5.7.3) 
0 


on Dem (9) )7 


5.7.2. Integrals of Rational Functions. Most of the remaining exam- 

ples are [°° or [;° and so are “improper,” that is, over infinite intervals. 

There are three possible meanings of such an integral: 

(a) fo |f(x)| dx < co or f° |f(x)| dx < oo. Such integrals are said to be 
absolutely convergent. 

(bi): intip seq le f(x) dx exists but {5°|f(x)|da = oo. Such integrals are 
said to be conditionally convergent. 
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(c) limgy soo (Ef@ dx exists but limp_5o, ee x) dx does not. Such in- 
tegrals are ie principal values at infinity ee pv). 


Examples of the three types are ie es (see Example [5.7.3] below), 


[oS S@* dx (see Example 5.7.5] below), and pv f°. Se = = 0. While on the 


sabiect of principal values, if J nese | f(a)| dz is finite for all « > 0 but 
So lf(x)| da = fF) dx (= co), we define fora <0 < 8, 


a / * (x) = tin} 5 fies / ” Fa) as| (5.7.4) 


if the limit exists. If the singular point is at xg rather than 0, we make a 
similar definition. If y is a simple contour, C', near y(t9), we can similarly 
define a principal value as integrating without (to — ¢,to + ¢). Here is the 
key fact: 


Theorem 5.7.2. Let y be a simple closed contour, f meromorphic in a 
neighborhood of ins(y) so that f has only simple poles on Ran(y) and with 
ay c near these poles. If y is oriented so that n(y,z) =1 on ins(y)™, then 


a0 ~ pv ff(2) \dz= eo Res(f; zo) + 7 Res(f;z0) (5.7.5) 
Proof. Letting 4, be the contour 
VS rTe™, C2<1 (5.7.6) 
the standard calculation (see Example 2.2.2) shows the integral 


[ zldz=Ti (5.7.7) 


Thus, if y is the contour y with symmetric gaps of size 2¢ about each point 
on 7 and if y©)# is y©) with semicircles running outside (see Figure [5.7.1] 


fiad= f(z) dz — ni S> Res(f; zo) + O(e) (5.7.8) 
ae ei zo€Ran(y) 


From the residue theorem, we get (5.7.5). 


(€) 
Y y® Hl 


Figure 5.7.1. Resolving a principal value. 


If P/Q is a rational function with no poles on R, [°™ (P(2)/Q(a)) dx 
is absolutely convergent if deg(Q) > 2+ deg(P). If deg(Q) = 
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so P(x)/Q(ax) = c/x + O(1/2?) at infinity, then only the principal value at 
infinity exists and is easy to accommodate. Thus, we will limit ourselves here 
to deg(Q) > 2+ deg(P). Using Theorem [5.7.2] it is easy to accommodate 
simple poles on R. 


Example 5.7.3. Compute for a > 0, 


[- ee (5.7.9) 


2 2 
eo +a 


This is the limit as R > oo of ie We now “close the contour,” that 
is, add and subtract the integral counterclockwise along |z| = R from R 
to —R. If R > a, the amount subtracted is bounded by 7R(R? — a?)~1, 
since sup),|-rl1/(z? + a”)| < 1/(R? — a’). This goes to zero as R + ov. 
Thus, if Cg is the closed contour (see Figure [5.7.2), the integral in (5.7.9) 
is the limit as R — oo of the integral over the closed contour (which we’ll 
see is R-independent if R > a). Inside the contour, z* + a? has one pole at 
z = 7a and the residue is 1/2ia. Thus, 


°° daz T 


The reader should do the computation if the contour is closed in the lower 


half-plane. 
R R 
Figure 5.7.2. Contour for Example[5.7.3] 
Since (x7 + a7)" = ait arctan(=), this can also be computed by 


standard real variable methods. Indeed, by the method of partial fractions, 
every P/Q which is real on R with all poles in C\R can be reduced to sums 
of the form (5.7.9) and powers of that integrand. 


5.7.3. Trigonometric Times Rational and Exponential Functions. 
This class illustrates the power of complex variable methods since the inte- 
grand in (5.7.11) is not the derivative of any elementary function. 


Example 5.7.4. Compute for a > 0 and 6 real with b 4 0, 
/ Ee (5.7.11) 


2 2 
oo U +a 


Without loss, suppose b > 0. Since Re(e”’*) = cos bx, we need only compute 
the integral with e’”” replacing cos bx. We can close the contour in the upper 
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but not lower half-plane (since |e!’(*+™)| = e~'¥). Computing the residue at 
x = ia yields 


°° cos bx re” lola 
[-5 (5.7.12) 
—Co 
Example 5.7.5. Compute for a > 0, 
a 
/ omer dx (5.7.13) 
ae: 


This has four subtleties compared to the last example. First, it is not abso- 
lutely convergent, but by general principles (see Problem), it is condition- 
ally convergent. 


Second, we cannot close the contour naively in either half-plane because 
the function sinaz/z grows badly in each half-plane. The obvious solution 
is to write sinaz/z = (e'* — e~***) /2iz, and for each term close in different 
half-planes. The problem is that while sinaz/z is regular at z = 0, e*’*/z 
are not. Here, what we do is replace ee by tg + i + So. where C; 
lies in the lower half-plane as the semicircle from —e to €. Since sinaz/z is 
bounded on that circle uniformly in ¢ and the contour is O(€), we are sure 
to recover the given integral as « | 0 (and, indeed, by the CIT, this sum is 
é-independent!). 


Third, we cannot close trivially with a large semicircle (although with 
extra work, one can (see Problem [4{b)). Instead, we close the contour for 
e'% /2iz by going from —R to R along R (with the e-change above), go 
upwards to R + iVR, horizontally and backward to —R + iVR, and then 
down (see Figure [5.7.3). A simple estimate (Problem [A{a)) shows that as 
R—- o, this extra contour contributes zero. 


There results two integrals, one involving e’*/2iz in the upper half- 
plane and the other e~***/2iz in the lower half-plane. The second encloses 
no poles (with our choice of deformation near zero) and the other only a 


-R+iR R+iR 


-R R 
—E € 


Figure 5.7.3. Contour for Example|5.7.5 
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pole at zero. The result is 271/27, so 


/ at de = 1 (5.7.14) 
a. 


The last subtlety concerns the fact that while (5.7.14) is independent 
of a, for a = 0, the integral is zero! This lack of continuity was discovered 
by Cauchy and concerned him. It shows the difficulty of interchanging limits 
and conditionally convergent integrals (or sums). 


Example 5.7.6. For 0 < a < 1, compute 


/ <_ dy (5.7.15) 


eo Lbe® 


Exponentials and trigonometric functions are brothers. Since for x > 0, 
this function vanishes as e~"-%)*, and for « < 0 as e~l*!, the integral is 
absolutely convergent. Illustrating that contour integrals are an art, we close 
this contour by letting 


F(z) = (5.7.16) 
and note that 
F(z + 2ni) = e?™* F(z) (5.7.17) 


Thus, we take the rectangle in Figure.7.4]with corners at +R and +R+2z7i. 
The contributions of the vertical edges go to zero as R + co. Thus, the 
contour integral as R — co goes to 


; co pax 
1— "0 d 5.7.18 
a-ern [ ae (5.7.18) 


On the other hand, there is one pole within the contour at z = iz where 
the residue is 


Fi = 
em E (1 os e*) | — —¢'h4 
dz Z=1T 
Thus, 
(5.7.18) = —2rie'™* (5.7.19) 
-R+2ni R+20i 
—R R 


Figure 5.7.4. Contour for Example|5.7.6 
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Since —2rie'™*/(1 — e?"**) = /sin(ma), we see that (see also (5.7.30) and 
Problem [10)) 
[oe] ett 1 
/ j= (5.7.20) 


_o l+e% ~~ sin(za) 


5.7.4. Examples with Branch Cuts. 


Example 5.7.7. Compute for a > 0, 


© log(x) 
7.21 
[ eh de (5.7.21) 
For —7/2 < arg(z) < 37/2, define 
log(z) 
F(z)= £7.22 
(2) = (5.7.22) 


and integrate F(z) over the contour from —R to R along R and then along 
the semicircle in the upper half-plane. The contribution of the semicircle is 
O((Rlog(R))/R?) as R > co, and so goes to zero. 

Since log(—2) = log(x) + im for this branch of log(z), the integral over 
the real axis piece as R — oo goes to 


= deee) 2. ff da 
2 f P4+@ +in f faa (5.7.23) 


On the other hand, for large R, the contour has one pole at z = ia with 
residue log(ia)/2ia = (log(a) + ia/2)/2ia. Thus, if I is the integral in 


(5.7.21), we get 
. dx T im 
We could just take real parts (but, in fact, the imaginary parts are equal by 
(5.7.10)). Thus, 
“ilog(a)dz ot 
> = 1 5.7.25 
[ELS =F loeto (5.7.25) 


In fact, this can be computed by conformal invariance alone (see Problem[6). 


Example 5.7.8. This integral is also evaluated in Problem[I0Q} For 0 < a < 


1, compute 
ee) get 
[ dx (51-26) 
0 


We define on C \ (0, co), 


fi) = (5.7.27) 
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Figure 5.7.5. Contour for Example|5.7.8 


a 


where we take the branch of (—z)*~! which is positive for z < 0, that is, for 


z=re?0<6 < 2n, 


(1+ 2z)f(z) = re letO-™Me-1) (5.7.28) 
Thus, for x > 0, 
exin(1—a) ou 


Consider the contour that goes above the cut from 0 to R, circles to 
around just below R, and back to 0 (see Figure [5.7.5). The contribution 
of the circle to § f(z) dz is bounded by R*~!(27R)/(R— 1) goes to zero as 
R—- oo. Thus, as R > oo, the integral is equal to [e’™4-% — ei™(-4)] 
(integral in (6.7.26)). 


f has one pole at p= =] and the residue is 1. Thus, since e’” = —1, 
the integral is (277) /(e’"* — e~'"*) = m/sin(aa) and 
oo ,a—1 
[ "dr = —" (5.7.30) 
9 l+2 sin(7a) 


The reader may have noticed that the right sides of (5.7.30) and (5.7.20) 
agree. This is no coincidence—the change of variable x = e” in (5.7.30) turns 
one integral into the other! (See also Problem [1Q1) 


Example 5.7.9. In Section 5.7.2] we saw how to evaluate {™. ae da if 


deg Q > deg P+ 2 (5.7.31) 
where Q(z) has no zeros on R. One need only close the contour in the upper 
half-plane. Here, we'll consider {5~ a4 dx if Q has no zeros on (0, 00) 
and (5.7.31) holds. A simple example (which can be computed by other 


means!) is 
= aa 
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Let f(z) = log(—z)/(z + 1)? and consider the integral of f along the 
contour shown in Figure [5.7.5] Since |f(z)| = o( zy) at infinity, the circle 
makes a vanishing contribution as R — oo. Since log(—zx + i0) — log(—x 
i0) = —2ni, the combined integral along the cut is —27iI, where I is the 
integral in (6.7.32). Near z = —1, log(—z) = —(z +1) + O((z + 1)?), so the 
residue of f at —1 is —1. Therefore, —27iJ = —27i, that is, J = 1 (which 
can be obtained from the antiderivatives). Clearly, the same method works 
for any in ae dx of the type discussed (see Problem [I]). 


Example 5.7.10. Compute 


1 
——. 5.7.33 

I V1— 2? ( ) 
Of course, this can be done via trigonometric substitution x = sind to 
get fin 
Problem[8) using contour integration. Put a branch cut for (1—z?)~1/? from 
—1 to 1 and take the branch which is positive for z = 7 +20, -1< «x <1,so 
the branch which is positive for z = iy, y > 0. The integrand at z = x—70 is 
—(1—«?)~1/?, so a contour around the top returning on the bottom (which 
is clockwise) is —2 x (6.7.33). This can be deformed to a contour around a 
large circle, so large that the Laurent series at infinity converges. 


d@ = 7. But we can do it and more complicated examples (see 
1/2 


Near z = 00, 


fo= =i(1 ye (5.7.34) 


z2—-1 2 z 


where we pick /—1 = i rather than —i to have f(iy) > 0 for y > 0. Since 
a = 0 for > 1, we see 


S73) = —5 (2m) (i = (5.7.35) 


5.7.5. Gaussian and Related Integrals. 


Example 5.7.11 (Gaussian Integral). Evaluate the Gaussian integral 


/ e 2 dy (5.7.36) 


using residue calculus. 


Remark. The simplest method of evaluating this integral uses polar coor- 
dinates; see Proposition 4.11.10 of Part 1 or Theorem[9.6.6] Part 1 also had 
a third proof using the Fourier inversion formula; see Problem 11 of Sec- 
tion 6.2. We will also find a method using Euler’s gamma function in Sec- 
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tion [9.6] (see especially the remark following Corollary [9.6.5). Problems 26] 
and [28] sketch two other proofs. 


This is a tricky example since there are no poles and no obvious closed 
contours to use. 
The arithmetic will be easier for e~®” rather than e~*”/ 2. we'll then scale 


to get (5.7.36). A special role will be played by the complex number 


x 


B= Vre™/4 (5.7.37) 
which obeys 
B=ni (5.7.38) 
Thus, 
e (+8)? _ 9-2?—6?— 282 _ __ 27 282 (5.7.39) 


The minus sign is promising, but e~2°* looks problematic. However, since 
e728 — e271, A(z) = e8* obeys h(z + 8) = h(2). 
This leads us to define 


32 
€ 
As noted, the denominator is invariant under z > z+ 8, so by (5.7.39), 
f(z) -f(e+B)=e* (5.7.41) 


We therefore consider the contour, rp, which is a parallelogram with 


corners, —R,R,R+6,—-R+ 6 (Figure 5.26). By (.7.41), 


R 
/ e* dz= / f(z) dz (5.7.42) 
—-R bottom-top of [Rp 


It is an easy exercise (Problem [12) to see the contribution of the sides goes 
to zero as R — oo, so by the residue theorem, 


[- edz = 2ri S° Res(f; z;) (5.7.43) 


=e oles 


z; of f(z) in {z|0<Im z<Im §} 


The poles of f(z) are solutions of 


e 2h? — 1 (5.7.44) 


—-R+B R+B 


-R R 


Figure 5.7.6. Contour for Example[5.7.11 
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that is, 
26z = (2n +1)ri = (2n + 1)6? (5.7.45) 
or 


Zn = (n+ 5)8, n=0,+1,... (5.7.46) 


Only zo is in the strip {z | 0 < Imz < Im(} (see Figure 5.7.6) and the 
residue there is 


ena _ eA/4 _ ein/4 — il 
= = = 
“(i+ a FF)| pis —2Be-P 28 Qi./7 


Res(f; z) = 7, and we see that 


‘i * GO ale (5.7.47) 


—oco 


Thus, 277 >> 


z in strip 


By scaling, for a > 0, 


ia eo dg = Va/a (5.7.48) 


—co 


and, in particular, 


i e-2” de = V2r (5.7.49) 


From this, one can easily see (Problem [13] that for all w € C, 


2 


2° 1 : dz 1 
e 2 er ____ = eB 5.7.50 
[. V 21 ( ) 


Example 5.7.12 (Fresnel Integrals). Evaluate 
[ sin(x”)dx and [ cos(x”) dx (O.rood) 
0 0 


Obviously, these integrals are not absolutely convergent. They are con- 
ditionally convergent; indeed, if 


R 
eee a ei? de (5.7.52) 


then, changing variables to y = x”, we have 


R?2 
{i= [ ely wT (5.7.53) 


and Problem B] implies limp... f(R) exists. 
In fact (see Problem [14], uniformly in a > 0, for R fixed, 


R’ 
- 2 
i el! a)x dz 
R 
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R'>R>1 
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That implies limp_+oo i eli a)2" dy converges uniformly in @ > 0, which 
justifies interchanging limits to conclude 


R lo) 


lim e” dx = lim et )2" dy (ictoo) 
Ro Jo ald Jo 


In the region Rea > 0, both sides of (5.7.48) are analytic (the left by 
Theorem|3.1.6). Since they are equal for a real, they are equal for all a with 
Rea > 0 and, in particular, for a = a —i with a > 0. 


Thus, by (5.7.55), 


me ee i T 1 ee = 
i in = 5/2 - sitive (5.7.56) 


Taking real and imaginary parts, 


7 a = ae ga ue 
| cos(e®) de = [ (2") de = (5.7.57) 


These are called Fresnel integrals; more generally, the Fresnel functions 
are defined by 


Cla) = a cos(y”) dy, sy) = ih sin(y”) dy (5.7.58) 


The curve 
E(t) = C(t) +iS(t) (5.7.59) 
(see Figure[5.7.7) is called the Euler or Cornu spiral. It enters in optics and 
in civil engineering. There is more about these functions in the Notes and 


in Problems [15] and 


Figure 5.7.7. The Euler spiral, « = C(t), y = S(t). 
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5.7.6. Infinite Sums Via the Residue Calculus. Remarkably, some in- 
finite sums can be calculated as finite sums of residues. Besides the theorem 
below, one can use contour integration on sums to prove the Poisson sum- 
mation formula (Theorem 6.6.10 of Part 1), see Problem [29] and to prove a 
suitable version of the Nyquist-Shannon sampling theorem (Theorem 6.6.16 
of Part 1), see Problem [20] 


Theorem 5.7.13. Let f be a rational function f(z) = P(z)/Q(z), where 


(i) deg(Q) > 2 + deg(P) 
(ii) P and Q have no common zeros and Q is nonvanishing at every n € Z. 


Then 
do fm=- So Res(fg; 2x) (5.7.60) 
n=— oo zeros zp of @ 
where 
g(z) = mcot(n2) (5.7.61) 


Remarks. 1. Since |f(n)| < C|n|~? for n large, the sum is absolutely 
convergent. 


2. If f has a simple pole at z;,, then 
Res(f 9; zx) = g(zn)Res(f; zx) (5.7.62) 
Proof. Let 
F(z) = f(z)9(z) (5.7.63) 


which is meromorphic on all of C. Let T,, be the rectangle with corners at 
(+(n + 4), +n) oriented counterclockwise. We claim that 


1 
lim aif F@)dz=0 (5.7.64) 
noo 277 T 
We note first that 
g(z +1) = g(z) (5.7065) 
since cos(7z) and sin(mz) are periodic. When z = $ + iye*’"* = tie*™, so 
lo(4 + ty)| = a|tanh(ry)| < 7 (5.7.66) 
Therefore, on the vertical sides of Pn, |g(z)| is bounded by z. 
On the horizontal sides, where |e’™*| and |e~’"*| are e™” and e~7” or 
vice-versa, 
e2nT 1 an 


which, for n large, is certainly bounded by 27. 
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Thus, for n large, 
sup |F(z)| < 2m sup |f(z)| < Cn? (5.7.68) 
zEln zEln 


Since |I,,| = O(n), we obtain (5.7.64). 


By the residue theorem, 


dim Ss" Res( fg; Zp or ") = (5.7.69) 
Zk poles of f 
we poles of g in Tn 
The poles of fg are precisely the poles of f and the poles of g (for which 
f(we) #0). g has a pole in T,, at 0,+1,...,+n with residue 1 (by (5.7.65) 


and cos(0) = 1, lim),)_,, 2A0 ain(az) = 1). Thus, the sum over the w’s is 


yy -_n f(m), which means that (5.7.69) implies (5.7.60). 
Example 5.7.14. For a real and a 4 0, compute 


= 1 
> aye (5.7.70) 
n=—0o 
In praise om 5.7.13] take f(z) = (22+ a?)~!. This has two poles, both 
simple, at z, = tia with sy +1/2ia. Taking into account that cot 


is odd, the two terms in are equal, and by (5.7.62), the sum is 
—2n cot(mia)/2ia = ee er so 
(oe) 


1 7 


nN=—CO 


Remark. This can also be proven via a Poisson summation formula; see 
Example 6.6.12 in Section 6.6 of Part 1. 


Example 5.7.15. Compute 
1 
2 172 (O.7.12) 


By dominated convergence for sums, this sum is limajg )>°2.,(n?+a7)~, 


and by (5.7.71), this is 


. lla 1 
lim a F coth(7a) — =| (5.7.73) 
Since 
2 
h Lh Ore 
coth( y= cos (x) _ = 2 ae (a) =e 14+" 40(23) (5.7.74) 


~ sin(t) — 2(1+ = + O(e4)) 3 
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we see the celebrated result of Euler (discussed further in Section 9.2), 


3 - = a (5.7.75) 


Notes and Historical Remarks. While the general theory was developed 
by Cauchy, Euler, using a variety of tricks, had earlier found the values of 
several definite integrals which couldn’t be evaluated via antiderivatives. In 
some of his earliest work, Cauchy realized the need for and usefulness of 
principal values. 


For the argument in Problem [3] monotonicity of J is not needed. It 
suffices that {7° |f’(s)| dx < oo. In fact, that f is C' is not needed. By 
integrating by parts in a Stieltjes integral, it suffices that f be of bounded 
variation. 


While Cauchy’s work was 200 years ago and Euler computed the Gauss- 
ian integral almost 300 years ago, it is less than 70 years ago that the cal- 
culation of the Gaussian integral via contour methods was found. Indeed, 
Copson’s and Watson’s complex variable books state explicitly 
that one cannot compute the Gaussian integral using the residue calculus. 
The first evaluation using f(z) = emi” tan(7z) along an oblique parallelo- 
gram was found by Polya and presented in his talk in 1945 [448]; Mitrinovié 
and Keékié have the details of Pélya’s calculation and some more his- 
tory. Their book also has lots of subtle examples. The proof here is a variant 
of that of Srinivasa Rao (and follows Karunakaran ). 


Some classic books with lots of examples of the use of the calculus of 
residues are Lindeléf [356], Copson [122], and Titchmarsh [556]. Ingham 
[276] has examples relevant to number theory. In particular, Lindelof [356] 
was important historically. 


The Fresnel functions come up in describing the diffraction pattern from 
a half-plane. Indeed, Augustin Fresnel (1788-1827) invented his functions 
for that purpose and placed them in an 1819 paper that won a French 
Academy prize competition. 


There are differing normalization conditions on the Fresnel functions, so 
that others define a function that, in our notation, is aS(Gx) for suitable 
a, 8. Mathematica, for example, uses S(u) = fo’ (sin($72)) dx. An Atlas of 
Functions has a whole chapter on C(x) and S(x). NIST has a chapter 
on the Fresnel and closely related error functions [553]. 


The Euler spiral (5.7.59) is also called the Cornu spiral or clothoid. 
Cornu (1841-1902), a French physicist, specialized in optics. Because of its 
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property that the curvature is proportional to the speed (see Problem [16), 
the Euler spiral is used in railroad and highway construction. 

The problem of finding }°°°., 1/n? was a celebrated one when Euler 
solved it in 1734 [172]. It established his fame. It was proposed by Pietro 
Mengoli in 1644 and popularized by Jacob Bernoulli in 1689. Jacob was 
the brother of Euler’s teacher, Johann Bernoulli. It was called the Basel 
problem because the Bernoullis lived in Basel. 


In this series, we give many proofs of Euler’s formula: the one in this 
section, two using Fourier series (see Problem 16 of Section 3.5 and Exam- 
ple 6.6.12 in Section 6.6 of Part 1), Euler’s original proof from his product 
formula (see Section [9.2), and three other proofs of Euler in Problems 
and [13] of Section [9.2} Chapman has fourteen proofs, not including 
the one in this section (!) or the elementary one found in Wikipedial. 


Problems 


1. Evaluate the following integrals: 


27 d 
(@) f or fb] <a 
o 


a+ bcos) 
20 
d. 
(>) pv [ i. forb>a>0 
9 a+bcosz 
20 
0 
) [ mua, | fora >1 
9 a+cosé 
20 
da 
d for 0 1 
(a) | 1 —2acosxz + a? Ree 
i x sin x dx 
for 0 1 
Qf =O aki 


27 

d 

) f pelea ‘i for0<a<1l 
9 l—2acosx+a 


27 
© | exp(cos()) dx 


(h) | e°°8() cos(sin a — na) dx 
0 


T +2 
@ f am dx for0<b<a 
9 a+bcosz 


lhttp://en.wikipedia.org/wiki/Basel_problem 
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[Pp fora >0 
0 


a+sin* x 


20 
«) f a ; foraZz0#b 


a? cos? z + b? sin? x 


T / ot 2 
sin nx 
1 
() [ ( sin © ) 
(Hints: (e) requires Section (f) is simplified if you use cosma = 


Re(e’””), For (g), the answer will be an infinite series. For (h), look at 
the Taylor series for e*.) 


2. Evaluate the following integrals (a > 0): 


© | way 


oY da 
(f) Lae ee Pein 


°° dx 
@ | ara 
oe dx 
(h) i (x2 + a?) (x? + 6?) 


co gm 
(i) / ce dg; m <n-—1 integers 
0 x a 


(Hint: For (g), consider symmetries of f(z) = (z3 + a3)~1.) 


3. Let f(x) be monotone decreasing and C! on [1, 00) and limy 5. f(x) = 0. 
Prove for a real and nonzero limp_+. i e'” f(x) dx exists. (Hint: Use 
ae (ia)~1 Letor and integrate by parts.) 

4. (a) For the contour used in Example estimate the parts of the 
contour off IR and show they go to zero. 
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(b) Close the contour in Example by a semicircle and show it is 
bounded by Je e sin? d@ and that this goes to zero as R — oo, indeed 
as O((aR)~!). 

(c) More generally, prove that if f is a continuous function in C; with 
SUP|z|=R, 0<arg z<zlf(2)| = 0, then the integral along a counterclockwise 
semicircle 

: 1z _ 

lim / wk fle" dz=0 


O<arg z<7 


Remark. This is known as Jordan’s lemma. 


. Evaluate the following integrals (in (a) for 0 < a < 8,0 <a= 4, and 


0<B<a): 
(a) / sin wx cos Bx o 


x 


°° cos(azx) 
(f) [. cosh(bx) . 
°° sin(ax) 
(8) [. sinh(b2:) ae 
OSB 
(h) i: sinh(ax) 


°° cosxz — cosa 
i —~.—.— d 0 real 
(i) fl wage ah 4 # 0 rea 


(j) [- cos z dx 

Vf, (+a) (a2 +82) 
© ¢ sin br 

k d 

( ) | x? + a? - 


°° sin bx 
0 | ea) dx 


License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


218 5. More Consequences of the CIT 


6. For a > 0, let 


(a) Prove that 


(Hint: Change variables from x to za.) 
(b) Prove that I(1) = —I(1). (Hint: Change variables from x to x~!.) 
(c) Conclude that (5.7.25) holds. 


7. Compute the following integrals: 


oo ,a—1 
(a) [ “dx forb>Oand0<a<1 
0 a+b 


oe) a—-1], 
(b) [ eres) 4... inc 
0 1l+2 


lee) get 
(c) [ a for 7 real, |n| <a, and0<a<1 
0 


lee) gmt 
(d) [ Sore a for 7 real, |n| <7, andO<m<n 
0 x € 


acs gm-l 
On UL Dynal) cd f l 
oa I 22" + 22" cos(n) +1 dx for 7 real, |n|<7,0<m<n 
(Hints: Scaling for (a), analyticity (plus a) in a and b for (b) and (c), 


change of variables to y = 2” for (d) and x?” + 22" cos(n) +1 = (a2 + 
e**\ (a + e~**) for (e).) 


8. Compute the following integrals ((b) is two integrals; the one for 2? — 1 
is intended as a PV integral) 


© (log(x))? °° log x 
(a) [ (log(x))* 5. (e) [ = dx 


x? +1 ge+1 
°° log(z) | 
(b) [ x? +1 es (f) [ Oats 8,1. dx 


oo dz 1 a4 
© f TeerT © | 7aaa® 
ee af eae 1 V1 — 2? de 


0 v2 +50+6 -1 14+ 2? 


(d) 
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9. For Imz > 0, define z’ = exp(ilog z), where the branch of log is picked 
with Im log z € (0,7). Compute ie limejo f(x + te) dx. 


10. Compute the following integrals for 0 < a <1: 
ioe) a—1 oo ,a—1 
[ o dx (b) pv | ode 
0 1 +2 0 1—- Hb 


(Hint: You can evaluate (a) and (b) together by integrating z@~!(1—z) 
around a suitable contour and taking the real and pare eas 


-1 


SS 


Notes. 1. The integral in (a) and the integral [5 ~ dx for 0 < 


a,b <1 go back to Euler. 
2. See also Example [5.7.8] for (a). 


11. Compute the following integrals: 


dx 

(a) [ 1423 
x? dx 

(b) [ (x? + 1)(x@ + 4)? 
°° dx 

(c) [ (a +1)4 


(d) / a aa. 
0 1+” 


lee) 2m 
(e) | a a nmeEZ,0<m<n 
0 xv 


12. Prove that the contributions of the oblique edges of the parallelogram 


Iz in Figure 6.7.6] for Pr, f(z) dz with f given by (5.7.40) go to zero as 
R-> oo. 


13. (a) Prove (5.7.50) by proving it first for w = iy, y € R, and then using 
analyticity in w. 
(b) Prove (5.7.50) by choosing contours for general w € C. 


14. Prove (5.7.54). (Hint: Change variables from x to y = a? and use 


3 a elt—B)y = e(-9)¥ and/or integration by parts.) 


15. Let C(x), S(x) be given by (6.7.58). 
(a) Prove that as x — oo along [0, co), 


CG) = +2 +2 sin(2?) +0(<) 


for an explicit 7 that you should compute. (Hint: See Problem [I4]) 
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Note. We'll return to the asymptotics of C(x), S(a) as x — oo in Prob- 
lem 4 of Section 15.1 of Part 2B. 


(b) Write out the power series for C(x), S(a) at 0. (They are related 
to confluent hypergeometric functions, it turns out; see (14.4.72) of 
Part 2B.) Conclude C(z) and S$(z) are entire functions. 
16. Let E(x) = C(x) +iS(x) for x € (0,00). This is the Euler spiral. 

(a) Prove |E’(x)| = 1 and conclude the length of the curve described by 
FE grows linearly in x. 

(b) If y is a simple C? curve and it is reparametrized by arclength (i.e., 
so that |7/(s)| = 1), then the curvature at y(s) is x = det & i, ), Prove 


vl yy 
that the curve E(x) at the point E(«) has curvature = 2z so it is a curve 


with curvature proportional to arclength. 


(c) Prove that “essentially,” the only curve with curvature proportional 
to arclength is the Euler spiral. 


17. Evaluate the following sums for a > 0, 


(a2) SS (+02)? () > @+n-38)7 
(b) So (nt tah @) ann 

n=—0o n=1 
(Yow O Va 

n=1 n=1 


18. This problem uses results on convergence of Fourier series proven in Sec- 
tion 3.5 of Part 1. 


(a) Let a € R. Consider the function f(x) = cosh(axz) on [—7,7]. Com- 
pute its Fourier coefficients in L?([—7,7], €) in e’”® basis. 


(b) Using Theorem 3.5.4 of Part 1, prove that the Fourier series at x = 7 
converges to cosh(a7). 


(c) Provide a proof of (5.7.71) without contour integration. 
19. (a) Under the hypotheses of Theorem [5.7.13] prove that 


S> (-1)"f(n)=- So Res( fg; zx) 
n=—oo zeros zp, of Q 
where g(z) = mesc(7z). 
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20. 


21. 


22. 
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(b) Under the hypothesis of Theorem modified for Q nonvanishing 
at {n+ 5}nez, prove that 


co 


» (7) - >. — Res(fg1s 2x) 


n=— oo zeros zp of Q 


oe) 


ye)” (7) = So Res(f92; 2x) 


N=—0o zeros of zz, of Q 


where gi(z) = mtan(mz), go(z) = msec(mz). (Hint: There are two proofs: 
one uses a z > 2+ 5 change of variables and the other uses the method 
of proof of Theorem [5.7.13)) 


This problem will provide an alternate proof of the strong form of the 
Nyquist-Shannon sampling theorem (Theorem 6.6.16 of Part 1), follow- 
ing closely the 1920 proof of Ogura [412]. We’ll suppose f(z) is an entire 
function obeying 


| f(z)| < Cexp((a — e)|Im z]) (ni -0G) 
Fix z € C\ Z. Let 


_ f(z) 
= Ga (5.7.77) 


and R,, be the rectangle which is the boundary of {x+éy | |z| < k+4, |y| < 
k + 5} oriented clockwise. 


(a) Prove that 


jim fio) d\z| =0 (5.7.78) 
(b) Prove that 
jae = i n> & st a 02] (5.7.79) 
pas z—n 


which is (6.6.76) of Part 1. 
Evaluate )>°°._.,(n— 5)~? and use that to evaluate 7°° 9(2n + 1)~?. If 


n=— CoO 


the sum is S and T is 0°. , n-*, prove that T = S+ ar and deduce 
Euler’s formula. 


Evaluate the following sums: 


@  ee2 


n=—CoO 
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23. 


24. 


25. 


26. 
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(b) Doe om 
oo aa 

() a er _ 
= 1)"-!nsin nO 

@ A ben 
= In +1 

(e) XY " Gn 1p + a? 


Remark. (ce) can also be evaluated with a Poisson summation argument; 
see Example 6.6.13 in Section 6.6 of Part 1. 


Compute Y%. (%) ze. 
2n 
(Hint: For any r > 0, ‘ee — Pac Gra dz.) 


2714 


The Dedekind sum is defined for relatively prime integers by 


~aee(@) (5) 
de qd 
By considering integrals of f(z) = cot(mpz) cot(mqz) cot(mz) over con- 


tours over rectangles with corners 1—¢«+iR and —~+iR as R > ow, 
prove Dedekind reciprocity 


1 1/p 4q 1 
s(p,q) + 8(q,p) = ital? 14) 


Rademacher—Grosswald have six proofs of this result and a discus- 
sion of Dedekind sums. 


(a) Extend Theorem to allow Q to have zeros at n € Z, say, for 
simplicity at n = 0 and no other point in Z. 


(b) Use this extended theorem and f(n) = n~? to directly compute 
rae 

This problem will have a real variable evaluation of the Gauss integral 
that is due to Stieltjes [541]. It is related to formal considerations of 
Euler. 

(a) Fora. = 0,152,005 let Sy = te sin” «dz. Prove that limp... are = 
1. aoe Prove first, using the Cauchy—Schwarz inequality, that 1 
S. oa < §,-157!, and then that (5,,)!/" > 1.) 


IA 
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(b) Prove that for n > 2, Sp = (~=)Sp_2. 
(Hint: Use [J L[(sin"~! x) cos z] 

(c) Prove that So = 7, Si = 2. 
(d) Prove Wallis’ formula that 


lim Il; Be (2) eae (5.7.80) 


i=! 


(e) Let W,, be the product in (5.7.80) and Wr =W, 2 (i.e., the same 
products with the largest factor removed from the numerator and de- 
nominator). Prove W, < W,41 and W,, > W,,41 and deduce 


Wee Wee 2 < Wat < Wn (5.7.81) 


and conclude |W, — | < <. 


(f) Let Gn = fo° ae-® dx for n = 0,1,2,.... Prove that for n > 1, 
Ges GyiGuai: 


(g) Prove that for n > 2, Gn = (24)Gn_2. (Hint: 4 (e-*) = —2re~*” .) 


2 
(h) Prove that G3,,,, < 41+ G3, < 4 G3,,,1 and conclude that 
2n+1 G3 
lim 2S" Gin _y 


R=t09 2 Gen41 


(i) Prove that Gy, = 5 and then that Gani. = zn. 


(j) Using Wallis’ formula, conclude Go = 5V0 and so a new proof of 


(5.7.47). 


27. Evaluate the integral [J sin?”(@) d@ by noting it is $ i sin?”(0) d@ and 
using the method of Section 5.7.1] to relate this to £(z — Pe ci dz 


28. Gaussian sums are defined as 
n-1 
yay en (5.7.82) 
j=0 


In this problem, use contour integrals to compute gn and, as a bonus, 
Fresnel integrals and therefore Gaussian integrals! 

(a) Let f(z) = e2"*/"/(e2"2 —1). Let I'z be the rectangle with corners, 
tik, 5n +7R oriented counterclockwise. There is a pole of f at 0, and 
if n is even at n/2, a principal part is needed. Prove that Res(f;k) = 
(27i)~te27"*°/” and then that, for any R, 


59n=pv Dp f(z)dz 
TR 
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29. 
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(b) Let Hp and Vz be the horizontal and vertical sides of the contour. 
Prove that as R > oo, Hr = O(1/R) by first proving that for R large, 


lfe@tiR)| <2" |F(@ i <2e 


(c) Prove that f(iy) + f(—iy) = —e-2"#"/" and that fE4+my)+fe- 
iy) = j3Me—2miy? /n and then that 


R 
Ve = i(1 + 2") | en ori? /n dy 
0 
(d) Conclude that 
R 
In = 211 +8") /n lim | e7?™" dy 
R-o0o 0 
(e) Compute gy and thereby that 
: Qriy? 1 
li ~“my dy = 7 (1-1 
a i 
From this, compute the basic Gaussian integral. 
(f) Prove that gn = (1+ i)(1+ 0") Jn. 
This will prove the Poisson summation formula by a method different 
from that used in Part 1 (see Theorem 6.6.10 of Part 1 or Problem [7] of 


Section |9.7). In parts (a)—(c), we’ll suppose f is analytic in {z | |Imz| < 
a} for some a > 0 with f and z?f bounded on that set. 


(a) Show that g(z) = f(z)/(e’* — 1) has poles at z = 27n with residues 
f (2nn) /i. 
(b) Prove that for 0 <b<a, 


Ss an) = [- (g(w— ib) — gw + 06)) 


T 
n=—oCo 


(c) Prove that for any 0 << b<aandk €R with tk > 0, we have 


/ Leas ib) otha +) dx = / f(x)e** dx 


(d) Prove for 0 < b < a fixed, uniformly in x € R, 


-y oc ib) 
oy ib) 


oe) 


-2 /< in(x+ib) 
ae 


and 
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(e) Prove the Poisson summation formula for f, 


S_ f(@mn) = (2m)? S* Fin) 


where f(k) = (2x)7!/2 [oe F(a) de. 


(f) By an approximation argument, prove Theorem 6.6.10 of Part 1. 
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Chapter 6 


Spaces of 
Analytic Functions 


... having thought at length about this proof, I am sure that it is good, 
solid, and valid. I had to examine it all the more carefully because a priori 
it seemed to me that the theorem stated could not exist and had to be false. 


—Stieltjes [477|} 


Big Notions and Theorems: Weierstrass Convergence Theorem, 21((2) as a Fréchet 
Space, Montel’s Theorem, Vitali’s Theorem, Density Results (Runge Restatements), 
Hurwitz’s Theorem, Normal Families, Spherical Metric, Marty's Theorem 


Thus far, we we have focused on individual analytic functions and not 
so much on families of functions. The key exception was Theorem [3.1.5] 
the Weierstrass convergence theorem, which will play a central role in this 
chapter. Here we’ll discuss 2((Q), the analytic functions as a topological 
vector space with the topology given by uniform convergence on compact 
subsets of K C Q. This topology is not given by a single norm, but by a 
countable family of norms, which means that it is a metric topology. The 
key result in Section [6.]is that it is a complete metric space, that is, 2(Q) 
is a Fréchet space. See Section 6.1 of Part 1 for a review of the language 
of countably normed spaces. Section has the remarkable fact, called 
Montel’s theorem, that closed bounded subsets of 2(Q) are compact. It will 


1Letter dated February 14, 1894 from Stieltjes to Hermite, about his discovery of his result 
(a precursor of Vitali’s theorem) that uniform convergence of a sequence of bounded analytic 
functions on a subdomain implies convergence, uniformly on compacts, on the larger domain. 


227 
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also provide a simple consequence of this, called Vitali’s theorem, a sufficient 
condition for a sequence f, € 2(Q) to converge. We’ll also define normal 
families and explain why they occur. In Section [6.3] we’ll restate Runge’s 
theorem as a density result for 2(Q), and in Section [6.4] an important fact, 
Hurwitz’s theorem, on zeros under convergence. Section|6.5) a bonus section, 
has a discussion of an extension of compactness to meromorphic functions 
that include an extension of the notion of normal families, and a related 
variant of Montel’s theorem, called Marty’s theorem. The key will be the 
spherical metric. 


6.1. Analytic Functions as a Fréchet Space 


Let 2 be a region and 2(Q) the space of all analytic functions on 2. For 
any compact set K C Q, we define 


Il fll = sup | f(z)| (6.1.1) 
zek 


On C(Q), all continuous functions, this is only a seminorm (for || f||« can 
be zero even though f is not zero), but on 2(Q), this is a norm so long as 
K is not a finite set of points. 


Definition. A compact exhaustion of Q is a family {AK,,}°2, of countably 
many nonfinite compact subsets of 2 so that 


eae Gare (6.1.2) 
(oe) 
jtn=2 (6.1.3) 
n=1 

Exhaustions exist; for example, one can take K, = {z € | |z| < 


n, dist(z,0Q) > n7"}. 


Proposition 6.1.1. Let {K,}°°, and {L,}°2, be two compact exhaustions 
of Q. Then {||- |x, }°21 and {||-||z, }92, are equivalent sets of norms on 
2A(Q) in the following strong sense: for every n, there is an € with 


flan < Ill. (6.1.4) 
and for every £, there is anm with 

Flac SWF llc (6.1.5) 
Proof. Since YB =), Ky, is contained in a finite union Ly,,... , Lp,. Let 
€ = max(é;). Then K, C Le, and so (6.1.4) holds. By symmetry, so does 


(6.1.5). 
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Thus, the two countable families of norms generate the same topology. 
Given an exhaustion, {,,}°°,, we get a metric on 2(Q) by 


p(f,9) = >> min(||f - gllx,,.2-) (6.1.6) 
n=1 


Then, p(fm,f) — 0 if and only if, for all n, ||fm— fllxk, ~~ 0 asm — oo 
for each fixed n. Moreover, a sequence is Cauchy in p if and only if for each 
fixed n, it is Cauchy in || ||x,,. Here is the main theorem of this section: 


Theorem 6.1.2. 2(Q) with the metric (6.1.6) is complete, that is, U(Q) is 
a Fréchet space. 


Proof. Let {fm}°_, be a Cauchy sequence in 2(Q). Since C(K;,) is com- 
plete in ||- |x, there exists g) € C(K,) so that ||fm —g™||k, 7 0. 
Clearly, since Ky C Knit, gt) | Ky, = g™. Thus, there is a function 
g € C(Q) so 

Ilfm — glx, + 0 (6.1.7) 
By the Weierstrass convergence theorem (Theorem[.1.5), g € 2(Q), and by 
(6.1.7), p( fm, 9) — 9. 


Theorem 6.1.3. For any region, Q, the map f > f' from A(Q) to itself is 
continuous in the metric (6.1.6). 


Proof. Since K, C Kitt,, dn = dist(K,,\ Kn41) > 0. By a Cauchy 
estimate, if z € Kn, 
If(2| < od," sup |f(w)| (6.1.8) 
jw—z|=dn 
so 
Flee Soy Flees (6.1.9) 


which implies continuity. 


Notes and Historical Remarks. Many books call convergence in 2({2) 
normal convergence. Following Montel, we’ll reserve that for a slightly more 
general notion. 


While we will not focus on it, one can study 2((Q) as one would a general 
topological vector space and ask about its dual. It is also a topological 
algebra and there are questions related to that. There is a book by Luecking— 
Rubel on these issues, and we’ll explore them in problems below and 
again in the Problems to Sections and With regard to the algebra 
structure, the main theorem (Problem [9) is: 


Theorem 6.1.4. Let T: A(Q) > W(O’) be a topological algebra isomor- 
phism, that is, a continuous linear bijection with T(fg) = T(f)T(g). Then 
there is an analytic bijection F: Q' + so that T(f) = foF. 
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Bers (see also [869] Ch. 16]) has analyzed ring isomorphisms (i.e., 
T(f +9) = T(f) +T(g) and T(fg) = T(f)T(g) are kept but linearity, 
i.e., T(Af) = AT(f) for A € C, is dropped) and found they are induced by 


conformal or anticonformal equivalences. 


Theorem [6.1.4Jimplies the algebraic structure of 21(Q) encodes the topol- 
ogy of 2. This is explored in Problem[I0} We will further study the algebraic 
structure of 2((Q) in Problems [3] of Section and [8] of Section 


As for the dual space structure, the main result is due independently to 
Grothendieck [223], Kothe [828], and da Silva Dias (see also [369}). 
Given a closed set, G, in on the germ of an analytic function is an equivalence 
class of functions analytic in a neighborhood of G with f ~ g if they agree in 
some neighborhood of G. If G™ is dense in G, then equivalence classes are 
determined by the function on G. In general, one needs all derivatives on G. 
For example, if G = {0}, a germ is just a Taylor series with a nonzero radius 
of convergence. These kinds of germs are a key element of our discussion of 
global analytic functions in Section [11.2] Here is the duality theorem: 


Theorem 6.1.5 (Duality for 4(Q)). Let Q be a region in C and A(Q) the 
Fréchet space of analytic functions in Q with the topology of uniform con- 
vergence on compacts. Then 2(Q)*, its dual space, is naturally isomorphic 
to the germs of analytic functions, F', on Cc \Q with F(co) =0. Explicitly, 
if L € A(Q)* and g is the function g(w) = w, then F is given by 


Fe) = ( : ) (6.1.10) 


z—g 
—1)¥R! 

F®)(z) = (5). zo (6.1.11) 

4F(*) (99)” = klé(g*}), z=00,k>1 (6.1.12) 


Conversely, L is associated to F via 


ae ee f OO EE (6.1.13) 


ri 
where I is any mesh-defined contour in Q that surrounds K = C ‘\ Q with 2 
an open set containing C \Q on which F is analytic. 


Remark. by “F () (Q0),” we mean the Taylor coefficients of F’' near infinity 


in z—! coordinates, that is, “F“) (o0)” = a F (wo!) : 
w=0 


The reader will prove this in Problem [7] after exploring the case 2 = 
in Problems [5] and [6] and a preliminary determination in Problem [2] 
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Problems 
1. (Weierstrass M-test) Let {fj}721 C 2(Q). Suppose for every compact 


2. 
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K CQ, yillfilla < co. Prove there exists g € 2() so that )7"_4 fj > 
g in the natural topology on 2(Q). 


The remaining problems in this section require the reader to know various 
basics of real analysis from Part 1, including the Hahn—Banach theorem 
(Theorem 5.5.5 of Part 1) and the Riesz—-Markov theorem (Section 4.5 of 
Part 1). 


(a) Let @ be a continuous linear functional on 2((Q). Prove that there is 
a constant c and compact K C2 so that 


(f) < ellfll« (6.1.14) 


(Hint: Prove that, with p given by (6.1.6), if ¢ > 0 is given, and n is such 
that 2~-” < ¢/2, and ||f\lx, < ¢/2, then p(f,0) <.) 


(b) If 2 is a continuous linear function on 21(Q), prove there is a complex 
Baire measure p of compact support K C 2 so that 


an= f #@)aule) (6.1.15) 
(Hint: Use the Hahn—Banach theorem.) 


(c) Conversely, every pp € M() defines a continuous linear functional 
on 2(Q) via (6.1.15). 


(d) Is the yz of (6.1.15) unique? 


Remark. The nonuniqueness issue is resolved in Problem [7] 


. Aset, S C 2(Q), is called bounded if and only if for every open set U 5 0, 


there is a A with S C NU = {Af | f € U}. Prove that S is bounded if 
and only if, for any compact K, supres||f|lx < 00. (Hint: Use the hint 
for Problem B{a).) 


. Prove that a set, S C 2(Q), is bounded in the sense of Problem [3] if and 


only if for every bounded linear functional, ¢, supres|é(f)| < 00. 

Hint: If supregs||fllx = co for some K, construct ¢ as follows: Find 
fn € S inductively so that ||fillk > 1 and ||frsillk > 8\lfnll~x and 
Zn € K so |fn(2n)| = ||fnllx. Let 


&g) = doe 2" fall g(2n) (6.1.16) 


n=1 


where w,, is picked inductively so that 


n-1 
arg[e’”” g(z,)] = arg| PS ene” |Full Fale) (6.1.17) 


m=1 
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5. Let L € 2(D)*, the set of continuous linear functionals on the Fréchet 
space, 2(D). 


(a) Let L, = L(z"). Prove that for some A > 0, r <1, 


|Ln| < Ar” (6.1.18) 
and that 
£( Sane") =) tale (6.1.19) 
n=0 n=0 


(b) Prove that, given any sequence {LZ,}°°) obeying (6.1.18), there is 
a unique L € 2(D)* with L(z”) = Ly. Thus, 2(D)* can be naturally 
realized as the space of sequences obeying (6.1.18). 


6. Let L € A(D)* and L, = L(z") as in Problem [5] Suppose L,, obeys 
(6.1.18). 


(a) Prove that 


F(z) = 3 ne (6.1.20) 
n=0 


is analytic in a neighborhood of C \ D with F(co) = 0. 


(b) If y- is the circle of radius 1 — ¢ about 0, prove that for all € small 
and all f € 2(D), 


1 
2771 


$ fF) = LN) (6.1.21) 
Ye 


so this sets up a one-one correspondence between 2(D)* and functions, 
F, on C\ D with F(co) = 0 such that F has an analytic continuation to 
a neighborhood of C \ 


7. Let QC C be a region and L € 2(Q)*. Let K be a compact so that L 
has a representation of the form (6.1.11). For z « C \ K, define 
du(w) 
F(z) = | —— 6.1.22 
@=[ (6.1.22) 
(a) Prove that F is analytic in a neighborhood of Cc \Q. 


(b) If [is a mesh-defined contour in 2 with n(T, z) = 1 (respectively, 0) 
if z € K (respectively, z € C \Q), prove that for all f € 2(Q), 


1 
§ fF) dz (6.1.23) 


~ Oni 


L(f) 


(c) Conclude Theorem [6.1.5 
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8. 


10. 
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An element, L, of 2(Q)* is called a multiplicative linear functional if 
and only if L(fg) = L(f)L£(g) and L(1g) = 1 where 1g is the function 
identically 1 on 2. 

(a) Prove that L(z) = 29 € Q. (Hint: If zo ¢ Q, there is g analytic in Q 
with (- — zo)g = 1g.) 

(b) Prove that for any f € 2(Q), Lif) = flzo). (Hint: There is a 
g € A(Q) with (-— zo)g = f(-) — f(Zo).) Thus, every multiplicative linear 
functional on 2(Q) is of the form L.,(f) = f(zo) for some zp € 2. 


Remark. In Chapter 6 of Part 4, we study multiplicative linear func- 
tionals on Banach algebras (note that 2((Q) is a Fréchet space, not a 
Banach space). 


. Let T be a topological algebra isomorphism from 2(Q) to 2(0’) as in 


Theorem 

(a) Prove T(1g) = T(1q’). 

(b) Prove there is a bijection F: Q' > 2 so T(f) = foF. (Hint: Use 
Problem 8] to define F via T*(Lw) = Lewy.) 

(c) Prove F' is holomorphic. (Hint: Let f € 2(Q) by f(z) = z.) 

A unit in 4(Q) is an element f € 2(Q) so that there is g € A(Q) with 
fg =19. We say f has a square root if there is g with g? = f. 


(a) Prove f is a unit if and only if f is everywhere nonvanishing. f, a 
unit, has a square root if and only if for any closed curve ¥ in Q, 


N,(f) = = f cS 2 (6.1.24) 


obeys N,(f) € 2Z. (Hint: Try to define g by 


g(z) = VF (20) exp( *£@) az) (6.1.25) 
zo 2F (2) 

Conversely, if f = g?, then N,(f) = 2N4(g).) 

(b) Prove that every unit in 2(Q) has a square root if and only if ( is 

simply connected. 

(c) Prove 2 is doubly connected if and only if there is a unit f € 2(() 

with no square root, but for any two units, f; and f1, at least one of 

fi, fo and f; fo has a square root. 

See Luecking—Rubel [369] Ch. 20]. 
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6.2. Montel’s and Vitali’s Theorems 


The main result in this section (Montel’s theorem) is that a subset, S, of 
2(Q) is compact if and only if it is closed and bounded. Of course, this is 
true for R”, but it is never true for an infinite-dimensional Banach space 
(see Theorem 5.1.7 of Part 1). It is of general interest but will also be a 
critical part of some of our proofs of the Riemann mapping and the great 
Picard theorems (see Sections and [11.4). It will also allow us to 
state a convergence criterion called the Vitali convergence theorem. 


We begin with two variants of Montel’s theorem: 
Theorem 6.2.1 (Montel’s Theorem, First Form). Let Ky, be a compact 


ethaustion of a region Q. Let {ej} Fea be a sequence of positive numbers. 
Then the set 


So({es}Fa) = {f € AQ) | II fllx, < es} (6.2.1) 
is compact in the natural topology of A(Q). 


Proof. We’ll give a proof here using the Ascoli—Arzela theorem (see Theo- 
rem 2.3.14 of Part 1). A more bare-hands proof is sketched in Problem [I] 
We use S' for the set in (6.2.1). Clearly, S is closed, so we need only show 
every sequence in S' has a convergent subsequence. 


We slightly refine the proof in Theorem For each n, let 
dn = dist( Ky, 0 '\. Kya) > 0 (6.2.2) 
since Ky, C bs Soe Then, by a Cauchy estimate (see (8.1.12)), 


3 
sup [F’(2)| < 5 Sup | f(w)| (6.2.3) 
{z|dist(z,Kn)<6n/3} n Kn4i 
< 3Cn+1 
are 


Thus, for any ¢ € K, and w, z € Dg, /3(¢), we have, for all f € S, that 


|f(w) — f(2)| S< 3en416; "lw — 2| (6.2.4) 


Therefore, the Ascoli-Arzela theorem (see Theorem 2.3.14 of Part 1) applies, 
and given any sequence, fn, in S, we can find a subsequence so that fn, 


converges uniformly on D5, /3(¢). Since Ky can be covered by finitely many 
{D5,,/3(C) tcex,, we can find a subsequence converging on Kn. 


By the diagonalization trick, we can find a subsequence f,, converging 
uniformly on each K,,, and so in 2(Q). 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


6.2. Montel’s and Vitali’s Theorems 235 


An equivalent form is immediate: 


Theorem 6.2.2 (Montel’s Theorem, Second Form). Let {fn}?24 be a se- 
quence in U(Q) so that for any compact K CQ, 


sup || fnllx < oo (6.2.5) 
nm 
Then, there is a subsequence converging in U(Q). 


The last form uses the notion of bounded subsets of 2(((Q2) discussed in 
Problems [3] and [4] of Section [6.1] S is bounded if and only if for any K Cc Q 
compact, 


sup ||f lk < oo (6.2.6) 
fEes 


Theorem 6.2.3 (Montel’s Theorem, Third Form). S C 2(Q) is compact if 
and only if S is closed and bounded. 


Proof. If S is closed and bounded, by comparing (6.2.6) and (6.2.5), we 
see any sequence in S has a convergent subsequence. Thus, S' is closed and 
precompact, and so compact (see Section 2.3 of Part 1). 


Conversely, if S is compact, it is automatically closed, and since f > 
| fll is continuous for any K, (6.2.6) is automatic since a continuous real- 
valued function on a compact set is bounded. 


Example 6.2.4 (Schur Functions). A Schur function is an analytic function 
f:D—-D. Let 


Saif +C| suplf()| =i} (6.2.7) 


By Montel’s theorem, this set is compact in the 2(D) topology. If f € S$ 
and |f(z)| = 1 for some zo € D, then by the maximum principle, f(z) is a 
constant, c, and obviously with |c| = 1. Thus, the set S of is the 
disjoint union of the Schur functions and { f(z) = Go | Go € OD}. 

Note that S is the unit ball in the Banach space, H™(D), of bounded 
analytic functions on D with ||-||..-norm. It is not compact in this topology! 


One has to be careful to note the topology for compactness results. See 
Problem [14] 


Example 6.2.5. Let So consist of the Schur functions with f(0) = 0. By 
the Schwarz lemma, this is precisely the set of analytic functions obeying 


If(z)| < lel (6.2.8) 


for each z € D. This is a compact set where, for any f, ||f||[p < 1 and 
never equal one, but despite this strict inequality, the set is closed, indeed 
compact. It is critical, of course, that ||-||p is not continuous in the topology 
in which Sp is compact! 
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Example 6.2.6 (Carathéodory Functions). A Carathéodory function (de- 
fined already in Problem [8] of Section is an analytic function f with 
Re f(z) > 0 and f(0) = 1. We claim the set of such functions is compact. 
One way of seeing this is to note that the associations, 


_ def} 


HO = a (6.2.9) 
a= ana (6.2.10) 


which are inverse to each other, set up a one-one correspondence between 
Carathéodory functions and Schur functions with f(0) = 0. Moreover (see 
Problem [2), f ++ F is continuous in the topology of 2(D). Thus, the image 
is compact. 
Alternatively, the Schwarz lemma and imply that (see Problem[3) 
if F' is a Carathéodory function, then 
1—|z| <|F(z)| < 1+ |z| 
1+ |z| 1—|z| 
The upper bounds and Montel’s theorem show the set of Carathéodory func- 
tions are precompact and the maximum principle for the harmonic function 
— Re F(z) shows limits continue to be Carathéodory functions. 


(6.2.11) 


Example 6.2.7 (Herglotz Functions). A Herglotz function is an analytic 
map of C+ to C,. The map 
iz 

= (6.2.12) 
is a one-one map of C, to D (we'll say more about this in Section [7.3] but 
it is easy to see directly that |G(x + iy)| < 1) and that 
i(1— z) 

l+z 

has ImG(z) = (1 — |z|*)/+ 2)? > 0 if z € D. Thus, F is Herglotz 
if and only if G(F(G~1'(z))) is a Schur function. Thus, there is a one-one 
correspondence between Herglotz functions and Schur functions, but despite 
that, the Herglotz functions are not compact in 2(C +). Indeed, f,(z) = in 
has no limit point. This limitation will be addressed later in this section. 


Gla)s 


(6.2.13) 


One simple consequence of Montel’s theorem is: 


Theorem 6.2.8 (Vitali Convergence Theorem). Let 2 be a region and 
fn € AQ) a sequence obeying for all compact K CQ. Let zm € O 
be a sequence with zm > Zo € Q. Suppose that for each m = 1,2,..., 
limp—oo fr(Zm) = Wm exists. Then there exists f € A(Q) so fr > f in the 
natural topology on 2(Q). 
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Proof. By a standard argument in metric space theory (Problem {4}, it 
suffices to show all limit points are equal, that is, if fr; > f and fm, — 9, 
then f = g. 

By hypothesis, f(2m) = Wm = 9(Zm), so (f —g)(Zm) = 0. It follows from 
Theorem that f —g = 0, that is, f =g. 


For typical applications, f, converges on RQ, which one supposes 
contains an interval; see also Problem [5] 


Finally, we want to return to the example of Herglotz functions. As we 
saw in Example[6.2.7] the set of functions taking C1 to C, is not compact— 
the example we saw of functions with no limit point was f,(z) = in, which 
converged to infinity uniformly on compacts. In fact, as we’ll see, this is the 
only counterexample. This leads to: 


Definition. A family, S Cc 2(Q), is called normal if and only if for every 
sequence f, in S, there is a subsequence f,, which is either convergent 
uniformly on compacts K C 2 to an analytic function f, or else f,,, converges 
uniformly on compacts to oo, in the sense that for any compact K C Q, 
inf z<x|fn,;(z)| 4 00; equivalently, Il fry lx — oo. 


Example [6.2.7], revisited. Let f,, be a sequence of Herglotz functions and 
Gn = Go f, where G is given by (6.2.12). Then, g, is a sequence of functions 
with values in D. By the same analysis as in Example[6.2.4] there is g,,, and 
Joo With gn; 4 Joo and goo analytic, and either 


Ran(goo) © (6.2.14) 

or . 
Joo(z) = e” for some 6 € [0, 277) (6.2.15) 
In the latter case, we separate out @ = 7 (i.e., e*? = —1) since G~!(—1) = co 


and 6 # 7m. Apply Go! to gn > goo using the fact that G~! is continuous 
on D \ {—1}, we get three possibilities, uniformly on compacts K C Cy: 


(1) fn; > f, a Herglotz function 
(2) fn; 72ER 


This shows the Herglotz functions are a normal family. 


The same argument yields the following (details are left to Problem [6): 


Theorem 6.2.9. Let Q be a region and let {K,}°°, be a compact exhaus- 
tion. Fiz wo € C and 6, > 0. Then 


{f € AQ) | min| f(z) —wo| > dn} (6.2.16) 


is a normal family. 
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Notes and Historical Remarks. The Vitali and Montel theorems are 
intimately related. We’ve seen how to derive Vitali’s theorem from Montel’s, 
but one can do the opposite—since, by use of the diagonalization trick, one 
easily gets convergence of a subsequence at any countable subset. 


Vitali’s theorem was actually proven first—by Vitali in 1903 and 
independently by Porter [455] in 1904. Earlier, Stieltjes and Osgood 
had precursors. In 1894, Stieltjes noted that boundedness on com- 
pacts plus convergence on a single open subset implies convergence on all 
compacts. In 1901, Osgood noted that boundedness on compacts, plus con- 
vergence on a dense subset of (Q suffices for convergence on all compacts. Of 
course, convergence on a dense set is all that is needed for the Montel via 
Vitali argument sketched in the last paragraph. 


Montel proved his theorem in 1907 in his thesis, using the Ascoli— 
Arzela method we use here. Koebe independently found the result 
in 1908. Koebe was motivated by an 1899 work of Hilbert [260], 
who was interested in convergent subsequences to solve the Dirichlet prob- 
lem. Both Hilbert and Koebe did their work in connection with proving the 
Riemann mapping theorem (see the Notes to Section [8.1). Montel didn’t 
mention Hilbert or Vitali, but did quote Stieltjes and Osgood. Some of the 
older literature, for example, [500], calls what we call Montel’s theorem the 
Stieltjes-Osgood theorem. 


In 1912, Montel introduced the term “normal family,” eventually 
writing a whole monograph on it. 


Montel proved a strengthened result that extends his signature theorem: 


Theorem 6.2.10 (Montel’s Three-Value Theorem). Let a 4 § lie in C. 
The set of functions f € A(Q) with Ran(f) Cc C\ {a, B} is a normal family. 


We call it a three-value theorem because it implies fairly immediately 
(once we define normality for meromorphic functions)—see the Notes to 
Section |6.5}the normality of the set of functions meromorphic on (2 with 
Ran(f) C Cc \ {a, 8,7} for distinct a, 8, in C. Theorem [6.2.10] is then just 
= OG. 

The result is notable because we'll see it implies Picard’s theorem rather 
directly (see Section [11.3) and we’ll provide a proof of it as a road to Pi- 
card’s theorem also in Section and Section 12.4 of Part 2B. Theo- 
rem [6.2.10] implies Montel’s theorem, since sup,||fn||« < oo then implies 
normality on K™*, and so, by a use of the diagonalization trick, normality 
when sup,|| fn||K < oo for all compact K. 

Theorem is from Montel [390]. Somewhat earlier, Carthéodory 
and Landau had proven a related result (i.e., a corollary of Theo- 
rem that if {f,} € 2(Q) have values in C \ {a,8} and fr(wm) 
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converges for all wm in a sequence with a limit point in Q, then f, con- 
verges in 21(Q). 

Paul Antoine Aristede Montel (1876-1975) and Guiseppe Vitali (1875-— 
1932) both spent part of their careers as high school teachers, although 
the French Montel eventually rose to Dean of Sciences at the Sorbonne. 
His students include H. Cartan, Dieudonné, and Marty (whose theorem on 
normal families will be discussed in Section |6.5). In particular, Montel was 
Dean of Science during the Nazi occupation of Paris and managed to steer 
the Sorbonne through a difficult period. 


Montel was born in Nice and got his degree from the Ecole Normale 
Supérieure in Paris supervised by Lebesgue and Borel. The 1918 Academy 
of Sciences Grand Prix was for global features of iteration of maps and was 
won by Julia but a small monetary prize was awarded to Montel (who hadn’t 
even entered the competition) because all the entries used normal families. 


Vitali was born in Ravenna, Italy, studied initially at the nearby Uni- 
versity of Bologna under Arzela and Enriques and then at Pisa under Dini 
and Bianchi. As noted, Vitali did his early work (from 1899 until 1923) 
as a secondary school teacher—not only the convergence result mentioned 
here but seminal work on Lebesgue integration—including the Vitali set (see 
Section 4.3 of Part 1), convergence theorems (see the Notes to Section 4.6 of 
Part 1) and the Vitali covering lemma (see Theorem 2.3.2 of Part 3). In the 
later part of his career, he made important discoveries in the asymptotics of 
ordinary differential equations. 


Despite many unsuccessful applications to chairs earlier, it was only in 
1923 that he got an initial university appointment in Moderna. This followed 
with chairs in Padua and Bologna. He was only 56 when he died after fewer 
than ten years in higher academics. 


There is an approach to proving the Vitali, and thereby the Montel, 
theorem that relies on the Schwarz lemma. It is due to Lindelof and 
Jentzsch and is presented in Problem [8} 

Carathéodory functions were introduced by him in [86]. Schur func- 
tions are named after Schur [507], and Herglotz functions after [254]. For 
extensive discussion, see Simon Sect. 1.3]. We discuss Schur functions 
further in Section [7.5] 


A particularly interesting application of Vitali’s theorem to physics is 
due to Lee and Yang and is discussed further after Problem [5] 


Problems 


1. The purpose of this problem is to lead the reader through an alternate 
proof of Montel’s theorem. {f,}°2, is a sequence in 2((Q) where 2 is a 
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region and where (6.2.5) holds. The goal is to find a convergent subse- 
quence. 


(a) Prove for any zo € 2 and 6 < dist(zo,C \ Q), we have an M(z, 6) so 
that, for all n and all k = 0,1,2,..., 


f° (20) 


"ae Mé* (6.2.17) 


(b) Prove for any zo € Q and 6 < dist(zo,C \ Q), there is a subsequence 
fn; so that f,,; converges uniformly on D5/2(zo) to a limit f,),5. 


(c) Prove that 2 can be covered by countably many D5/2(zo) and then, 
by a use of the diagonalization trick, we can find f,, — f uniformly on 


each of these D5/2(z0). 


(d) Using the fact that any compact K can be covered by finitely many 
of the Ds5/2(z0), prove that f,, converges uniformly on every compact. 


. Prove that in the topology of 21(D), the map (6.2.7) from f to F is 


continuous on {f | ||f|lp <1, f(0) = 0}. 


. Prove (6.2.11) for Carathéodory functions. 


. Let Q be a compact subset of a metric space, X. Let {x,}°2, be a se- 


quence of points in X which has a unique limit point x. Prove that 
In > Loo. (Hint: If rn + oo is false, there exists « > 0 and a subse- 
quence 2p, with p(tn,;,%o0) = €. Use this to show x, has a limit point 
different from 2.) 


. Let fr(z) be a sequence of functions on D obeying for all n, 


(i) fn(x) > 0 for x € (a, B) C (0,1). 
(ii) For any 6 € [0, 27) and x € (a, B), | fn(xe"?)| < |fn(a)|. 
(iii) fn is nonvanishing in {z | a < |z| < G}. 
(iv) Uniformly for z € (a, 8), limp+oo 4 log(fn(x)) = p(x) exists and is 
nonzero. 
Prove that p(z) has an analytic continuation to {z | a < |z| < 6} and, 
in particular, is real analytic on (a, 8). 


Remark. The problem has to do with an approach to phase transitions 
due to Lee and Yang [348]. One puzzle of physics is how mechanics, 
which is analytic in all parameters, can produce the kinds of discontinu- 
ities seen in real matter. The idea is that true nonanalyticities occur in 
the idealized limit of infinite volume. f, here is a finite volume parti- 
tion function and p a pressure. The Lee—Yang idea is that nonanalyticity 
comes from zeros of f, pinching the real axis. As this problem shows, 
the key to that view is the Vitali convergence theorem. 
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Prove Theorem by considering g(z) = |f(z) — wo|7t. 


Prove the following: If f, is a sequence of functions in 2(Q) obeying 


(6.2.8), and for some zg € (2 and all &k, f (20) has a limit, then fy, 
converges in 2(Q) to a function f € 2(Q). 


This problem will lead you through the Jentzsch—Lindelof proof of the 
Vitali theorem using the Schwarz lemma instead of direct compact- 
ness arguments. So suppose f, is a sequence of functions on D, with 
sup, ||fn|lp < co and so that, as n > 00, fn(Zm) 4 Wm for each z, in a 
sequence converging to 0. Suppose also z,, 4 0 for all m. 


(a) Prove that for some C and all m and n, 
|fn(m) — fr(O)| < Clem! (6.2.18) 
(b) Prove that f,,(0) is Cauchy, and so has a limit ao. 
(c) Let gn be defined by 
n(z) — fn(O))/z, 240 
= (in(2) Fn(0))/ # 
f/,(0), z=0 
Prove sup,,||Gn||p < oo and conclude f/,(0) has a limit a. By induction, 
conclude for all k that limp... fh) (0) = ax exists. 


(d) Using a Cauchy estimate, show )77°, ag2*/k! converges for z € 
and defines a function f which is the limit of f, in 2((D). 


(e) Derive the full Vitali theorem from the special case above. 


. This problem assumes some familiarity with Baire category; see Sec- 


tion 5.4 of Part 1. Let kK C C be compact with at least two points. Let 
Q= K™ = {{an}°29 | an € K}, thought of as the coefficients of a power 
series, and put the metric p(a,b) = 772.927 "|an — bn| on Q which turns 
it into a metric space (with the product topology). 

(a) Let N,m € Z be positive and p,q rational with p < q. Let Sym p,q = 
{{an} € Q | 02.9 @nz” has an analytic continuation, f, to T = {z | 
lz] <<14+m, £ < arg(z) < £} with sup,ez|f(z)| < N}. Prove that 


> Q1 


S is closed in Q. 

(b) Conclude Qi = {{an} € Q | 072.5 anz” has a natural boundary on 
OD} is a G5. 

(c) Using the Weierstrass )7°°, z”' example, prove that Q is nonempty. 
(d) Prove that any {a,}°29 € Q is a limit of points in Q, so that Q, is 
a dense G5, that is, Baire generic. (Hint: Replace the tail of {a,}°°.9 by 
the example from (c).) 


Remark. This is a result from Breuer-Simon [72]. 
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This problem involves the maximum principle only—it is here as prepa- 
ration for the next problem which uses the Vitali theorem. This problem 
proves a lemma of M. Riesz [486]. Let {an }°2, be a set of power series 
coefficients with 
sup |an| < 00 (6.2.19) 
n 


Suppose f(z) = }°°°.9 anz” has an analytic continuation into a neighbor- 
hood, Q, of {z | 0 < |z| < R, a < arg(z) < 8} =S for some a, 6 € [0, 27] 
witha <fand R>1. For N =1,..., 


POs Yvan" (6.2.20) 
n=0 
=| 
(= So tena” (6.2.21) 
n=—N 


(a) Prove Ff) is analytic on DUQ and f&) on C \ {0}. 
(b) Prove that on Q \ {0}, 


FEO) + (OW) =o Fle) (6.2.22) 
(c) Prove that (the lemma of Riesz) 


sup FM (2)| ges) (6.2.23) 
zES,N 
(Hint: Pick a, 89 with a9 < a < B < fo so that S = {z]0< lz| < 
R, ao < jarg(z)| < Bo} C Q. Apply the maximum principle on S to 
gN (z) = (z —™)(z — cio) ¢) (2), (6.2.22) will be useful.) 


This problem will provide an approach to the study of power series with 
natural boundaries on OD. It follows a paper of Breuer—Simon [72], who 
have lots of further applications. The actual result you'll prove is a special 
case of a theorem of Agmon [5]. Let {a,,}929 be a set of power series 
coefficients obeying (6.2.19). Let Q, S, f& be as in Problem[I0] We say 
{bn }7_ 4, is a right limit of {an }@p if and only if for some Nj; — oo and 
all m € Z, 


anj;+m — bm (6.2.24) 
as 7 > co. 


(a) Under the existence of Q, S, and a right limit, define f, on D and f. 
on C \ D by 


ee) -1 
fe(z)= So bn2™, f(z) = SO Onz” 
n=0 


n=— CoO 
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Prove that f, has an analytic continuation to a neighborhood of S and 
on SM {z | |z| > 1} obeys 


fe(z) + f(z) =0 (6.2.25) 


(b) Prove that if {a,}?29 is a sequence obeying (6.2.19), which has a 
right limit for which f, has a continuation outside D for which (6.2.25) 
fails, then )>>° 9 anz” has a natural boundary on 


(c) Let {an }72o be a sequence so that for some Nj; — 00, ay,;-1 7 a £0, 
and for all m > 0, anj;+m — 0. Prove that a, Qnz" has a natural 
boundary on OD. (Hint: Use compactness to show that for a subsequence, 
there is a right limit with f; =0 but f_ #0.) 


(d) Prove the special case of the Fabry gap theorem with sup,,|@n| < 00. 
That is, if f(z) = 072.9 aj2z™ with limj.. nj/j = 00, sup,|aj| < oo, and 
lim inf|a;| > 0, then f has a natural boundary on OD. 


(e) Prove that }°>° 9 z” has a natural boundary on OD (Kronecker ex- 
ample). 


Remarks. 1. While this method has the limitation that sup,,|an| < 00, 
it doesn’t require that there only be gaps. 


a pe z™ will play a starring role in Section [10.5] and Sections 13.1 
and 13.3 of Part 2B. 


Normal families were used by Fatou and Julia to study iterates of analytic 
maps (and rational maps on all of C). Let f: Q > Q. Define f In] by 
fu =f, fletl = fo fll. The Fatou set of f = {zo € 2 | Ad so that 
{ f\™ | D5(zo)} is normal}. The complement is called the Julia set. 

(a) Let f(z) =2z+1. Find fl! and show that the Julia set is empty. 


(b) Let f(z) = 2”. Find the Julia set. 


Remark. The celebrated Mandelbrot set is {c € C | the Julia set of 
f(z) = 27 +c is connected}. 


This problem uses the Baire category theorem (see Theorem 5.4.1 of 
Part 1). Let 9 be a region in C and g, € A(Q) so that for all z € Q, 
Gn(Z) 4 Joo(z) for some function g. (finite everywhere). In this problem, 
you'll prove a theorem of Osgood that there is a dense open subset / C 2 
so that goo | 0 is analytic (but note that Q’ may not be connected; see 
Problem [5] of Section [4.7). 


a) Let Qy, = {sup,,|gn(z)| < m}. Prove that UN, = 2. 
n 
(b) Let Q! = Up, Mim. Prove goo |’ is analytic. 
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(c) Prove some 2, has nonempty interior (use the Baire category theo- 
rem). 

(d) Let Q =2\Q. Apply (a)-(c) to © to see that if Q = 0 for some m, 
Q@ 40 AO, which is a contradiction. Conclude that is dense. 


14. Let f(z) = exp(—[{#]) on C \ {1}. 

a) Prove that |f(z)| < 1 if |z| <1 and |f(z)| > 1 if |z| > 1. 

b) Prove that the limit points of {f(z)},ep as z > 1 are {w | |w| > 1}. 
Hint: What kind of singularity does f have at z = 1?) 


c) Prove that on D, f is not a limit in |]-||,. of polynomials. 


d) Prove that in 2(D), f is a limit of polynomials, p,, with ||pp||o. < 1 
on D). (Hint: First show if f,(z) = f(rz), then in U(D), f, > fasrt 1, 
and then approximate f, by truncated, normalized Taylor series. ) 


( 
( 
( 
( 
( 
( 


(e) Find a sequence of polynomials in the unit ball, H°°(D), with no limit 
point. 


6.3. Restatement of Runge’s Theorems 


Given our focus on 2(Q) and its topology, we want to note the following 
consequence of Runge’s theorems: 


Theorem 6.3.1. For any region Q, the rational functions with poles outside 
Q are dense in A(Q). If Q is simply connected, then the polynomials are 
dense in U(Q). 


Proof. Let Ky, be given by 
Kn = {z €Q| |z| <n, dist(z,0Q) > n} 


which is a compact exhaustion (perhaps after dropping finitely many n for 
which K,, is empty or finite). By Theorem [4.7.6] given f € 2(Q), there is a 
rational function, R,,, with poles in C \ 2 so that 


1 
Rn = E-Fal 
Il Kn < - (6.3.1) 


Then R, — f uniformly on each K, since for m > n, Ky C Km, so by 
(CED, |lf — Rll, <1/m. 

If Q is simply connected, by the remark after Theorem [4.7.6] C \ Kk, is 
connected, so by Theorem [4.7.1] the function R, in can be taken to 
be a polynomial. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


6.4. Hurwitz’s Theorem 245 


Problems 


1. (a) Use Theorem |6.1.5]to prove the following: If @ € 2(Q)* and @(f) = 0 
for every f(z) = (z—w)-* for w € C\Q, k = 0,1,..., and also for every 
f(z) = z*, then £ = 0. Also, if C \Q is connected and ¢(f) = 0 for all 
polynomials f, then f = 0. 

(b) Using (a) and the Hahn—Banach theorem, provide another proof of 
Theorem [3.6.1 


6.4. Hurwitz’s Theorem 


In this section, we’ll prove the following result about preservation of zeros 
under convergence in 21((): 


Theorem 6.4.1 (Hurwitz’s Theorem). Let fr, > f in U(Q) where Q is a 
region in C. Suppose f is not the zero function. Then the zeros of f are the 
limits of zeros of fn in the following precise sense: 


(a) If f(Go) #0, there is ad > 0 and integer, N, so that f(z) has no zeros 
in Ds(Co) forn > N. 

(b) If Co ts a zero of order k of f, then for suitable d > 0 and N, forn > N, 
fn(z) has exactly k zeros in Ds(C9) counting multiplicity. 

(c) If K CQ is compact and f has no zeros on OK, then for some N large 
andn > N, the sum of orders of the zeros of fn in K is the same as 


for f. 


Remark. This is, of course, closely related to the phenomenon of preser- 
vation of zeros under continuous deformation that we discussed in Corol- 
lary 3.3.3} As in that case, the analog is false for even very nice real-valued 
functions of a real variable: f;,(2) = x? + 1/n has no zeros in [—1,1] but 
lim fn(%) = foo(x) vanishes at x = 0. Of course, f;, has zeros in the complex 
plane that converge to zero. 


Proof. We’ll prove (a) and (b) and leave (c) to the reader. (a) is (b) when 
k = 0, so we'll prove them both together. Since f is not the zero function, 
either f(¢o) # 0 or f has an isolated zero at ¢o. Thus, for some 6 < 
dist(¢o, OQ), we can arrange that f is nonvanishing on D5(¢o) \ {do}. 


Since f is nonvanishing on the compact set ODs5(¢o) for n large, fn is 
nonvanishing there, so f),/fn — f’/f uniformly on OD5(Co). Thus, with N 
given by (8.3.3), 


Np3(¢0) (fn) 4 Nos (co) (F) (6.4.1) 


Since they are integers, for some M, they are equal for n > M. By the 
argument principle (Theorem [3.3.2), the zeros result holds. 
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An immediate consequence is: 


Corollary 6.4.2. If f, > f in A(Q) and each f,, is nonvanishing on all of 
Q, then either f =0 or f is nonvanishing on all of Q. 


Definition. A univalent function (also called schlicht) on Q is a one-one 
analytic function on 2. 


Corollary 6.4.3. Let f, € A(Q) be a family of univalent functions and let 
fn > f in AQ). Then either f is constant or f is univalent. 


Proof. Fix ¢g € 2. Let 

In(z) = fn(Z) — fr(So) (6.4.2) 
on 2=2 \ {Go}. Then g, is nonvanishing on Q, so g(z) = f(z) — f(q@) is 
either identically zero or nonvanishing. 


If g is identically zero, then f(z) = f(¢o) constant, so if f is nonconstant, 
f(z) # f(do) for z 4 C. Since Co is arbitrary, either f is constant or 
schlicht. 


Notes and Historical Remarks. Hurwitz proved his theorem in 1889 
[270]. Adolf Hurwitz (1859-1919) was a German Jewish mathematician 
heavily influenced by Klein and, in turn, he was a significant influence and 
friend of Hilbert and Minkowski. Hilbert and Hurwitz took daily walks 
discussing mathematics while both were at Konigsberg. Hurwitz spent the 
last twenty-seven years of his life, many in ill health (he had a diseased 
kidney removed in 1905), in Zurich where he was a professor at the ETH. 


Problems 


1. Prove the third conclusion in Theorem [6.4.1] (Hint: Use (a), (b), and 
compactness. ) 


The next problems use the notion of iterates f!"! defined in Problem [12] 
of Section 


2. Let f € 2A(Q) for a region Q. Suppose Ran(f) C Q and that for some 
nj —> oo, uniformly on compacts, f Inj] 5 1o, the identity function on ©. 


(a) Prove that f is schlicht. 
(b) Prove that f is onto. (Hint: Ifw ¢ Ran(f), look at g;(z) = fl™)(z)—w 
and apply Corollary [6.4.2] ) 


3. Let 2 be a region and {gn}P2) C A(Q) all take Q to Q. Suppose gn > g 
in the topology of 2(Q). Prove that either Ran(g) C Q also, or else g 
takes a constant value in OQ. (Hint: If g(zo) = wo for zo € Q, wo € OQ, 
apply Corollary [6.4.2] to g(z) — wo.) 
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4. Let 2 be a bounded region and let f: Q + © be an element of 21(Q) so 
that for some nj; > 00, fl] > g in 2(Q) and g is nonconstant. 


(a) Prove that Ran(g) C 2 and is open. (Hint: Use Problem B}) 

(b) By passing to a subsequence, suppose nj+1 > nj and let m; = nj4i— 
n; and let h be a limit point of fimil. Prove that hog = g. (Hint: 
first] = flea o fil.) 

(c) Prove that h(z) = z for all z and conclude that f is a bijection. (Hint: 
Use (a) and then Problem 2}) 


5. Let Q be a bounded region. Let f: 2 > Q be analytic and suppose that 
f has two distinct fixed points. Prove that f is a bijection. (Hint: Use 
Problem [4]) 


Note. The arguments in Problems [4] and J are from H. Cartan [97]. 


6. Prove that the conclusion of Problem [5] holds if, instead of assuming Q 
is bounded, we suppose C \ 2 has a nonempty interior. 


6.5. Bonus Section: Normal Convergence of Meromorphic 
Functions and Marty’s Theorem 


In this section, we discuss the notion of normal convergence for meromorphic 
functions and prove an analog of Montel’s theorem called Marty’s theorem. 
The key will be to find a replacement for || - ||k = sup,¢x|f(z)|. The prob- 
lem, of course, is that |-| is not a good notion of size for functions taking 
the value infinity. Instead, we use: 


Definition. Let w,z € C. Define the spherical metric o(w, z) as follows: 


|w—2| 


Jared? “ee S® 
o(w,z) = Jone’ wéeEC,z=0o (6.5.1) 
+|w 
0, w=zZ=0Co 


In order to understand where this comes from and to prove the triangle 
inequality, we introduce a map Q: C > R® by 


Rez Im z lz|? = 
Q(z) = (par [z[2+1 ° ee)? zeC (6.5.2) 
(0, 0, 1), & = OO 
For now, we take this out of a hat, but in Section[/.2] we’ll see its geometric 
significance: 
Proposition 6.5.1. (a) |Q(z) — (0,0, 5)|? = 4 (6.5.3) 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


248 6. Spaces of Analytic Functions 


(b) Q is a one-one map of C onto the sphere of radius 5 centered at (0,0, 5) 
with (for (#1, 22,23) # (0,0, 1)) 
x1 + 1£2 


Q"(@1,24;43) = = (6.5.4) 
(c) |Q(z) — Q(w)| = ofz, w) (6.5.5) 
(d) o obeys the triangle inequality, that is, for z1, 22,23 € C, 
o(21, 23) < o(21, 22) + o(Z2, 23) (6.5.6) 
(e) Let 
To(@1, 02,23) = (41 cos 6 — xo sin O, x2 cos) + x1 sin, x3) (6.5.7) 
and 
a Ws 0983) = (%1,—-22,1 — £3) (6.5.8) 
Then 
Q(e%z) = m9(Q(z)) (6.5.9) 
Q(1/2) = HQ) (6.5.10) 
(f) o(z7',w!) = o(z,w) (6.5.11) 
Jw — 2| 
= < < _ .0.12 
(g) |2L, [wl SR ppp Solu, 2) S|w 2 (6.5.12) 
Ja, lul > RP Ec o(w,2)<|wt- 2] (6.5.18) 
z|,|w| > ipRe 272) 8 5. 


Remark. (6.5.5) shows o(w,z) is a chordal distance on the three-sphere, 
that is, the length of the chord in a three-ball. The arc-distance, 0(w, z), 
that is, the length of the great circle in the sphere is given by 

O(w,z) = arctan( = 21) (6.5.14) 
Problem [I] has a proof of this. Of course, @ and o determine equiva- 


lent metrics since they come from equivalent metrics on S?. Indeed, since 
27-16 < 2sin(@/2) < 0, we have that 


2 
— O(w,z) < o(w,z) < Au, z) (6.5.15) 
a9 
Proof. (a) The sphere of radius $ about (0, .3) is given by 
ait+a3+(23—5) =f Seat t+23t+23=23 (6.5.16) 
so (6.5.3) is 
|2|? |z|* |2|? 


= 6.5.17 
(pie (esi? eel ang 


which is immediate. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


6.5. Marty’s Theorem 249 


(b) It is easy to check Q~! o Q(z) = z, and that if (6.5.16) holds, then 
e) 


QoQ -'(x) = 2, so Q is a bijection. 
(c) By (6.5.16), 
2 a lz? fw? fa]? + Jw? + 2[w/? few]? 
lQ(z)IF + |Q(w)|* = [2 ieee Ge pea ser) (6.5.18) 
and, by (6.5.2), 
_ Re(Zw) + |2|?|w/? 
O02) QM) = Ter nqwl+D 279) 

sO ; 

Q(w) - Q()? = 2 (6.5.20) 


(1 + |z|?)(1 + |w|?) 
which is (6.5.5). 


(d) is immediate from (6.5.5); indeed, if 21, z2, z3 are distinct, the inequality 
is strict. 


(e) is a straightforward calculation. 
(f) follows from (6.5.10) or from a direct calculation. 


(g) (6.5.12) is elementary and (6.5.13) then follows from (6.5.11). 


Definition. We let M(Q) be the functions meromorphic in 2 together with 
the function f = oo. 


In Sections and we give C the structure of a complex analytic 
manifold. In particular, we can define “analytic” functions from 2 to C as 
functions analytic in local coordinates. M(Q) will precisely be the “ana- 
lytic” functions of Q to C. 


Definition. We define for kK C 2 compact, 
K(f,9) = omy o(f(z), 9(z)) (6.5.21) 
ZzE 


If {K,}?2, is a compact exhaustion of 2, we set 


9) = )o min(ox, (f,9),2-) (6.5.29) 


If p( fn, foo) > 0, we say f, converges to fy. normally. A set S Cc M(Q) 
is called a normal family if and only if any sequence {f,}°2, C S has a 
normally convergent subsequence. 


Remark. We’ll see below that this is consistent with our previous definition 
of normal family. 
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Theorem 6.5.2. (a) Let {fn}°, C M(Q) and let f be a function from Q 
to C so that 


OKm (fn, f) + 0 (6.5.23) 


for each M. Then f € M(Q). 
(b) M(Q) is a complete metric space in the metric, p. 


Proof. (a) Suppose f(zo) # oo. Since Q(fn(z)) — Q(f(z)) uniformly on 
compacts, Q(f(z)) is continuous, so for some 6 > 0, |f(z)| < 2|f(zo0)| on 
5(zo). Thus, |fn(z)| < 4|f(zo)| for n large and z € Ds(zo). By (6.5.12), 
fn 2 f uniformly on D5(zo), so f is analytic in D5(zo). 

If f(zo) = 00, we use ox,,(f,1,f-!) = Okm(fn, f) 4 0, and so f? is 
analytic in Ds(zo), so either f(z) = co on D5(zo) or else f is meromorphic 
at z with a pole at 2. 


By a connectedness argument, using continuity of Q(f(z)), either f = oo 
on 2 or f is meromorphic on Q, that is, f € M(Q). 


(b) If ox,, (fn, fm) 4 0 as n,m — oo, then supx|Q(fn(z)) — Q(fm(z))| — 0. 
So, by completeness of continuous functions from Q to $?, there is an f so 


oKm (ins f) + 0. By (a), f € M(Q). 
Theorem 6.5.3. Let {f,}°@, and f be in M(Q). Suppose holds 


n=1 
and each fy, € A(Q). Then either f € AQ) or f = co. In the former 
case, the convergence is in A(Q). In particular, normal family, as defined 


in Section 6.2, agrees with normal family as defined above. 


Proof. As a simple argument, the corollary of Hurwitz’s theorem (Corol- 
lary (6.4.2) extends to M(Q). If fn converges normally to f and f,, is non- 
vanishing, for all n, then either f is nonvanishing or f = 0. 

Let gn = fo’, g = f-' (with 007! = 0). Then f, analytic implies 
Jn is nonvanishing. Moreover, since ox,,(fn,f) = OKm(9n,g), we have gn 
converging to g normally. Thus, by the above, either g is nonvanishing, that 
is, f is analytic, or g = 0, that is, f = oo. 

If f is analytic, for any m, f is bounded on Ky, so infzex,, o(f(z),co) = 
6 > 0. Picking N so that for n > N, ox,,(f, fn) < 6/2, we can find 
inf eK, a(fn(z), 00) 2 6/2, SO supn>nllfnllKu < oo, and by (6.5.12), o- 


convergence on K,, implies uniform convergence on Ky. 


We define the spherical derivative of a function in M(Q) by 


fi(zq) = Jim TL), Fl20)) 
ZZ |z a z0| 


z#2 


(6.5.24) 
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Proposition 6.5.4. (a) If f(z0) < oo, we have that 
fi(o) = ol (6.5.25) 


(b) G/fyr= ft (6.5.26) 
(c) If f € M(Q) and ¥ is a curve in Q, then 


ritronnsey < f° Fals)ar) (6.5.27) 
Proof. (a) Since (f(z) — f(z0))/(z — 20) > f’(z0), we see 


o(f (2); F(20)) _ 1 a) — F(%0)| 
le—zl VIF TF@P VIFF)? le 20 
converges to the right side of (6.5.25). 
(b) is immediate from o(4+, +) = o(w, z) and (6.5.24). 


wz 


(6.5.28) 


(c) Suppose first that y is piecewise C! and that f(7(z)) is finite for all t. 
Then uniformly in s and j = 1,2,...,n asn— oo and j/n—- s, 
o(f((4)), Fr lor ))) 
n=) 


Thus, by the triangle inequality, 


o(f(1(0)), Fr())) ser(o(2))h) (2) | (7) 


(6.5.30) 


> f*(7(s)) (6.5.29) 


so, taking n — oo, we get (6.5.27). 

By a polygonal path approximation, we get for all rectifiable 
paths. 

If 1/f(7(s)) is finite for all s, we do the same calculation for 1/f(y(0)), 
using the invariance of o and f# under f +> 1/f. For general paths, we cover 
by finitely many intervals with f or 1/f finite on each interval and sum up 
using the triangle inequality. 


Lemma 6.5.5. Let { fn}?21,f lie in M(Q). If fn converges to f normally, 
then fi — f* uniformly on compacts. 


Proof. By a compactness argument, it suffices to show that for each zp € Q, 
there is a 6 > 0 so that fi — f* uniformly in Ds(zo). If f(zo) is not infinite, 
fn - f uniformly in some D95(z0), so |f/,| and |f,| converge uniformly, so 
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fh does. If f(zo) is c0, f, | converges in f~! uniformly in some Dy5(z9), so 
the invariance of f! proves the needed convergence. 


Theorem 6.5.6 (Marty’s Theorem). Let S C M(Q). Then S is a normal 
family if and only if for all compact K, 


sup f(z) < oo (6.5.31) 


Proof. If (6.5.31) fails, find K and f, € S so 
lim sup f#(z) = 00 (6.5.32) 
eK 


Noo Zz 
If fn; converges to f normally, by the lemma, for some J, 


lim sup fi. = sup f! < 00 
J? zeK 7 2EK 
violating (6.5.32). Thus, S' is not normal. 
Conversely, suppose holds. For any zo € Q, if Ds(zo) C Q, by 
and (6.5.27), for all f € S, w € Ds(z0), 
(Qo f)(w)-(Qef@l<[_ sup [f(Q)I]lw— al 


EDs (z0) 


so the {Qo f | f € S} are locally uniformly equicontinuous. By the Ascoli— 
Arzela theorem, we get the existence of convergent subsequences for Qo f, 
so normally convergent subsequences. Thus, S is normal. 


Notes and Historical Remarks. The spherical metric is our first glimpse 
of two themes that will recur: C as a sphere, something we turn to in Sec- 
tions and and the role of geometry and conformal metrics. In par- 
ticular, the spherical metric d?z/(1+|z|?)? has constant positive curvature. 

Many references use a projection of {(#1, 2, x3) | |z| = 1} onto CU {oo} 
(see the discussion in Section [7.2], so their o is twice ours. 

Marty’s theorem and the use of the spherical derivative go back to Marty 
: 

As we’ve defined it, the spherical derivative is asymmetric. A perhaps 
more natural definition would be 

o(f(z), f(z 
san Ud (2) Fl20)) 


22 a (2,20) 


which is the definition used by Marty. It has the advantage of also working 
at zo = 00. The use of f?, as we use, has however become standard. 


= f*(20)(1 + |z0l”) 


The strong Montel theorem, stated as Theorem [6.2.10] (see also Sec- 
tion and [11.4), has an extension to meromorphic functions—one needs 
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a, 3,7 all distinct in C and shows the set of functions f € M(Q) with values 
in C \ {a, 8, y} is normal. By replacing {f} by {(f — y)~+}, this is reduced 
to Theorem [6.2.10 


Problems 
1. (a) If x,y lie in a sphere of radius 5 and make angle O(x, y), prove that 


|jz—y|? = 1(1—cos(6(a, y))) so that the 0 of (6.5.14) is given by o(w, z) = 
¥ (1 — cos(0(w, z))). 
(b) From (a) and the formula for 7, deduce (6.5.14). 


2. Prove by direct calculation from the definitions that o(z~!,w7!) = 
o(z,w) and that (1/f)! = f?. 
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Chapter 7 


Fractional Linear 
Transformations 


In addition to the two kinds of series presented above, we consider a 
third whose terms are connected by continuing division, so that it will 
be convenient to call these series continued fractions. Although this 
construction is less used than the other two, not only does it exhibit 
its value just as clearly but it is also very well suited to approximate 
computation. 


—L. Euler, An Essay on Continued Fractions 


Big Notions and Theorems: Riemann Surface, Aut(S), Riemann Sphere, Com- 
plex Tori, Analytic Curve, Algebraic Curve, Elliptic Curve, Degree of a Meromorphic 
Function, Stereographic Projection, Complex Projective Space, Projective Curve, Reso- 
lution of Singularities, Normalization of a Curve, Fractional Linear Transformations, 
Cross-Ratio, Elliptic-Hyperbolic-Parabolic-Loxodromic Classification, Preservation of 
Circles/Lines, Groups of Conformal Automorphism for GC, ), Continued Fractions, 
Best Rational Approximation, Schur Algorithm 


A fractional linear transformation (aka FLT) is a map defined by 


az +b 
fe)= 4d 


where ad— bc 4 0. FLTs appear frequently in both theory and applications; 
indeed, special cases mapping D to C, or H,; to D have occurred earlier 
in this book. We'll especially need the family of all conformal bijections 


(7.0.1) 


1The other kinds mentioned by Euler are infinite series and infinite products which he illus- 
trated by writing infinite expressions converging to 7/4, one of them Wallis’ formula. 


255 
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of D to D in the next chapter. One of the things that we’ll see in this 
chapter is that every conformal bijection of D to itself is an FLT. Because 
of their importance in applications, we’ll make an extensive—rather than a 
quick—presentation. 

Notice that f(—d/c) = oo so that we’ll want to define f with values in 
C. But also f (z) has a limit as |z| + oo, so f is most naturally a function 


from C to C. For this reason, we want to study what it means for a function 
to be analytic at co and we do this in that context. We did this indirectly 
in Section [3.9] but we define this precisely not only for C but also for more 
general objects called Riemann surfaces, which we define and begin the 
discussion of in Section In this book, Riemann surfaces are primarily 
a convenient language. Our study of them will be limited. Section [7.2] will 
then focus on C as a Riemann surface, most notably its realization as CP/1], 
the complex projective line. We'll also discuss stereographic projections. 
Section [7.3] the central one of this chapter, will discuss FLTs, primarily as 
maps induced by linear maps on C?. Section[7_4] will focus on conformal self- 
maps of D and bonus Section [7.5] will discuss continued fraction expansions, 
which are essentially a branch of the study of FLTs. 


One of the surprises of this chapter is the rigidity of complex struc- 
tures. The space of C® diffeomorphisms of the two-dimensional sphere is 
an infinite-dimensional space. We’ll see that it is much harder to be an an- 
alytic bijection of a Riemann surface. A major set of results of this chapter 
is that the conformal equivalences of C area six-(real) parameter manifold; 
of C, a four-parameter manifold; and of D, a three-parameter manifold. As 
the set gets “smaller,” its automorphism group “shrinks.” In fact, if Q is 
n-connected with 2 <n < oo, then its automorphism group is finite. We’ll 
not prove this, but the Problems and Notes will discuss special cases. 


It must be emphasized that while FLTs seem innocent, they and their 
discrete subgroups (called Fuchsian and Kleinian groups) are incredibly rich 
and significant. Large swathes of modern geometry and number theory can 
be viewed as the study of them and their higher-dimensional analogs. 


7.1. The Concept of a Riemann Surface 


If you’ve seen the definition of a manifold, the definition of a Riemann surface 
is “the same” except C'°° conditions are replaced by analyticity demands: 


Definition. A Riemann surface is a connected Hausdorff topological space, 
S, with a countable family 1 of open sets in S and continuous open 
functions fr: Un > C, called coordinate maps, so that 


(i) Each f,, is one-one, so a homeomorphism of U;, and Ran(f,,). 


(ii) Unci Un = 8. 
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(iii) If UzQUm 4 9, the transition map, fnofmt: fm[UnOUm] > fr[UnOUml], 
is analytic. 


In the above, JN is a finite positive integer or oo. Recall a map is open if 
and only if f,[V] is open for any open V C Up. Thus, f,!: Ran(fn) > Un 
is a homeomorphism. 


Definition. A family {Un; fr }?@, of maps making a Hausdorff space into 
a Riemann surface is called an analytic structure. Two analytic structures, 
{Un; fr}P@, and {Vj gm}°°_1, are called compatible if and only if each fr o 
Imi? Im[Un Vin] > fr[Un O Vj is analytic. 


Example 7.1.1 (Regions). Let Q Cc C be a region. With Uj = © and 
g: U; > C by g(z) = z, it is a Riemann surface. 


Example 7.1.2 (Riemann Sphere). C is CU {oo}, the one-point compacti- 


fication, topologized so that C\ (0) are a neighborhood base for oo. It has 
a natural Riemann surface realization with the following analytic structure: 
Take Uy = C and Uz = C* U {oo}. fi and fe map Uj and U2 bijectively to 
all of C by 


The transition map g = foo f; ': CX > C% by g(z) = 271. 


Before turning to more examples, we consider five important definitions: 


Definition. Let S ,,S_) be Riemann surfaces with analytic structures 
{Un, fr}P@, and {Vin, gm}Pe_1, respectively. An analytic function on Sj 
is a map f: S| > C so that each fo f,!: [fn[Un]] 3 C is analytic. 
An analytic function between S, and So is f: Sj — So so that each 
amo f° ft: falUn 0 f[Vnll 4 dmlf[Un] Vin] is analytic. A confor- 
mal equivalence of S, and Sz is an analytic bijection of S; onto Sg. A 
meromorphic function on Sj is an analytic map of S; to C with the analytic 
structure of Example[7.1.2] A function u: U C S > R with U open is called 
harmonic if for every z ©€ U, there is an open neighborhood N of z and 
f: N —C analytic so that u = Re f. 


We use the symbol Aut(S) for the set of all analytic bijections of S to 
itself. Because harmonic is defined locally, all the equivalences of Section 
apply where A and circles can be taken in any compatible local coordinate 
system. The reader should check two analytic structures on S are compat- 
ible if and only if the identity map on S with the different structures on 
domain and range is a conformal equivalence, and that the new notation of 
meromorphic agrees with the old if S is given by Example 
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One of the more intriguing parts of complex analysis is the determination 
of the set of all automorphisms of some region or Riemann surface. These 
results are spread out in the rest of this book; here is a summary: Aut(C) is 
determined in Theorem[7.3.4] Aut(C) in Theorem[Z.3.5) and Aut(D) in Theo- 
rem[7.4.2] The Notes to Section[7.4]include a theorem that if 2 <n < oo and 
Q is n-connected, then Aut(Q) is finite. Section[7.4]has problems that deter- 
mine some Aut(Q): Aut(D*) in Problem [4] Aut(D \ {zo, z1}) in Problem 55} 
Aut(Q \ {20, 21}) in Problem [6] and Aut(A,,z) in Problem [7] Problem 
of Section determines Aut(J;,,7.) for complex tori and Section [11.5 
discusses some automorphism groups in higher complex dimension. 


Example 7.1.3 (Complex Tori). Let 7,72 € C* with m/7™ ¢ R. Let 
Lary = {M171 + N2T2 | nj € Z} (11) 
the lattice generated by 71,72; see Figure [7.1.1] 


$ 
e T+T, 
° TH, 
e 2 
e 
oe Tt, - Qt, 
sel . T, 
e 0 ‘ 
5 q e 2t, Ty 
1 T-T 
® 12 
e “Ty 
e TT 
-2T -T nie 


Figure 7.1.1. A portion of a lattice. 


C is a topological group under addition and L£,,,,, a closed subgroup, 
so the quotient group is naturally a topological group. It is topologically a 
torus, as can be realized as follows. If we think of C as a two-dimensional 
real vector space, T/T, ¢ R says 7 and 72 are linearly independent, so a 
basis. Thus, any z can be written uniquely as 


z= 21(z)T + L2(z)7, r;i(z)ER 
Then, 7: C > OD x OD with 1(z) = (e?7™ ©), €?7'#2(2)) is a group homo- 
morphism of the additive group C to the multiplicative group 0D x OD. The 


kernel of 7 is £,,,7, and realizes an isomorphism and homeomorphism of the 
quotient and 0D x OD. 7 is (71, T2)-dependent and we’ll sometimes use 77,,,7. 


Let Vi,...,Vs C C be defined by (see Figure [7.1.2) 
Yw={ 
vin3 
V5 =4 


z| |e) <5, lel <a} Ve=g(ntn)+V 
mh =) + Vi, V4 = 3(-1 +m) +V 
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Figure 7.1.2. Coordinate cover of a torus. 


Let U; = m[Vj]. 7 is one-one on V; so there are maps f;: U; > V; C C 
which are the inverses of 7. It is easy to see (Problem [I) that Ce ue = 
OD x OD. ee ViNV; > ViNV; is just the identity map and each Toi. 
is 2+ cjx, where cj, is one of £71, £72, or £7; + 72. Each map is clearly 
analytic. This defines an analytic structure on OD x OD, and we'll call the 


resulting Riemann surface J;,,7,. As Figure shows geometrically, the 
square with opposite sides identified is a torus. 


| |--@ 


Figure 7.1.3. A scissors-and-paste construction shows that a square 
with opposite sides identified is a torus. 


All J;,,7, are isomorphic and homomorphic as groups and topological 
spaces, but it is not (yet) clear which are analytically equivalent, that is, 
which complex structures on OD x OD are equivalent. We'll answer this 
in Theorem [10.7.1| but for now, we’ll note that we’ll prove that there are 
uncountably many nonequivalent analytic structures among the J;,,7,. In 
the Notes to Section [10.7] we’ll also show the J;,,,, are the only analytic 
structures on the torus. We'll especially consider the special case 7; = 1 and 
T2 =T €C,. In that case, we write £,; and J. 


In some ways, the following is an abstraction of the initial construction 
of Riemann: 


Example 7.1.4 (Analytic Curves). Let F: C? > C be an analytic func- 
tion (convergent two-variable power series at each point), so that S = 
{(z,w) | F(z,w) = 0} is connected, and so that for each (zp,wo) € S, 
either oF (z0, Wo) #Oor 9F (z, wo) #(), 


For any such point, if or # 0, by the implicit function theorem (see 
Theorem of Section [3.4), there are neighborhoods N(z,.)) of zo and 


Licensed to AMS. 


License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


260 7. Fractional Linear Transformations 


M(zo,wo) Of wo and an analytic function, g(zo, wo), on N(zy 9) So that 
U (29,200) = {(z, w) € N (29,00) x M (25,0) | F(z,w) a O} 


= {(z, 9(20, wo)) | z © Nezo,wo)t (7162) 


Define f(z9,wo)* U(2o,w0) + N(zo,wo) bY 
Fone) =2 (7.1.3) 


If oF (x9, wo) = 0, then 2£ ae 0, and we can interchange the roles of z and w. 
Since S has a eoudtable base of open sets, we can find countably many 
U(z),wo) that cover S (see Proposition 2.2.2 of Part 1). Every transition 
function is either the map f(z) = 2 or a 92.) Thus, S is a Riemann 
surface (whose analytic structure is independent of the choice of which U’s 
to take). This is the Riemann surface of F. 


If, in the above example, F is a polynomial in z and w and the condition 
that V(z,w) is nonvanishing is imposed, S is called a nonsingular algebraic 
curve. Notice the somewhat confusing terminology: a surface is normally 
a two-dimensional object, and a curve one-dimensional, yet an analytic or 
algebraic curve is a Riemann surface! The resolution of this terminology 
puzzle is that, as a real manifold, it is two-dimensional—and it was in in that 
context that Riemann’s contemporaries named his objects. As a complex 
object, it is one-dimensional. Algebraic curves started out as real curves in 
R? given by polynomial equations. When complexified, it was natural to 
still call them curves. 


More generally, an algebraic curve, S, is the set of zeros of a polynomial 
P(z,w) which is irreducible, that is, cannot be factored. The irreducibility 
implies that the set of points, (zo, wo), where grad(P(zo, wo)) = 0, is finite. 
These points are the singularities. As in the last example, S is a Riemann 
surface if the singularities are removed. It is not at the singularities but there 
is always a oe surface, S, and a continuous map, f: S — S, which 
is one-one on f~! [nonsingular pottitsl and finite to 1 on f~! [singularities]. 
S is known as the resolution of singularities surface. 


We can see this in detail in a special case of a simple double point. A 
double point is a singularity, (zo,wo), where all first derivatives are zero 
but some second derivative is nonzero. For simplicity of notation, suppose 
(zo, wo) = (0,0). Then 


P(z,w) = az? + 2bzw + cw? + O((|z|? + |w|?)9/7) (7.1.4) 


(zo, wo) is called a simple double point if (*°) has empty kernel. If there is a 
kernel, we have a cusp. In the case of a simple double point, az? +2bzw+cw? 
is a product of two distinct linear factors, so S \ {0,0} near (0,0) is a union 
of two pieces, each of which is asymptotic to a punctured plane. If we add 
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back (0,0) to each piece, we get the intersection point that implies S is 
not a Riemann surface near (0,0). If we add two separate points, we get a 
Riemann surface so far as the neighborhood of (0,0) is concerned. 

For example, if F(z,w) = 2? + w? + 2°, then only (0,0) is singular, the 
factorization is (w + iz)(w — iz). 

We note that for some algebraic curves and elliptic curves (see below), we 
will add some points at infinity (informally, later in this section for elliptic 
curves, and in general and formally, in the next section) to compactify the 
curve. We'll generally mean this compact Riemann surface when we speak 
of elliptic or algebraic curves. 


Example 7.1.5 (Riemann Surface of \/z and ,/P(z)). The simplest exam- 
ple of an analytic curve is to take F(z,w) = z — w?, so formally, w = \/2. 
Instead of thinking of \/z with a branch cut at, say, (—oo,0), we look at 


pairs (w, z) with z = w”. OF = —2w = 0 exactly at w = z = 0 so, except 
at this point, w is locally an analytic function z. Where ae = 0, we have 


at # 0 (of course, in this case wt is globally nonzero, but see below). Thus, 


z is a local coordinate except where z = 0 and everywhere w is a possible 
local coordinate. 
More generally, let P(z) be a polynomial with all its zeros simple, that 
is, 
P(z) =0=> P'(z%) 40 (7.1.5) 
Let 
F(z,w) = P(z) — w? (7.1.6) 
If gr = 0, then w = 0, so by (7.1.5), gr #0. Thus, we have a curve since 
it is not hard to show that {(z,w) | w? = P(z)} is connected (Problem [I). 
Now there are points with ue = 0, but not also where F' = 0 and ar = 0. 
In case deg(P) is 3 or 4, this is called an elliptic curve. We’ll say a lot 
more about them in Chapter [10] and also some in the next section. 


Example 7.1.6 (Riemann Surface of log(z)). Now instead of solutions of 


z= w”, we want solutions of z = e”, so we take 
F(z,w) =z-e” (7.1.7) 
Here gr = —e” is never 0, so z is a local coordinate everywhere. 


Of course, w can only be given locally as a function of z. For any zp 4 0 
and any wo solving zo = e“°, we can initially define w as a function z, 
say, in D),,\(20). We can then place branch cuts in various places but, for 
example, the neighborhood cannot include all of 0D,, (0). 


This example is subtly different from the square root. In both cases, 


(z,w) +, 2 is an analytic function on S. For the log case, f is locally 
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one-one everywhere, but Ran(f) Cc C is only C*. f is a covering map. For 
the square-root case, f is not locally one-one near (z,w) = (0,0). In the 
proper local coordinate near there, which is w, f(z,w) = w? which has zero 
derivative. Ran(f) is all of C, and if we restrict to f~!(C*), we again have 
a covering map. But the square-root case can be “filled in” at z = 0—the 
covering map is lost but there is still a local coordinate. 


While we have emphasized the view of the Riemann surface of \/z or 
log(z) as a subset of C?, the original view which captured the imaginations of 
Riemann’s contemporaries was more geometric. They thought of the surface 
of \/z as taking two cut planes C \ (—co,0], adding (—oo,0) to each, but 
with the rule that passing from C+ in one plane through the cut took one 
to C_ on the other plane; see Figure [7.1.4] 


Figure 7.1.4. Idealization of the Riemann surface of \/z. 


For log(z), one needs infinitely many “sheets.” For w = \/P(z), if 
deg(P) is even, we place cuts between pairs of zeros 5 deg(P) cuts in all 
(e.g., if all roots are real, we can write them as 71 < %2 < --- < Xo and 


place cuts in [x1, x9], [v3, x4],..-, [@2e-1, X2¢]); see Figure [7.1.5] If deg(P) is 
odd, we pair deg(P) — 1 zeros and pair the remaining one with oo. 


e—"—"—_—_—_—_—_—"“e e—""""8 eoe ——— 8 
a Hy NG %4 *or1 21 


Figure 7.1.5. Cuts of the square root of a polynomial of degree 2é. 


In the polynomial case, we add the branch points to the surface. We 
can also understand how to compactify, at least for w = \/P(z). On each 
sheet we add a point at infinity, so we have two Riemann spheres with 
l= 5[deg(P) + 1] cuts. When we glue them together, we get a compact 
orientable surface which is a sphere with g = ¢—1 handles. For g = 1, this 
is illustrated in Figure [7.1.6] g is called the genus of the surface. 

In particular, for the case of elliptic curves, g = 1 and this compactified 


surface is a torus. Its connection to some £, will be clarified by the theory 
of elliptic functions; see Sections [10.4] and 
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Figure 7.1.6. Two spheres with two cuts glued is a torus. 


We end this section with a few simple observations about analytic and 
meromorphic functions on compact Riemann surfaces, our only results on 
general Riemann surfaces. 


Definition. A Riemann surface, S, is called open if it is not compact. 


For this reason, compact surfaces are sometimes called “closed,” but we 
avoid this terminology since “compact” is more informative. The following 
generalizes Liouville’s theorem (part (a)) and the fundamental theorem of 
algebra (part (b)). 


Theorem 7.1.7. Let S be a compact Riemann surface and J a second 
Riemann surface. Let f: S > J be analytic. Then 


(a) If J is open, f is constant. 
(b) If J is compact and f is not constant, then f is surjective. 


Remarks. 1. If f: C — C is bounded, the singularity at oo is removable, 
so f extends to f: C > C. By (a), this is constant, so (a) indeed implies 
Liouville’s theorem. If f is a polynomial and f (oo) = oo, f extends to an 
analytic map - of C to C, so (b) indeed extends the fundamental theorem 
of algebra. 


2. In particular, there are no nonconstant analytic functions on compact 
Riemann surfaces. 


Proof. Any nonconstant analytic map is, by the open mapping theorem, 
locally open, so, since being open is a local property, Ran(f) is open. If S 
is compact, Ran(S) is compact (see Theorem 2.3.11 of Part 1), so closed. 
Thus, if f is nonconstant, Ran(f) is open and closed, so all of 7, since J is 
connected. This proves (b). 


It also proves (a), since Ran(f) is compact and J is not, so f cannot be 
nonconstant. 


The second general result will show that if f: S ~ 7 for compact Rie- 
mann surfaces, every value gets taken the same number of times if we prop- 
erly count multiplicity. We need to begin by describing multiplicity, for 
which the term “local degree” is used rather than “order.” 
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Proposition 7.1.8. (a) For any f: S > J, a nonconstant analytic map 
between arbitrary Riemann surfaces, and any P € S with f(P) =Qé 
J, there is a positive integer, deg(f; P), so that in any local coordinates 
g at P andh at Q, ho f og! — h(Q) has a zero of order deg(f; P) 
at g(P). 

(b) IfS and J are compact, there are only finitely P € S with deg(f; P) > 
ilk, 


Remarks. 1. deg(f;P) is called the local degree of f at P. Sometimes 
deg(f;P) — 1 is called the ramification index of f at P. A point where 
deg(f;P) > 1 is called a critical point of f. A point Q with Q = f(P) for 
some critical point, P, is called a critical value or ramification point of f. 


2. A similar argument shows that if S is compact for any Q € J, {P | 
f(P) = Q} is finite. 


3. Normally, critical points are defined by requiring f’(zo) = 0. But f’ is not 
a function since it is coordinate-dependent. There is, however, a differential 
form meaning; see the Notes. 


Proof. (a) An easy calculation shows this is coordinate-independent. Es- 
sentially, |ho f og~!(z) — h(Q)| = 0((z — g(P))®) is coordinate-independent. 


(b) If f is nonconstant and ho fog~!(z) = q(z), then if q’/(g(P)) = 0, the de- 
rivative is nonzero nearby, that is, critical points are isolated. Compactness 
then implies they are finite in number. 


We want to use this notion plus the fact that the meromorphic func- 
tions are a field to state the following consequences of the nonexistence of 
analytic functions on a compact surface. We define the principal part of a 
meromorphic function, f, at a pole, zo, to be the principal part, g, in a local 
coordinate system. Since g is determined by the requirements that f — g is 
analytic near zq and (1/g)(zo) = 0, this is coordinate-independent. 


Theorem 7.1.9. (a) If f,g are meromorphic functions on a compact Rie- 
mann surface and they have the same zeros and poles with the same 
local degrees, then f = cg for a constant c. 


(b) If f,g are meromorphic functions on a compact Riemann surface and 


they have the same poles and principal parts, then f = g +c for a 
constant c. 


Proof. f/g in case (a) and f —g in case (b) are functions without poles, so 
constant by Theorem a). 
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Theorem 7.1.10. Let f: S— J be an analytic map between compact Rie- 
mann surfaces. Then 


S> deg(f; P) = deg(f) (7.1.8) 
{P| f(P)=Q} 


is independent of Q. 
Remark. deg(f) is called the degree of f. 


Proof. Let d(Q) be the left side of (7.1.8). By Remark 2 after Propo- 
sition [7.1.8] d(Q) < co everywhere. Let Jm = {Q | d(Q) > m}. We 
claim each Ym is open and closed, so either empty or all of 7. Since G% is 
nonempty, there is a maximal m nonempty Jim, that is, Jm = 7, Imsi = 9, 
so d(Q) =m. 

If deg(f; Po) = ¢, by shifting to local coordinates and using Theo- 
rems and for Q near Qo = f(Po), there are exactly @ 
points near Py with f(P) = Q, and for each of them, deg(f; P) = 1. Thus, 
if d(Qo) = m, there are, for all Q near Qo, m points near those P with 
f(P) = Q. There might be additional solutions of f(P) = Q but certainly 
d(Q) >m. Thus, Jm is open. 

Let Q1,..-,Qn,.-- lie in Jm and let Qn > Qa. By passing to a subse- 
quence, we can suppose that the Q’s are distinct and that no Q; is a critical 
value (since we can throw out the finitely many critical values; of course, 
Qoo can be a critical value). 

Thus, we can find PY), j = 1,...,m, all distinct (for n fixed) with 
f (PY )) = Qn. By passing to successive subsequences, we can suppose 
PY) > PY? for 7 = 1,...,m. By continuity of f, f( 9) = Qo. If 
£, PY agree with PY) there are at least @ distinct points near PY with 
values near Qo. By Theorem deg( f; PX) > ¢. Summing up over 
the distinct points among the PY) shows that d(Q..) > m. That is, Fm is 
closed. 


In Section 3.8 of Part 3, we’ll show that every Riemann surface has 
nonconstant meromorphic functions. 


Notes and Historical Remarks. The notion of Riemann surface ap- 
peared in what is almost surely the most significant work in all of complex 
analysis: Riemann’s inaugural dissertation of 1851. We’ve already 
seen that he had the Cauchy—Riemann equation and notion of conformality 
here but he also had the Riemann mapping theorem (we’ll discuss Riemann’s 
life in the Notes to Section [8.1] when we discuss that theorem). The work 
also had a profound impact on topology and algebraic geometry. Initially, 
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the 1851 dissertation was not widely available and it was through the 1857 
paper on abelian functions , where much of the discussion was reported 
and expanded, that the notion came into wide use. 


He didn’t define Riemann surfaces abstractly, but in terms of sheets 
pasted together. Puiseux had partial results in this direction a year 
earlier, but nothing close to Riemann’s deep vision. The modern notion— 
going beyond a scissors-and-paste construction—was developed by Hermann 
Weyl in his 1913 book, The Concept of a Riemann Surface [590]. In his 
preface, Weyl acknowledged the influence of Klein’s book [313] which had 
emphasized the importance of Riemann surfaces as an object worthy of 
study. Over 45 years later, in 1955, Weyl published a substantially revised 
version of this classic. 


Like us, Weyl assumed that the surface had a countable cover of coordi- 
nate neighborhoods. In 1935, Rad6é showed this wasn’t necessary and 
that any cover by coordinate neighborhoods had a countable subcover— 
the analogous result is false for general real manifolds and also for higher- 
dimensional complex manifolds. Since, in examples, the countability hy- 
pothesis is easy to check, we included it in our definition. A modern expo- 
sition of Rad6é’s theorem can be found in Forster [194]. 


Hermann Weyl (1885-1955) was a German-born mathematician, one 
of the greatest of the twentieth century. He entered university in Munich 
in 1904, transferred to G6ttingen to work with Hilbert, and remained for 
a time in Gottingen as an assistant. His book on Riemann surfaces was 
based on lectures he gave there. He left for Zurich in 1913 where he was 
a professor at the ETH until 1930. While in Zurich, he worked briefly 
with Einstein and worked in general relativity as a result, and later became 
friendly with Schrédinger (and his wife with whom he had a passionate 
affair) and wrote an influential book on the mathematics behind quantum 
theory. In 1930, Weyl returned to Gottingen to fill Hilbert’s chair, but he 
left in 1933, concerned about the rise of the Nazis (in particular because 
his wife was Jewish), and spent the rest of his career at the Institute for 
Advanced Study in Princeton. 


One can see the enormous breadth of Weyl’s work and influence if I note 
that for me as a spectral theorist, Weyl’s most important contributions are 
three enduring ones: his result on asymptotics of the number of eigenvalues 
of the Laplacian of a bounded region in R” (see Theorem 7.5.29 in Part 4), 
his result on invariance of the essential spectrum (see Theorem 3.14.1 in 
Part 4), and his work on limit point/limit circle methods in ODEs (see 
Theorem 7.4.12 in Part 4). But none of these three are even mentioned in 
his Wikipedia biography which discusses many of his other contributions: 
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his classification theory of representations of compact Lie groups, the Peter— 
Weyl theorem, the equidistribution of reals (see Section 2.7 of Part 3), his 
development of the connections between geometry and gauge invariance in 
physics (which made him the grandfather of ideas that have dominated the 
last forty years of research in particle physics), and, of course, his work on 
Riemann surfaces. 


We want to note that our definition of algebraic curve disagrees with 
the standard one. In the standard one, an algebraic curve (perhaps with 
singularities) is the zero set, S, of a polynomial, P(z, w), in two variables. If 
P is an irreducible polynomial, that is, cannot be factored into a product of 
nontrivial polynomials, S is connected. Conversely, if S is connected, P is 
a power of an irreducible polynomial, P = Q™, and Q is then called the 
minimal polynomial. A point of S is called singular if grad(Q) = 0 at that 
point. Examples are double points, e.g., y? = 2? + x at (x,y) = (0,0). 
Thus, our “nonsingular algebraic curves” are actually “irreducible algebraic 
curves with no singular points in F’, the minimal polynomial.” Since these 
algebraic curves are all Riemann surfaces, we use the shorter name as a 
slight abuse of terminology. 


While we'll use the language of Riemann surfaces to organize many sub- 
jects later in this book, we’ll hardly scratch the surface—the general results 
that appear at the end of this section capture one general theme, the use 
of local theory, but they don’t touch the two most common themes of the 
general theory: the use of differential forms, needed for consideration of 
derivatives (if f is an analytic or meromorphic function, df is a one-form) 
but much more, and the use of harmonic functions/potential theory (but 
see Section 3.8 of Part 3). In particular, potential theory methods show any 
Riemann surface has meromorphic functions. 


Forster [194], Griffiths—Harris [222], Miranda [882], and Springer [533]. 


For textbook presentations of the subject of Riemann surfaces, see Farkas— 


Kra [186], 
Fischer [189], Griffiths [221], For textbooks on algebraic curves, see 

Brieskorn—Knorrer [74], and Ueno [558}. 

Problems 

1. Prove {(w, z) € C? | w?—P(z) = 0} is connected, where P is a polynomial 
with simple zeros. (Hint: Show if you place branch cuts, there are two 
connected sheets and going around a branch point moves between them.) 


7.2. The Riemann Sphere as a Complex Projective Space 


In the last section, we gave C the structure of a Riemann surface. Here 
we want to discuss two more concrete realizations as a sphere, one via 
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stereographic projection and the other, in more detail as CP{1], one- 
dimensional complex projective line. 


Stereographic projection concerns placing a two-dimensional sphere in 
R° and mapping it to a plane. We’ll place the north pole of the sphere at 
nm = (0,0,1) and the plane as P = (21, 22,0), which we write as x, + 1x2). 
So we care about the following simple fact (proven in Problem [I): 


Proposition 7.2.1. Let % = (#1,2%2,73) have x3 #1. The point in the 
plane x3 = 0 and the straight line that contains (0,0,1) and % is 
r+ 1% 


20 
= (7.2.1) 


TAG; 22; £3) = 


Let S, be the sphere of radius r with 7 = (0,0,1) as north pole, that is, 


S, = {@| 0? +024 (23 -—(1—r))*? =r} (7.2.2) 
We are mainly interested in the cases r = 5; which we used in Section [6.5| 


and r = 1 used in some books, but the statements are true for all r > 0. 


Every straight line through 7 not in the tangent plane to S; at 7 in- 
tersects C in one point and S, in one point and sets up a one-one corre- 
spondence, given by L, = L | S,, between C and S, \ {n}. The inverse 
(Problem [I) is Q, = L7! 

Qr or |z|? + (1 — 2r) 
= | —.-— Rez, —,—_ I re 
Qe)= (Gaay Ree ggg ms 
r= 5 is (6.5.2) and r = 1 a commonly appearing case. The other point 
we’d make about this map S; — R, called stereographic projection, is that 
it is conformal (Problem [2). See Figure [7.2.1] for the case r = 5: 


A rather different point of view concerns projective space. CP[n], com- 
plex dimension-n projective space, is the space of lines through 0 in C”*!. 
Explicitly, let 3, € C"*! \ {0}. We say 3 ~ w (% is equivalent to w) if and 
only if 3 = Aw for some » € C%. It it easy to see that this is an equivalent 
relation. CP{[n] is just the set of equivalence classes. 7: C"t! \ {0} + CP{[n] 


Nay, 


Figure 7.2.1. Stereographic projection (for r = 3 where the sphere is 
tangent to the plane). 


(7.2.3) 
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maps a vector to its equivalence class. We topologize CP[n] by saying 
U Cc CP{n] is open if and only if 7~[U] is open in C”*! \ {0}. This is 
the quotient topology (see Section 2.8 of Part 1) and is actually a metric 
topology; indeed (Problem[3), if (-, -) is the usual Euclidean inner product 


c= 
OF Uij0;) 


a((u, fo) = fa — env (7.2.4) 


ellie 


is a metric that induces this topology. Here we use [u] for 7(u) when it is 
convenient. 


We now specialize to n = 1, that is, consider CP[1]. Let oo denote the 
point [(0)]- Every other point has a unique element of the form Cl sO 


anv ced-{{()] <4 


and foo: CP{1] \ {oo} > C by 


(li) eas 


is easily seen to be a continuous map. 
Similarly, if 0 = (({)], then we can define fo: CP(1] \ {0} > C by 


«({))=: oo 


We easily see that fof; 1. CX > C% is given by 
fof, (2) =z! (f2at} 


since [j] ~ ell We conclude: 


Proposition 7.2.2. CP[1] has a natural Riemann surface structure making 
it conformally equivalent to C. 


Indeed, the equivalence is given by F(|[{]) = z, F({co}) = oo. The 
reader can check (Problem [5) that CP[n] has a similar coordinate system 
making it into an n-dimensional complex analytic manifold. 


Next, we want to consider circles and lines in C. For S$? in R°, circles are 
exactly the intersection of circular cones and $?. Such cones are described 
by the vanishing of a quadratic form, for example, 73—a{—23. This suggests 
that we want to take quadratic forms on C? and look at where they vanish. 


Thus, A will be a 2 x 2 Hermitian matrix and 


qa(u) = (u, Au) (7.2.8) 
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where (-, -) is the Euclidean inner product 
2 
(u,v) = So aj, (7.2.9) 
j=l 


qa is not constant on a line since 
ga(Au) = |A?qa(u) (7.2.10) 


but whether qg,4 is 0 or positive is. Since we want gq, to vanish at some 
points, it better not be either strictly positive or strictly negative. Also, for 
the zero set to be more than a single point, we need ker(A) = 0. Thus, 


Definition. An indefinite quadratic form is a qa of the form (7.2.8) with 
A = A* and det(A) < 0. For such an A, we define C'4,C in CP([1] by 


Ca = {[u] | qa(u)=0}, Cy = {[u] 
C4 is the “circle” defined by A and Cy the “disk.” 


+qa(u) > O} 


Theorem 7.2.3. The intersection of every Ca and C is either a circle or 
straight line and every circle and straight line is aCaNC. Cy can be either 
the interior of the circle or it can be the exterior U{co}. Both possibilities 
occur. 


Proof. Write A = (5 3) fora,B ER, yEC. 
Case 1 (a =0) Then 


u((7)) =F2+ 72+ 8 =2(Rey)a + 2(Imy)y + B (7.2.11) 


where z = x + iy, so qa(({)) = 0 is the equation of a straight line in C. 
Every straight line has the form 2ax + 2by + 6 = 0 for 6 € R. This is 
C4 for A= ( 0 rad which has det(A) = —a? — b? < 0. 


a—ib 


Case 2 (a #0) Ifa 40, 


u((7)) =alz?+724+724+ 6 


2 
t(A 
=a([e+2 4 oN ’) (7.2.12) 
a a 
so C', is OD;(z0), where 
29 = es r= au (7.2.13) 
a a 


In the other direction, OD,(zo) is C4 for A = ( Ey gee ). 


—% —r?+|z0|? 
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By continuity of ¢4, Cy are two sides of the set obtained from removing 
C'4 from C. Since 


Cl. =CF (7.2.14) 
we can get either side by flipping the signs. 


Remark. q4([}]) =a, 8000 € C4 @ a =0. Thus, straight lines contain oo 
and one can summarize this by saying “a straight line in C is precisely a 
‘circle’ containing oo.” 


The above argument actually proves more: 
Proposition 7.2.4. If A,B are indefinite quadratic forms, then 
C4a=CeaeA=dB forrXEC (72:15) 
If also Cy — CE, then \ > 0. 
Proof. or shows that the set of zeros determines {3,7 (in 


the case of a line) and a, y and ,/—det(A) (in the case of a circle) up to an 
overall common constant. That proves (7.2.19). 


For A > 0, Gy = Cy. so this and (7.2.15) prove the final statement. 


Algebraic curves can be naturally embedded into CP[2] to get a compact 
projective curve by adding points at infinity. Given an irreducible polyno- 
mial, P(z, w), in two variables of degree d, define P(z, w, u) in three variables 
by 


P(z,w,u) = wtP(2 : ~) (7.2.16) 


Then for \ € C%, P(z,w,u) =0e P(dAz, Aw, Au) = 0, so the zero set is a 
subset of C? which is zero, plus a union of elements of CP[2]. The resulting 
subset of CP[2] is the projectivization, Sp, of S = {(z,w) | P(z,w) = O}. 
Under (z,w) + [(z,w,1)], S is a subset of Sp. The remainder is precisely 
those points where u = 0. 


For example, if P(z, w) = w? — Po(z), then 
P(z,w,u) = wut? — wtra(§) (7.2.17) 


so, if Po(z) = Ea — z;), then 


d 
P(z,w,u) = wut? — [[¢ — z;u) 


For quadratics, d = 2, and the points at infinity (u = 0) are w = +z, 
that is [(+1,1,0)]—two nonsingular points at infinity. 
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For cubics, d = 3, the only point at infinity is z = 0 (i-e., [(0,1,0)], and 
B26, 1,0) = 10, so this point is again nonsingular. 

For quartics, d = 4, the points at infinity have z = 0 (i-e., [(0,1,0)], and 
ar (0; 1,0) 4 0, so we have a double point at infinity, but a cusp. Using u 
and z as local coordinates with w = 1, u = +z? + O(z°), we again see that 
one needs to add two points to resolve the singularity. This is a projective 
interpretation of our naive addition of two points at infinity, as shown in 


Figure 


Notes and Historical Remarks. Stereographic projection goes back 
at least to Ptolemy in about 150 AD. That it is conformal was noted by 
Thomas Harriot (1560-1621) about 1590. 


Projective geometry had its roots in understanding perspective in paint- 
ing and issues of technical drawing. The more modern approach dates back 
to the work of Gaspard Monge (1746-1818) and Jean-Victor Poncelet (1788— 
1867) at the start of the nineteenth century. The special structure of complex 
projective space was studied by August Mébius (1790-1868) mid-century. 
The competition between the French and German schools continued with 
the work of Felix Klein (1849-1925) and Henri Poincaré (1854-1912), which 
will concern us further in the next section and in Section [8.7] 


Problems 

1. Prove that the line through (0,0,1) and (a1,2%2,%3) is given by 
(021, 0x2, (1—0)+623) and that the last coordinate is 0 at @ = (1—2x3)71, 
and thereby verify (7.2.1). Verify also that (7.2.3) is the inverse of (7.2.1) 
restricted to the set (7.2.2). 


2. This problem requires the reader to know about Riemann metrics on 
manifolds. 


(a) With Q, given by (@.2.3) and o by (6.5.1), prove that 
|Qr(z) — Qr(w)| = ro(z, w) (7.2.18) 
(Hint: Prove that the square of the left-hand side of (7.2.18) is quadratic 
in r and compute for r = 0, 5 1. The case r = 5 is Proposition [6.5.i{c).) 
(b) Prove the usual Riemann metric on S, induces the Riemann metric 
r2d?z/(1+|z|?)4 on C and so stereographic projection is conformal (i.e., 
angle-preserving). 
3. In this problem, let S® denote the unit sphere in C?, that is, {Z| |z| = 1}. 
(a) Given lines m,p € CP{1], let 


o(m, p) = minf|u — v| | uemns?, vepns*} (7.2.19) 
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Prove that p is a metric and that its topology is the one described in 
the text. (Hint: You will want to first prove that for any u € mn $°, 
p(m,p) = min{|u —v| | v € pn S°}.) 
(b) For any u€ mn $%, v € pm S?, prove that 
2 . 10,12 
m, = min ju—evv|* = 2(1 — |(u,v 
p(m,p)? = min Ju — ev? = 201 — [(u,»)) 


Conclude that d in (7.2.4) is (\/2)~! times p so that d is a metric inducing 
the topology on CP{1]. 


4. Let o(z,w) be given by (6.5.1) and d by (7.2.4). 


AL IG =  -oe 


itu= (), v= (9). 
(b) Conclude that d(((7)], [((7)]) < o(z,w) < V2 d((()], [(7)))- 

5. In CP[n], let Ui,...,Un41 be the sets given by U; = {[u] | uj A O} and 
map f;: U; — C” by 


Ul Uj—-1  Uj+1 Un+1 
fy((ur,-+- taal) = ( ERE G s ) d re) ) 
Uj Uj Uj Uj 


Prove that the U;’s cover CP{n] and the f;’s give CP[n] the n-dimensional 
analog of a Riemann surface structure. 


6. (a) Show that circles and lines in C are exactly those nonempty sets of 
the form (z = x + iy) 


a|z/* + Br+yytd=0 
with a, 8,7,6 € R not all zero. 
(b) Show that hyperplanes in R® are given by Az} + Br2+C2r3+D =0, 
with A, B,C, D € R not all zero. 


(c) Using the formula for Q,, (7.2.3), prove that circles and lines in C are 
exactly the images under stereographic projection of the intersections of 
hyperplanes with S;,.. 


7.3. PSL(2,C) 


This is the central section of this chapter where we explore fractional linear 
transformations. The natural self-maps on a vector space are the linear 
transformations, so it is reasonable to ask what they induce on projective 
space. Since CP/1] is equivalence classes in C? \ {0}, we want maps, 7’, of 
that set to itself, so ker(T’) = {0}, that is, T is invertible. GL(2,C) is the 
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general linear group of 2 x 2 invertible matrices. Later we’ll also look at 
SL(2,C), those T € GL(2,C) with det(T’) = 1. 

We’ll begin by proving FLTs are characterized by what happens to 0, 
1, and oo and that any three distinct image points occur. In particular, 
this will imply the FLTs are the quotient group SL(2,C)/{+1}. Then we’ll 
classify all analytic bijections of C and of C. Next will come the study of 
conjugacy classes in the group of FLTs and the classification into elliptic, 
parabolic, hyperbolic, and loxodromic, and the related issue of fixed points 
and their stability. We’ll next prove that FLTs leave the set of all circles 
and lines fixed and then find which FLTs map C, bijectively to itself, and 
similarly for D. 


If u,v € C? \ {0} and u ~ y, that is, u = Av for \ € C*%, then Tu ~ Tv 
since Tu = ATv. Thus, there is map fr from CP{1] to itself induced by T 


via 

fr(u]) = [Tul (7.3.1) 
Clearly, 

irs = fro fs (7.3.2) 
and, in particular, 

ie =f (7.3.5) 


so each fr is a bijection. 
If T = (25) and we use the [({)] representatives, (7.3.1) is equivalent 


to 
az+b az+b 
Ir(2) = (% oe ‘| ~ czt+d (se) 


and this is the more usual way to think of the fr’s. These maps are called 
fractional linear transformations or sometimes linear fractional transforma- 
tions, bilinear transformations (the name comes from the fact that w = fr(z) 
is equivalent to czw + dw — az — b = 0, a biaffine relationship), or Mébius 
transformations. 

We interpret (az+b)/(cz+d) as a/c if z = co or as oo if z = —d/c. This is 
consistent with oo as [(4)] and (73.1). One big advantage of this projective 
way of viewing FLTs is that it makes clear, via (7.3.2), why composition of 
FLTs is given by matrix multiplication. It also makes it easy to understand 
fixed points of an fr. By and the meaning of equivalence, 


ira H=<ze (3) is an eigenvector of T (7.3.5) 


which is the key to 


Proposition 7.3.1. (a) fr leaves three distinct points fixed if (and only if) 
T=Al. 


(b) fr=fs#T=AS (7.3.6) 
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Proof. (a) If T has three distinct eigenspaces, then T is a multiple of 1 (see 


Problem 22). 
(b) By and (7.3.3), 

fais ee a=1S Ts =A (7.3.7) 
for some A. 


As a consequence, we can replace T € GL(2,C) by Tdet(T)~!/? € 
SL(2,C), that is, every fr is equal to an fr with det(T) = 1 so that, 
henceforth, we will (almost) always take T € SL(2,C). The map T > fr of 
IL(2, C) to FLTs has kernel (in the group theoretic sense, i.e., {T'| fr = 1}) 
exactly {1 | det(A1) = \? = 1}, that is, 


Nn 


Proposition 7.3.2. The set of FLTs is 
PSL(2, C) = SL(2,C)/{+1} (7.3.8) 


P stands for “projective.” We are interested in the structure of this 
group of all FLTs. Proposition [7.3.1] has another consequence: 


Theorem 7.3.3. For any triples (21, 22,23) and (wi, w2,w3) of distinct 
points in C (ae, 21 # 22 # 23 A zm and wi # wo F wz # wi but w’s 
can be z’s), there is a unique fr with 

fr(z;) = w; (7.3.9) 


Proof. If holds for T; and T>, then by (7.3.2), fr-\7, leaves 21, 22, 23 
fixed. So, by Proposition [7.3.1] Ty'T2 = Al, so fr, = fr,. This proves 
uniqueness. 

Suppose for any distinct 21, 22, 23, we find f(z, 25,23) € PSL(2,C) with 
for (w 1, wW2,w3) = (0,1,00). Then Haase lees solves 
in general. So it suffices to handle the case (wi, w2, ws) = (0,1,00). Let 

) 


(z — 21) (22 — 23) 


= Geel) 
fees) (2) (z = 23)(Z9 _ 21) ( ) 
It is easy to see that f(z1) = 0, f(z3) = oo, and f(zg) = 1. 
The quantity (7.3.10) is called the cross-ratio, often written 
[z, 42,71) 23] — G — Z1)(22 — 23) (7.3.11) 


(z — 23) (22 — 21) 


As you might expect, there are different conventions, and some authors use 
[Z, 21, 22, 23] for the right side of (7.3.11), but our convention is the most 
common. 
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A key fact (Problems [II] and [12) is that for any FLT, f, 
[f (2), fla), f (22), f (z3)] = 2, 21, 22, 23] (7.3.12) 


Theorem [7.3.3] implies F: PSL(2,C) > {(wo, wi, w2) € C3 | wo 4 wi 4 
we # wo} by F(f) = (f(0), f(1), f(c)) is a bijection. This shows PSL(2, C) 
is a three-dimensional complex manifold, so six real dimensions. Of course, 
this also follows by noting a,b,d are free parameters if a 4 0 since c can be 
adjusted to assure ac — bd = 1. 

Many presentations of FLTs use cross-ratios as a fundamental object; for 
example, an important fact (Problems [15] and [I6) is that [z, 21, 22, z3] € R 
if and only if z lies on the circle or line determined by 21, zo, z3. We'll leave 
the study of cross-ratios to the Problems (see Problems [LIHIi6). 


Cross-ratios are an invariant of four points. Since any three points can 
be mapped into any other, there are no invariants of three points and cross- 
ratios are the simplest projective invariants. 

One special reason for interest in FLTs is that they include all biholo- 
morphic self-maps of C and C. We begin with C. 


Theorem 7.3.4. Let f € Aut(C). Then for some a € CX and be C, 
f(z) =az+b (f:a315) 


Every such f is an analytic bijection. 


Proof. The last sentence is immediate, so we can focus on characterizing 
analytic bijections. We first claim that 


lim |f(z)| = 00 (7.3.14) 


|z|—+00 
If not, by compactness of C, there exist 2, 4 00 SO Wn = f(Zn) > Wao EC. 
Since f is onto, there is zo € C with f(zoo) = Woo. Since f is analytic, the 
open mapping theorem implies that for n large, wn € f[D1(z00)]. Since f 
is one-one, |Zn — Z00| < 1 for n large, contradicting that z, — oo. Thus, 
(7.3.14) holds. 
It follows that 


f(z) | 30 as |z|— co (7.3.15) 
By hypothesis and Theorem [8.5.1] f has a single simple zero, say at zo. 
Thus, h(z) = (z — 20)/f(<) is entire, and by (7.3.15), |h(z)|/|z| = o(1), as 
|z| + co. It follows, by Cauchy estimates, that h is constant, that is, for 
some a, f(z) = a(z— Zo). 


Since f is one-one, a # 0, that is, (7.3.13) holds. 
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Theorem 7.3.5. Any FLT is an analytic bijection of C. Conversely, every 
analytic bijection is an FLT. That is, 


n 


Aut(€) = PSL(2, C) (7.3.16) 


Proof. Since fp-1 = fp ! every FLT is a bijection and it is clearly analytic. 
Given an analytic bijection, f, by Theorem[7.3.3] find an FLT, g, so that 


9(0)=Ff(0), gO)=f0), goo) = Flo) (7.3.17) 
Then h = g™'f leaves 0,1,00 fixed. Since h(oo) = oo, h is an analytic 
bijection of C, so h(z) = az +6 by Theorem [Z.3.4] h(0) = 0 implies b = 0, 
and then h(1) = 1 implies a = 1, that is, h(z) = z, so f = g € PSL(2,C). 


Thus, we’ve proven that Aut(C) is a four-(real) dimensional manifold 


nxn 


and Aut(C) is six-dimensional. 


Next, we turn to studying conjugacy classes in PSL(2,C). Recall that 
x,y in a group, G, are called conjugate if and only if there is z € G so 
x = zyz'. The conjugacy class of x € G is the set of all y conjugate 
to it, that is, {zaz—! | z € G}. Elements, f, of PSL(2,C) are fir for 
a unique T' € SL(2,C). Obviously, Tr(—T) = —Tr(T), so we can define 
tr(f) € C/{+1}, that is, complex numbers modulo sign. Here is the basic 


result: 


Theorem 7.3.6. (a) [f T,S € SL(2,C), both different from +1, then T is 
conjugate to S in SL(2,C) if and only if 


Tr(T) = Tr(S) (7.3.18) 


(b) If f,g € PSL(2,C), both different from the identity, then f is conjugate 
to g in PSL(2,C) if and only if 


tr(f) = tr(g) (7.3.19) 


Proof. (a) If A € SL(2,C), its eigenvalues are \ and A~!. If \ is 1 or —1, 
then Tr(A) = 2. Thus, Tr(A) 4 2 means A has distinct eigenvalues, and 
since they are the roots of \? — Tr(A)\ +1 = 0, they are determined by 
Tr(A). By the diagonalizability of matrices with simple eigenvalues (see 
Theorem [I.3.1), there is U € GL(n,C), so UAU-! = (3 sed ), and it is easy 
to see that U can be taken in SL(2,C). Thus, if Tr(Z’) = Tr(S) 4 +2, we 


have conjugacy. 


If Tr(A) = 2, both eigenvalues are 1, so the Jordan normal form (see 
Theorem [I.3-1) is either ($9) or (§}). Thus, Tr(A) = 2 and A # 1 implies 
A is conjugate to (j +), which proves Tr(T) = Tr(S) = +2 and TA14¢S, 
then T and S' are conjugate. 
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Since Tr(AB) = Tr(BA), we have that Tr(UTU~!) = Tr(T) and conju- 
gate matrices have the same trace. 
(b) Let f = fa, g = fp. Part (a) and tr(f) = tr(g) implies A = +TBT-} 
for some T € SL(2,C), so f = frofp- and f and g are conjugate. 
Conversely, if f and g are conjugate, A = +TBT™~! and tr(f) = tr(g). 


Definition. Let f €¢ SL(2,C). Then 
(i) If tr(f) € +(2, 00), we say f is hyperbolic. 


= +2 and f £1, we say f is parabolic. 
¢ R, we say f is lorodromic. 


The following theorem shows why it makes sense to use this four-fold 
classification. 


Theorem 7.3.7. (a) If f is hyperbolic and tr(f) = +2cosh(3) with 6 > 0, 
then f is conjugate to 


fa(z) =e 7? z (7.3.20) 


f has two fixed points zz, and if w # zz, then limn+. fl (w) = z4 
and limn+—oo fl! (Ce 


(b) If f is parabolic, f is conjugate to 
f(z)=z+1 (7.3.21) 


f has a single fixed point 29, and for any w, limp —+too fl” (w) = zo. 
(c) If f is elliptic and tr(f) = +2cos(a) with a € (0,7/2], then f is 
conjugate to 


fale\se"2 (7.3.22) 
f has two fixed points. If a/n is rational, the orbit {fl (w) | n € Z} for 
any fied w is a finite set. If a/m is irrational, then {f'\(w) |n € Z} 
is a circle or straight line for any w distinct from the fixed points. 
(d) If f is lorodromic and tr(f) = +2cosh(6 + ia), with B > 0 and 0 < 
a<, then f is conjugate to 


fa,g(z) = € 2G +H) 2 (73:23) 


f has two fixed points z- with the same attracting properties as in the 
hyperbolic case. 


Remarks. 1. For n > 0, f!! is defined as in Chapter|6](see, e.g., Problem] 
of Section 6.2) as f o---o f, n times. Forn <0, fl = (fl-"l)-1. 
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2. If f(z) 4 zoo as n — oo for all points, z, which are not fixed points, 
WE SAY Zoo is a (globally) attracting fired point. If that is true as n + —oo, 
we say it is globally repelling. 


3. If z € C\R, either z or —z is uniquely of the form \ + 7! with 


AE Ci N(C\D), so 2cosh(8 + ia) with 8 > 0 and a € (0,7). 


Proof. If f = ghg! and h(z0) = 20, then f(g(zo)) = g(zo) and Al" (w) — 
zo — 0 if and only if f!"(g(w)) — g(zo) + 0. So we need only prove results 
for the canonical examples. 


li +tr(f) #2, f = fr with T = (e a8) with A # 0,1, so f(z) = d*2. 
This gives the canonical models (7.3.20), (7.3.22), and (7.3.23). In case f is 
parabolic, then the matrix for f is conjugate to T = (4+) which has fr(z) 
given by (7.3.21). 

Thus, all that remains is checking the fixed points (z1 = 0, z_ = co for 
case (a), (c), (d) and zg = oo in case (b)) and asymptotic behaviors, which 
we leave to the Problems (see Problem 5). 


In the elliptic, nonperiodic case, the orbits are dense in a circle. In 
the hyperbolic and parabolic case, because there are limits at -too, there 
are at most two limit points, so that the orbits are not dense in a curve, 
but (Problem there are invariant circles. The parts of these needed to 
contain an orbit are shown for typical hyperbolic and parabolic examples in 


Figure 


ce 


Figure 7.3.1. Flow lines for FLTs. 


Next, we prove that 


Theorem 7.3.8. Let C be the family of all straight lines and circles in C. 

Then 

(a) The image of any element of C under an FLT is another element of C. 

(b) For any two elements of C, there is an FLT that maps one setwise onto 
the other. 
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Remark. Because the use of indefinite quadratic forms is nonstandard, 
most books prove this theorem by other means. See Problems [10] and [16] for 
alternate proofs of Theorem [7.3.8] 


Proof. For any T € SL(2,C), 
AaA(Tu) = (Tu, ATu) = Ap«ar(u) (7.3.24) 
Thus, fr maps C'4 to Cip-1)x4r-1- By Theorem [7.2.3] fr thus maps C to 
C, proving (a). 
One can prove (b) by analyzing what T*AT can occur (Problem [6), but 
instead we’ll use some simple geometry. Clearly, any line can be mapped to 
any other by translation and rotation, and any circle can be mapped to any 


other circle by translation of centers and scaling. So, affine maps, z > az+b, 
suffice to map any circle to any circle and any line to any line. 


So it suffices to map one circle to one line with some FLT. The circle of 
radius $ and center 5 is given by 


|z|? = Rez (7.3225) 
The FLT, w = 1/z, takes this to 


1 a) Rew 
—_ = Ref —) = 
wl? (5) [we 


that is, the circle (7.3.25) goes to the straight line 


Rew =1 (7.3.26) 


As a final topic, we want to see which FLTs map C, to C, or D to 


Theorem 7.3.9. Let T © SL(2,C). fr maps Cy to Cy and R to R if and 
only if T is a real matriz. 


Proof. C, = {z|Imz > 0} = {z | qa(z) > 0} (7.3.27) 


0 4 
A= ( 3 0 ) (7.3.28) 
by (22.17). 
By (73.24), fr maps C, to C, if and only if 


Creat = Cr, Cea = CT (7.3.29) 


where 
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By Proposition [7.2.4] (7.3.29) holds if and only if T*AT = AA for A > 0. 
But then det(T*AT) = \? det(A), so, since det(T) = 1, A = 1 (since \ > 0). 
Thus, in general, 


(73.29) e T*AT=AST*=AT'A! (7.3.30) 


For A of the form (7.3.28), where A? = 1, a simple calculation shows 
that if det(T) = 1, then 


( : eae > : ) a7" (7.3.31) 


Thus, for A of the form (7.3.28), 
2.6 TrePaTr=7 (7.3.82) 


if and only if T is real. 


Thus, 


{fr | fr map Cz onto Cy} = {fr | T € SL(2, R) 
= PSL(2,R) 


To map D to D, we note that if J = (4 ©), then q7((7)) = |z|? — 1, so 


1 0 
J= ( — ) >Cj = (7.3.33) 


We have thus proven that if 
SU(1,1) = {T € SL(2,C) | TUT = J} (7.3.34) 
then 


Theorem 7.3.10. Let T € SL(2,C). fr map D to D if and only if T € 
SU(1, 1). 


It can be shown (Problem [7 that 


T ESUu(lj1eT= é 1) with Ja|? — ||? =1 (7.3.35) 


Notes and Historical Remarks. Some textbooks that emphasize com- 
plex geometry and FLTs in complex variable are Jones—Singerman 
and Schwerdtfeger [513]. For a delightful excursion through the remarkable 
world of FLTs and their discrete subgroups, see Mumford et al. [397]. 

Just as the translations and rotations of Euclidean geometry can be 
supplemented by reflections, FLT'’s can be supplemented by reflections, that 
is, anticonformal maps of the form z > fr(Z), where fr € PSL(2,C). The 
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simplest example is, of course, z > Z. As fundamental are the conjugates 
of this map which are reflections in circles—the reflection in D,(zq) is 


2 
E (7.3.36) 


Z=2Zo+ 


Z— Zo 

Ford [193], in particular, has emphasized reflections, proving that 
every elliptic, parabolic, or hyperbolic (but not loxodromic) FLT is a product 
of two reflections in circles or lines. This result and the related notion of 
isometric circles will appear in Problems 26] and 


The history of fractional linear transformations combines several differ- 
ent mathematical threads. On the analytic side, continued fractions are 
intimately connected to FLTs and one thread, which we’ll say more about 
in the Notes to Section [7.5] involves Brouncker, Wallis, and Euler. 


The main thread, however, is geometric, especially elements of projective 
geometry, some of it discussed in the Notes to the last section. Cross- 
ratios, in particular, have roots in projective geometry, predating the early 
nineteenth-century work. They were invented by Girard Desargues (1591-— 
1661) as a geometric object. Médbius introduced the algebraic 


formulae for complex numbers. 


Fractional linear transformations in the complex plane appeared first in 
passing in Euler and were systematically developed by Mobius ; 


after whom they are sometimes named. 


A final thread is due to Poincaré and Klein who studied discrete sub- 
groups of FLTs. In a famous lecture given in Erlangen in 1872, Felix Klein 
(1849-1925) introduced what came to be called the “Erlangen program” 
based on the notion that different geometries were associated with differ- 
ent groups and, in particular, projective geometry was associated with the 
group of FLTs. The abstract group concept was late in coming and, prior to 
Klein, one didn’t think of the family of FLTs as a group. Many of the stan- 
dard views of FLT’s are in Poincaré who, in particular, discussed 
PSL(2, C). 

Klein’s father was a high-ranking Prussian official. Klein went to Bonn 
intending to be a physicist but the professor of experimental physics, Julius 
Pliicker (1801-1867), was also a mathematician and he convinced Felix to 
become a geometer. Klein was only 19 when he got his degree and by age 
23 was well enough regarded to be appointed a Professor in Erlangen—the 
1872 lecture was his inaugural talk as a professor. 


He was next a professor in Munich and then in Leipzig during the key 
years 1881-83 where he drove himself in competition with Poincaré leading 
to a nervous breakdown in 1883 and deep depression in 1884-85. He accepted 
a chair at Gottingen in 1886 turning his energies more to administration 
than research. Under his influence, Gottingen became a major center, most 
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notably attracting Hilbert. He turned Mathematische Annalen into an im- 
portant journal and became a major force in mathematics education. His 
students include Bieberbach, Bochner, Harnack, Hurwitz, Lindemann (my 
own scientific ancestor, five generation-mainly physicists-removed), Kasner, 
Ostrowski, and Grace Chisolm Young. 


August Ferdinand Mébius (1790-1868) was a German astronomer whose 
training was partly under Gauss, who served as the director of the Gottingen 
Observatory (Gauss’ reputation in the nonmathematical world relied on his 
computing the orbit of the asteroid Ceres which was “lost” (by going behind 
the sun) shortly after its discovery!). While Mobius did study mathematics 
under Pfaff, he spent most of his career as a professor of astronomy. Besides 
his work on projective geometry and FLTs, he is known for his work in 
number theory (Mébius function and Mobius inversion; see Section 13.2 of 
Part 2B) and, of course, for the Mobius strip. 

An interesting subtopic in the study of fractional linear transformations 
concerns finite subgroups of PSL(2,C). It was started by Schwarz 
who asked which hypergeometric functions were algebraic, which led to fi- 
nite monodromy groups (we'll discuss monodromy groups in Section [i1.2). 
Klein [308], in extending this work, realized one needed finite subgroups of 
PSL(2,C) and he related that to finite groups of rotations, which he ana- 
lyzed in [312]. The purely group theoretic analysis was streamlined 
by Weyl] [591]. Problems [19] and [20] discuss this further. 


Problems 


1. If fr(z) is given by (7Z3.4) and (c,d) 4 (0,0) but ad— bc = 0, prove that 
f(z) is a constant function. 


2. Prove that if a 2 x 2 matrix has three eigenvectors, each not a multiple 
of the others, then it is a multiple of the identity. 


3. Prove directly that fr(z) = z has at most two solutions unless fr(z) = z 
for all z. 


4. Once one has (7.3.14), prove you can conclude that f has the form (7.3.13) 
by analyzing f(z~!)~! near z~! = 0. This provides an alternate to the 
proof of Theorem [7.3.4] 

5. (a) If f = hgh!, prove fl = hgh! and that g(w) = w if and only 
if f(h(w)) = h(w). Conclude that the notion of globally attracting or 
repelling fixed points is conjugacy class invariant. 

(b) If f(z) = e~?8z or e 24+) x with B > 0, prove that 0 is a globally 
attracting and oo a globally repelling fixed point. Show that the approach 
to the limit is exponentially fast in the o-metric of Section 
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10. 
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(c) If f(z) = z +1, prove oo is both a globally attracting and globally 
repelling fixed point. Show that the approach in o-metric (defined in 
Section [6.5) is O(n—'). 

(d) If f(z) = ez, prove that if 0/27 is rational, then f has a finite period 
(i.e., fl = 1 for some p), and if 6/27 is irrational, then {f!"(z)}9~_. 
is dense in a circle if z 4 0,00. 


. Prove that if A and B are any two indefinite quadratic forms, there is 


a T and X € (0,00) so that A = AT*BT. (Hint: Do this first for the 
diagonal case with a positive number in the upper-left corner and then 
use the spectral theorem for matrices (Theorem [L.3.3).) 


. If A € SU(1, 1), prove that A = (5 3) for jal? — |7|? = 1. 


. By manipulating the FLTs directly, prove that any FLT is a finite product 


of affine maps (ie., z > az +b) and the inversion z > z~!. (Hint: If 


+b det(A) 
Gey ge ae) -) 


. As in Problem 222] of Section 2:3] (¢5) is upper triangular if c = 0 and 


lower triangular if b = 0. 


(a) Prove any invertible A € GL(2,C) is the product of an upper- 
triangular and a lower-triangular matrix. 

(b) If K = (94), prove L is lower triangular if and only if KLK7! is 
upper triangular. 

(c) Prove any invertible matrix is a product of at most two upper- 
triangular matrices and K at most two times. 


(d) Prove any f € PSL(2,C) is a finite product of affine maps and the 
map z++1/z. 


(a) Prove in C that affine maps take circles to circles and lines to lines. 


(b) Prove z ++ 1/z takes circles and lines to circles and lines by consid- 
ering what the map does to a|z|? + Bx + yy. 


(c) If L is stereographic projection for S;, Q, its inverse, and I(z) = z~1, 


prove that Q,JL is rotation by 180° about the axis of S$, parallel to the 
@-axis. 

(d) Given Problem [6] of Section prove again that z +> 1/z maps 
circles and lines to circles and lines. 


(e) Using Problem [§] or [9] above, prove that any FLT takes lines and 
circles to lines and circles. 
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(a) Let f(z, 21, 22, 23) be the FLT that maps 21 to 0, z2 to 1, and z3 to 
infinity. For any FLT, g, prove that 


f(-,97 (a), 97 (22), 9 (23) = FC, zy 22, 23) 0.9 (7.3.37) 
(b) Prove that any FLT, g, preserves cross-ratios. 


(This problem supposes that the reader knows exterior algebra, aka wedge 
products; see Section 3.8 of Part 1 or Section 1.3 of Part 4.) Given 
nonzero v,w € C? and a choice of nonzero w € A?(C?), define v x w € C 
by 

vAw=(uxw)w (7.3.38) 


(a) Given v1, v2, v3, v4 nonzero vectors in C?, show that (v1 x v3)(v2 X 
va)/(v1 X v4)(v2 X V3) is invariant under multiplying the v; by perhaps 
different scalars, and if vj = (7 ) is exactly the cross-ratio, [21, 22, 23, 24]. 


(b) Using the fact that Tv \ Tw = det(T)(v A w), prove that the cross- 
ratio, [21, Z2, 23, 24], is invariant under FLTs. 


(a) Show that there are exactly four permutations of four distinct points 
20, 21, 22, 23 that leave the cross-ratio, [zo, 21, 22, 23], invariant, so under 
permutation, there are six values of the cross-ratio so long as the cross- 
ratio is not 0, 1, or oo. 


(b) If the cross-ratio is \, show that the six values are \, 1 — A, 1/), 
A/(A— 1), 1/1 — A), and 1-1/2. 

Show that any four disjoint points (21, z2, 23,24) can be taken to 
1,-1,k,—-k (ie., 21 to 1, z2 to —1, etc.) by a suitable FLT (k will 
depend on the points). How many solutions are there? 


Using the known invariance of the cross-ratio and transitivity of the ac- 
tion of PSL(2, C) on circles and lines, prove that 


z € circle or line generated by 20, 21, 22 } [z, 20, 21, 22] € R 


(a) Let 0 be the angle at vertex z in the triangle z3zz, and ¢ at vertex 
zq of 232221. Prove that the argument of the cross-ratio, [z, 21, z2, 23], is 
0— @. 

(b) Prove the geometric fact that z lies on the circle generated by 21, z2, 23 
in the same arc as 22 if and only if 9 = ¢ and in the opposite arc if and 
only if@=7+¢. 

(c) Prove directly that z lies in the circle generated by 21, z2, 23 if and 
only if [z, 21, 22, 23] is real. 

(d) Provide another proof, using cross-ratios, that FLTs leave circles and 
lines invariant. 
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Let C(X) be the family of rational functions of a formal variable X. 
Given an FLT, f, prove that 


gogof (7.3.39) 


is an algebra homomorphism of C(X) leaving C fixed (where X € C cor- 
responds to the constant function) and that, conversely, every such auto- 
morphism has the form. Thus, PSL(2,C) is the Galois group [C(X): C]. 


Prove that the FLT that takes z; > w; for j = 1, 2,3 is given by w = f(z), 
where 

we 2 w 
W121 2, WY 
W222 22 We 
W373 23 W3 


det =0 (7.3.40) 


a 


The purpose of the next two problems is two-fold. SU(2) is the set of 
2x 2 unitary matrices of determinant 1 and PSU(2) is the set of induced 
FLTs. SO(3) is the set of 3 x 3 orthogonal matrices of determinant 1, 
aka the rotations in 3-sphere. We want to show that the maps on the 
2-sphere obtained by dragging elements of PSU(2) to S$? under stereo- 
graphic projection are precisely SO(3) so that 


PSU(2) & SO(3) (7.3.41) 


For definiteness, we’ll take our S? to be the sphere of radius 1 centered 
at 0. Secondly, we’ll show that any finite subgroup of PSL(2,C) is con- 
jugate to a finite subgroup of PSU(2), and so reduce the analysis of such 
finite subgroups to the analysis of finite subgroups of SO(3). We will not 
complete the analysis of finite subgroups of SO(3) but refer the reader 
to, for example, Simon Sect. 1.4]. We note these groups are the 
rotations about a fixed axis by angle 27/n (the cyclic group, C;,), the 
rotational symmetries of a cylinder with base a regular n-gon (the di- 
hedral group, D2,, of order 2n), and the symmetry groups, T,O,I of 
the tetrahedron (of order 12, isomorphic to the alternating group, Aj), 
octahedron (or cube, of order 24, isomorphic to the permutation group, 
S4), and icosahedron (or dodecahedron, of order 60, isomorphic to the 
alternating group, As). 

(a) Prove that any 2 x 2 unitary matrix has the form Ca 2 eo ) for a 


and 8 with |a|? +|6|? = 1. It has determinant 1 if and only if e*” = 1, so 


we (S 9 


lal? + |g)? = i} 
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In particular, topologically SU(2) is the same as S*, the three-dimensional 
sphere. 

(b) Let R be a rotation on the sphere and Q; the map from C to 9? 
realized as $1, that is, Q; is given by (7.2.3). Prove that Qy RQ: = 
Q,[R] is an FLT. (Hint: R is conformal and every conformal bijection of 
C is an FLT.) 

(c) Prove Qi(—1/z) = —Q,(z) and conclude that if f = Q7'RQ, for 
some f € PSL(2,C), then 


r( =) = : (7.3.42) 


(d) On C?, let K be the map, KC) = ) Prove that for any A € 
SL(2,C), KAK~! = (A*)~1, and that K induces the map on CP[1], 
z—>-1/z. 

(e) Prove that for A € SL(2,C), f4 obeys (7.3.42) if and only if A*A = 1, 
that is, A € SU(2). Thus, Q; maps SO(3) into PSU(2), and because Q1 
is a bijection, this map is one-one. 

(f) If Rg is rotation by angle @ about the z-axis, prove that Q1(Re)(z) = 


e’z and that this is the image under A —> f, of Ga on 18/2 ). 


(g) For any z € C, show there is an R@) with Q,(R@)(0) = z. (Hint: 
SO(3) acts transitively on S?.) 

(h) Show {Q:(R® Rg(R®)—)} = {fa | A € SU(2), (%) is an eigenvector 
of A} and so, Q is onto all of PSU(2). Thus, Qi is a bijection of SO(3) 
and PSU(2). 


Remarks. 1. The map SU(2) — SO(3), which is a two-fold cover, is 
sometimes called the Cayley—Klein parametrization. 


2. The map of SU(2) to C by AK fa(0) is thus a map of 9° to S? with 
inverse image circles that are linked. This is an implementation of the 
celebrated Hopf fibration. 


(a) Let G be a finite subgroup of SL(2,C). Define an inner product, 
(, )~ on C? by 
(pv) = D0 (99, 9%) (7.3.43) 
gEG 


where (, ) is the usual inner product. Prove that for all g € G and 
gpec, 
(9p, 90)~ = (pe, b)~ (7.3.44) 
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(b) Show there is an invertible map, T’ on C? so that 


(Te, Ty) = (y, v)~ (7.3.45) 
(Hint: Look at orthonormal bases in both inner products.) 


(c) Pick a constant c so that S € SL(2,C) if S = cT with T defined 
in (b). Prove that for all g € G, (SgS~1y, SgS-!w) = (y,). Thus, 
there is S with SGS~! c SU(2,C). 


(d) Prove any finite subgroup of PSL(2,C) is conjugate to a finite sub- 
group of PSU(2). 


If T € SL(2,R), prove that fr(t) = 7 if and only if tT € SO(2) = 
{( 0089, sin@)}, the two-dimensional orthogonal group. Thus, the isotropy 


group of i for the action of PSL(2,R) on C; is SO(2). 


(a) By looking at Tr[(}+)(12)], prove that every element of PSL(2,C) 
is a product of two parabolic elements. 


(b) Prove that the product of two affine transformations az+b and cz+d 
is of the form acz + x for some x. Conclude from this that if A and B 
are affine, then ABA~!B~' is either the identity or parabolic. 


(c) Prove that if A,B are two elements of PSL(2,C) with exactly one 
fixed point in common, at least one of A,B or ABA~!B™' is parabolic. 

(d) Prove that every normal subgroup of PSL(2, C) is either {1} or all of 
PSL(2,C), that is, PSL(2,C) is a simple group. 

Let T be a hyperbolic map and S some element of PSL(2,C) that maps 
one of the fixed points of T to the other. 

(a) Prove that TST~!S~! is hyperbolic. 

(b) Prove that TSTS~! is parabolic. 


(a) Prove that if f in PSL(2,C) has two finite fixed points, z, z2, then 
there is a € C*, so that 


f@)-a | (@-“) 


fl2)—2  ° (z—%) 


(b) Given two points, 21, z2 € C, find f € PSL(2,C) so fo f = 1 and 
21, Z2 are both fixed points of f. 


A fixed circle of an FLT, f, is a circle or straight line left setwise fixed 
by f, that is, f[C] =C. 
(a) Prove loxodromic f have no fixed circles. 


(b) Prove the fixed circles of a hyperbolic f are exactly all those passing 
through the two fixed points. See Figure [7.3.1] 
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(c) Prove the fixed circles of a parabolic f are all circles through the 
fixed point tangent to a particular line through the fixed point. See 
Figure [7.3.1] 


(d) Prove the fixed circles of an elliptic transformation are those orthog- 
onal to all circles through the fixed points. (Hint: Consider first the case 
where one fixed point is co and the other is 0, if there is a second.) 


Show that in the group of all conformal or anticonformal maps of C to 
itself, PSL(2, C) is a subgroup of index 2 and that the other coset includes 
all reflections in circles given by (7.3.36). 


(a) Let f € PSL(2,C) be nonaffine (i.e., co is not a fixed point of f). 
Show there is a circle If = {z | |f’(z)| = 1} whose center is f~1(oo), 
and that inside I>, |f’(z)| > 1, and outside, | f’(z)| <1. J; is called an 
isometric circle for f. 


(b) Show that f maps the outside of I; to the inside of [7-1 and the 
inside of Iy to the outside of Ip-1. 
(c) In the hyperbolic case, prove that If and I,-1 are disjoint; in the 


parabolic case, they intersect in one point; and in the elliptic case where 
f2(co) 4 co also holds, the intersection is two points. 


(d) Suppose f?(o0) # oo also holds so the centers of If and I,-1 are 
distinct. Let Ry be reflection in If (given by (7.3.36)) and K reflection in 
the perpendicular bisection of the line between the centers of If and I,-1. 
Prove that if Eg is Euclidean rotation by angle @ centered at f~1(oo), 
then there is a 6 so that f = KRyEp. 


(e) Prove Eg # 1 if and only if f is loxodromic. In particular, prove 
that every nonloxodromic FLT is a product of two reflections (i.e., two 
anticonformal maps, each of whose square is 1). 


Remarks. 1. (d)+(e) is a theorem of Ford [193]; see also for 
an exposition. 

2. The isometric circle is the points where infinitesimally f preserves 
Euclidean distance. 


3. We emphasize the notions here are Euclidean and not invariant under 
nonaffine FLTs. 


7.4. Self-Maps of the Disk 


In this section, our main result will be to find Aut(D), all analytic bijections 


of 


. We’ll see it is identical to all FLTs that map D to itself. While we 


parametrized such maps in Theorem [7.3.10} we’ll find another parametriza- 
tion and not use (7.3.35) in this new proof. 
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Lemma 7.4.1. Let f: D > D be an analytic bijection with f(0) =0. Then 
fiZjse"s (7.4.1) 


for some e € OD. 


Proof. By the Schwarz lemma (Theorem B.6.7), 
If(z)| < [2 (7.4.2) 


Let g be the functional inverse of f. Since g also maps D to D, is analytic, 
and has g(0) = 0, for any w € D, 


lg(w)| < |e (7.4.3) 
Applying this to w = f(z) yields 
lz] < |f(2)| (7.4.4) 
so 
If(2)| = lal (7.4.5) 
Let h(z) = f(z)/z. Then |h(z)| = 1, so by the maximum modulus 
principle, h(z) = e”’ for some e”’ € OD. 


The other input we need is the function, 3, of (3.6.17), that is, for zo € D, 


Zz — 20 


feo (z) = = (7.4.6) 


which is fr for 


= 1 =—Z20 
t= e ; ) (7.4.7) 
(Warning: Tz, does not have determinant 1!) By an easy calculation (see 
Problem [5] of Section B.6), 
fg” |= 1 (7.4.8) 
so f,,: D — D by the maximum principle and the fact that f,, is analytic 
on D since |zo| < 1. 


Since T_T = (1 —|z0/7)1, 
(f-20 © feo) (2) = 2 (7.4.9) 


so fz, € Aut(D). 


Theorem 7.4.2. Every f € Aut(D) is of the form 
fee" Ey) (7.4.10) 


for some e’® € OD and some z € D and every such map is in Aut(D). 
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Proof. Since f is a bijection, there is z9 € D with f(zo) = 0. Since f_z.(0) = 
zo, we see f o f_,,(0) = 0. Thus, by Lemma[Z4.I] (f o f_.,)(w) = ew. 
Apply to w = fz(z) and use f_z ° fz, = 1 to conclude that (7.4.10) 
holds. 


Thus, Aut(D) is topologically D x OD and so is a three-(real) dimensional 
manifold. One can also see this by counting parameters in SL(2,R) (or 
SU(1, 1)). 


Having proven the main result, we turn to a few further ones. 


Theorem 7.4.3. Every nonidentity element of Aut(D) is hyperbolic, par- 
abolic, or elliptic. Each of these possibilities occurs. Indeed, any nonloxo- 
dromic conjugacy class in PSL(2,C) intersects Aut(D). 


Proof. Since there is an analytic bijection of C; to D, any f € Aut(D) is 
conjugate to an element of PSL(2,R). But the trace of any real matrix is 
real, so tr(f) € R, and thus, f cannot be loxodromic. (Alternatively, by 
(7.3.37), Tr(A) = 2 Re(a) is real.) 

(747A) is elliptic. The T of determinant one for f,, is (1—|zo|?)~1/?T.,, 
which has trace 2(1 — |zo|?)~1/? > 2, so {f,,} are all hyperbolic. 

The matrix ('{* ,!,) is in SU(1,1) by (23.35) and has trace 2, and so 
the map, 


— (t+ijz4+1 
MO Se a=ay 


and so is a parabolic element of Aut(D). 


(7.4.11) 


As zo runs through (0,1), 2(1 — gay? runs through (2,00), so every 
hyperbolic class occurs. As 6 runs through (0,7), 2cos(@/2) runs through 
(0,2), so every elliptic class occurs. 


Problem [2] will prove the following: 


Theorem 7.4.4. Elliptic elements of Aut(D) have one fixed point in D and 
one in C\ D. Hyperbolic elements have both fixed points in OD. Parabolic 
elements have their fixed point in 0 


Problem [3] will prove the following, which will be used in Section [8.6} 


n 


Theorem 7.4.5. (a) Each hyperbolic conjugacy class in Aut(C) intersects 
a single conjugacy class in Aut(D). The hyperbolic elements, f,g, in 
Aut(D) are conjugate if and only if f = fr, g = fs with Tr(T) = 

+Tr(S) and |Tr(T)| > 2. In Aut(C 1), the hyperbolic conjugacy classes 

are labeled by X > 1 with |Tr(T)| = A +A7!. One element of the 

conjugacy class is z ++ \*z. If f in Aut(D) is hyperbolic, f and f-! 

are conjugate. 
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n~n 


(b) The single parabolic conjugacy class in Aut(C) intersects Aut(D) in 
two conjugacy classes with f and f~' in distinct classes. In Aut(C,), 
representatives of the two classes arezty zal. 

(c) Each elliptic conjugacy class in Aut(C) (with one exception) intersects 
Aut(D) in two conjugacy classes. One representative in each elliptic 
class is obtained by looking at z¥ ez, —1/2 <0 < 1/2, andz~ —z 
(fr has Tr(T) = 2cos0). For0 <0 < 1/2, z+ ez and zs e-28z 


n 


are conjugate in Aut(C) (under z > 1/z) but not in Aut(D). 


The other important aspect of Aut(D) is that they are precisely 
orientation-preserving isometries of D in the Poincaré metric. This will 
be studied in Section 12.2 of Part 2B. 


Notes and Historical Remarks. The special role of Aut(D) and its 
subgroups was emphasized by Klein and Poincaré in work discussed in the 
Notes of the preceding section. In particular, Poincaré in introduced 
and realized the importance of the hyperbolic metric. 


We saw in this section that Aut(D) is a rich set, rich enough that it is 
transitive, that is, for any z,w € D, there is f € Aut(D) so f(z) = w. In 
Problems [4H7 we’ll explore Aut(Q) for other regions, including all annuli 
A,r for 0 < r < R < oo and see explicitly that they are not transitive. 
Indeed, in the Notes to Section[8.7] we’ll explain that if Aut(Q) is transitive 
for Q Cc C, then 2 is C or is biholomorphically equivalent to C \ {0} or to 


In addition, if Q is n-connected, with n finite, n > 2, then Aut(Q) is 
finite—Heins has proven optimal bounds on the order of Aut(Q) as 2n 
ifn ~ 4,6,8,12,20 with orders 12, 24, 24,60,60 in these five special cases. 
Heins relies on showing Aut(Q2) is isomorphic to a finite subgroup of SL(2, C) 
(which we analyzed in Problem [19] and [20] of Section [Z.3). The special cases 
are connected to the group of symmetries of the five regular solids! Note 
that the special values of n are the numbers of vertices of these solids. If 
C\ Q has infinitely many components, Aut(Q) can be infinite, for example, 
Q=C\Zhas z> z+k in Aut(Q) for all k € Z. 


Problems 

1. Provide another proof of Theorem [7.4.2] as follows: 
(a) Prove if f € Aut(D), then lim),);4|f(z)| = 1. (Hint: Look at the proof 
of (7.3.14).) 


(b) Prove any f € Aut(D) has a continuation in a neighborhood of D 
(Hint: Theorem [5.5.5}) 


(c) Use the fact that f has a single zero in D to show that f has the form 
(7.4.10). (Hint: Problem f] of Section ) 
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(a) Let f € Aut(D) be extended to C. Let f(z) = z for some z € ¢. 
Prove Z~! is also a fixed point of f. 

(b) Prove that if f has a fixed point in D, then f is elliptic. (Hint: If zo 
is the fixed point, look at fz. f f_2)-) 

(c) Prove that if f is hyperbolic or parabolic, its fixed points lie in OD. 
(d) Let g € Aut(C,). Show that if z is a fixed point, so is Zp. If 
g is elliptic and has a fixed point at zo € R, prove that there is an 
h € Aut(C,) so that hgh! has zp and oo as its fixed points, and obtain 


a contradiction. Conclude g must have one fixed point in C, and one 
in C_. 


(e) If f is elliptic, prove that f has a fixed point in D and one in C \D 


. (a) Let f € Aut(C 4) be hyperbolic. Prove there is g € Aut(C+) so 


that h = gfg~' has 0 and ov as its fixed points and so that, for some 
A > 0, hy(z) = Az. Prove that g(z) = —z7! lies in Aut(C1) and that 
ghyg-! = hy-1. Conclude that any hyperbolic f € Aut(C,) is conjugate 
in Aut(C+) to an hy with A > 1. Prove that for 1 < \ < X, hy and 
hy are not conjugate. Prove that every hyperbolic conjugacy class in 


n 


Aut(C) intersects exactly one conjugacy class in Aut(C+). 


(b) Let f € Aut(Cz) be parabolic. Prove there is g € Aut(C +) and 
y € R* so that h = gfg~' has the form for h,(z) = z+y. Prove that h, 
and hy are conjugate in Aut(C ) if and only if y/y’ > 0. Conclude that 
there are two parabolic conjugacy classes in Aut(C+) and that hy A h_y 
are in distinct classes. 


(c) Let f € Aut(D) be elliptic, Prove there is g € Aut(D) and 6 € 
[—1/2, 7/2] so that he = gfg7' has he(z) = e?°h(z). Prove that hg and 


o~ 


h_g are conjugate in Aut(C) but not in Aut(D) except for 6 = 7/2, and 


n 


that except for the class with Tr(T) = 0, each elliptic class in Aut(C) 
intersects Aut(D) in exactly two conjugacy classes. 


. Prove that any element of Aut(D%) is a rotation. (Hint: Think removable 


singularity. ) 


. Let zo, 21 € D be distinct points. Let f € Aut(D \ {2z0, 21}). 


(a) Prove that f has an extension to Aut(D) with either f(zo) = zo, 
f(z1) = 1, or f(20) = 21, f(21) = 20. 
(b) Prove Aut(D \ {zo, z1}) has exactly two elements. 


(c) Prove the same result if D is replaced by C. 
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(a) Find an example of a bounded Q, zo, z1 where Aut(Q \ {zo, 21}) has 
more than two elements. (Hint: z — z~! is an automorphism of reas 
for r < 1 and so are rotations. ) 


(b) Find an example of a bounded Q, z0, 21 where Aut(Q\ { 20, 21}) is only 
the identity. (Hint: You may use the fact that D has a Riemann metric 
in which all elements of Aut(D) are isometries.) 


Remark. This theme is explored further in Section 12.2 of Part 2B. 


. This problem will determine Aut(A,,z) for the annulus A,,p with 0 <r < 


R< oo. Let p= VrR. Let g be given by g(z) = p?/z. Let f € Aut(A,.p). 
(a) Let y be the curve 7(s) = f(pe?™*), 0 < s <1. 7 is an analytic 
Jordan curve, so it divides C in two. Show that either f maps A,., into 
the bounded component or into the unbounded component, and then 
A,,R goes into the other component. Thus, either f or fog maps A,., 
into the bounded component. 


(b) Suppose that f maps A,,, to the bounded component. Prove that 
lim|z|-5r, z€A,,x|/ (2)| = 7- (Hint: Look at the proof of (7.3.14).) 
(c) Prove that if f maps A,, to the bounded component, then f has an 
analytic continuation to A,2/p pz with lim),)_,,2/r|f(z)| = 1?/R. 


(d) Prove that if f maps A,,, to the bounded component, then f has an 
analytic continuation to D (0) \ {0}. 


(e) Prove every f in A,,, is of one of the form f(z) = ez or f(z) = 
eo? /z. (Hint: See Problem [4]) 


. If Q is a region and z € Q, Aut,,(Q) is the subgroup of Aut(Q2) of those 


f with f(zo) = zo. You'll prove the following (see Bieberbach [49]): If 
is bounded, then Aut,,(Q2) is either a finite cyclic group or isomorphic to 
OD. Henceforth, 2 is bounded. 


(a) Prove that Aut,,(Q) is compact. (Hint: See ProblemBlof Section|[6.4}) 


(b) Prove that if f € Aut,,(Q), then | f’(zo)| = 1. (Hint: See Problem [16] 
of Section [3.6] ) 


(c) If f(z) = z+ am(z — 29)™ + O((z — z0))™*", prove by induction that 
fel@)=2+ eqnle= 2)" LO(e— ae) 
(d) Prove that if f € Aut,,(Q) and f’(zo) = 1, then f(z) = z. 


(e) Prove f € Aut,,(Q) > f(z) is a bijection of Aut,,(Q) and a closed 
subgroup of OD. 


(f) Prove that every closed subgroup of OD is either all of OD or 
Cerny a 
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7.5. Bonus Section: Introduction to Continued Fractions 
and the Schur Algorithm 


We would be remiss if we left the subject of FLTs without mentioning the 
closely related subject of continued fractions which, as we’ll see, is essen- 
tially a study of composition of certain FLTs. We begin with the continued 
fraction expansion of a real number—a subject seemingly disconnected to 
complex analysis—and then turn to using similar ideas to analyze Schur 
functions, that is, maps of D to D (which are not necessarily either one-one 
or onto). 


Let x € (1,00). We can write 
xz = [x] + {x} (7.5.1) 


as the sum of the integral and fractional parts of x. This doesn’t seem to 
bode well for iteration until one notes that 0 < {rz} < 1=> {x}~! € (1,00). 
So if x is not an integer, we can define ag(x) = [a], yi(a) = 1/{ax}, and 
x = ao(x) + 1/y1(x). This can now be iterated, so we define ap,(2), yn(x) 
inductively by 


yo(r) =a, — an(x) = [yn(2)], yng. (x) = {yn(x)} (7.5.2) 

so that ; 
Yn(L) = an(w Teale (7.5.3) 

or 
r=aot+ i (7.5.4) 
ay + i 
a2 4 i 
a Yn+1(x) 


Notation like (75.4), called a continued fraction, is unwieldy so there 
have been various attempts at alternates; for example, (7.5.4) is written as 


rt=aot+ K a, aj = Qj, jon, An+1 = Yn+1 (7.5.5) 
J 


More generally, if the 1’s in are replaced by 01, b2,...,bn41 and Yyn+1 
by @ni1, we write ag + Key b;/a; where, of course, the object makes sense 
for any positive real a;,b; and even for arbitrary complex a;,b; so long as we 
don’t need to divide by 0 (and, we’ll see later, even that is no problem!). As 
with iterated sums and products, one can try to make sense of K7=, b; / a5; 
but there is a convergence issue that, for the case b; = 1, aj € {1,2,...}, 
we'll see is always solvable. 
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The potential fly in the ointment is if some yp(xz) € Z+, then yn+i(x) 
is undefined (or oo if you prefer). In this case (7.5.4) with 1/yn41 replaced 
by 0 shows z is rational, so if x is irrational, the process goes on indefinitely. 


The converse is also true: If x is rational, then eventually y, € Z4 
(Problem [i). We want to note that in this case, there are actually two 
representations as with a; > 0 possible. By our algorithm, yn+1(z) = 
{yn(a)}—+, and since {-} € [0,1), if ynyi(x) € Z, then an41 > 2. In that 
case, in addition to a finite continued fraction « = ago + Ke 1/aj, we can 


define a; by 
a5, 7 <n 
aj = fadn41—-1, g=n+l1 (7.5.6) 
L. jg=nt+2 
so with m=n+1, 
m qd m+1 J 
j=1 Qj J=1 Qj 


Thus, any irrational in (1,00) is associated to an infinite sequence 
(ao(%),a1(x),...) in Z, and if we allow ag € Z any irrational real number. 
We’ll see shortly this map is onto all of Z. 


Looking at (7.5.4), the natural temptation is to replace 1/yn41(x) by 0 
and get a rational, x(x), with 


In(z) =ant+ K — (7.5.8) 


This is called the nth continued fraction approximant and we’ll see they are, 
in a precise sense, best possible rational approximations. 

One quickly gets a headache if one tries to naively simplify the fractions 
in (7.5.8). The key is to realize that 
1 ay+il 
7] Y 
is an FLT, and so zy is obtained by iteration of FLTs, which we know is 
done via multiplication of matrices! The matrix in (7.5.9) is (4) (this 
doesn’t have determinant 1 but rather —1, but one can define fr for any T 
in GL(2,C) after all). We’ll focus on x € (0,1), that is, ag = 0. 


Thus, given a sequence of positive integers a1, a2,..., we define integers 


yroat (7.5.9) 


Pn; Qn inductively, for n > 0, by 
ice (ME | et One | ae , (7.5.10) 
nm Pn-1 Pn—-1 Pn—-2 1 0 


Qn = GnGn—1 + In-2; Pn = AnPn—1 + Pn—2 (7.5.11) 


or 
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We want 7p = 1, so we have the initial conditions 
qo =p-i=1, q-1 = po =0 (7.5.12) 


(7.5.11) are called the Euler-Wallis equations. (7.5.10) has built into it 
the fact that since the second column of (% 6) is (}), the second column 
of T;, will be the first column of T,-1. That this summarizes simplifying 
denominators is encapsulated in: 

Theorem 7.5.1. Given aj,a9,--- € Z1, define pr, dn by the Euler—-Wallis 
equations with initial conditions (7.5.12). Then 
pr 1 Dn 
Kos 2 (7.5.13) 
J=1 Qj dn 
and for any real x € (0,1), with an = an(x), we have that (7.5.4) becomes 
— Pn¥n+1 7 Pn-1 
gS 
QnYn4+1 7 Qn-1 
Proof. Let f,(z;a1,...,@n)~' be expressions in when ag = 0, where 
1/Yyn+1 is replaced by z. Then (7.5.4) says 


oe ae) ay & 5) ae (7.5.15) 


where c = (fn—1(2;@1,---,@n)) +. The initial condition is determined by 


fo(z3 an) = An +2 = & 7 (*) (7.5.16) 


so (/») = cT;,,(1), which is solved by 
(22S (7.5.17) 
Qn T Gn-1% 
z= 0 gives (2.5.13) and z = 1/yn41 = 2n41 gives (25.14). 
Remark. These results work just as well for Kj_, bj/aj. In (25.10), (“ a) 
becomes ({” 0) and the Euler—Wallis equations are now 
Gn = OnQn—1 + Ongn—2 (7.5.18) 


and similarly for p. However, the convergence result we prove below relies 
on b, = 1. In general, see the discussion in the books in the Notes. 


(7.5.14) 


We can now state all we plan to prove about the continued fraction 
approximants of real numbers in this section (we return to the subject in 
Section 2.8 of Part 3): 


Theorem 7.5.2. Let {an}? be a sequence in Z+. Let pn, dn be the solution 
of the Euler-Wallis recursion. If the an’s come from the continued fraction 
of an irrational real x, we'll write it as an(x). 
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(a) For n> 0 (with qenti1 > gan ifn > 1), 


G2nt1 = G2n = 2” (7.5.19) 
so (using a similar argument for pn) 
Gee, So tr (7.5.20) 
1 
(b) [Pett _ Pa) — (7.5.21) 
Qnt+1 An Qn+19n 
(c) # Pn 2 Pn Pnt+il Pn Pn-1 (7.5.22) 
dn dn Qn+1 Qn Gn-1 
aye eg (7.5.23) 
g2n G2n+2 G2n+1 G2n-1 


(e) limn—+oo Pn/Gn exists, lies in (1,00), and is equal to x if the an come 
from an x. 
(f) The an(y) for the limit y of pn/dn are the given an. 


Bil 2 2 (7.5.24) 


GA a 

(h) Hither ja — pr/dn| < 1/29; or |@ — pn4i/dntil < 1/2qR41- 

(i) If p/q¢ is a rational such that |x — p/q| < 1/2q?, then p/q is among 
the pn/Qn- 


Remark. One can improve the consequence of the above that for any zx, 
there are rational a,/bp with by, > 00 so |z — an/bn| < 1/262 to 1/V5 02; 
see the Notes. 


Proof. (a) qan+1 = @2n+192n + G2n—1 > Gan Since qj; > 0 and a; > 1. Since 
qj > 0 for j > 0 (by induction), we get strict inequality ifn > 1. 

Clearly, gg = 1 > 2° and, by the first inequality and aan42 > 1, don42 > 
Gan+1 + Gan > 2Gon, So inductively, gan > 2”. 

Since q has initial conditions g_; = 0, go = 1, and p has po = 0, p, = 1, 
Dil Oi, Goss e5 y= Gy Oa Basch Gs Mh eS 2n/2 =n, > gn-D/2, 
(b) det(“ 5) =—1, so det(T;,) = (—1)” (since det(Zp) = 1). Thus, prdn+i— 
Pevidy = detGp) = (—1)"™". Sa 


Pnti — Pn _ (—1)” 


= (7.5.25) 
Qn+1 dn GnQn4+1 
from which (7.5.21) is immediate. 
(c), (d) Let 
+ Dn— 
gn(y) = Pee Pat (7.5.26) 
Qn¥ + Gn-1 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


7.5. Continued Fractions 299 


as FLTs on C. Then gy, maps RU{oo} to RU{o0o} bijectively with g,1(0o) < 
0, Gn(0) = Pn—1/An—1; 9n(00) = Pn/Gn, 80 by (C525), 

(—1)"gn(0) > (—1)"gn(co) (7.5.27) 
Since gy, is a bijection, it is monotone on (0,00), increasing if n is odd and 
decreasing if n is even. Since © = gn(Yn41) by (25.14) and g,(y) = oo for 
some y < 0, we see x lies between g,(0) and g,(oo). This and (7.5.27) imply 
(7.5.23) and the first inequality in (7.5.22). The second inequality in (7.5.22) 
is immediate from (7.5.21) and gqn—1 < Gn41- 


(e),(f) By (25.21) and (7.5.19), 
Pn+1 Pn 


Qn+1 dn 


By (25.23), all pm/dm for m > N lie in an interval of size the left-hand 
side of (7.5.28), so 


<n (7.5.28) 


eo (7.5.29) 


Pe Pk 
sup |— —-— 
mk>N|Qm Ik 
SO Pm/Qm is Cauchy, establishing the existence of the limit. By (7.5.23), in 
the case a, = a,(x), x lies in all these shrinking intervals, and so is the 
limit. 

The limit, y, of pn/dn is in each interval, so by Proposition [7.5.3] below, 
az(y) = a4 for all 7. 


(g) By (25.23) and (7.5.21), 


1 1 
ee ee ee 


~ QnQn+1 qe 


since Gn+1 > Qn- 


(h) By (7.5.23) and then (7.5.21), 


¢ Pn a Pn+1) _ |Pn _ Pn+1 
In Qn+1 Qn Qn4+1 
1 
= (7.5.30) 
dn Qn+1 
1 1 
(7.0.81) 


~ 2a, 2Gn41 


since ry = 5x" + sy" 5(x yy? < 5x" + su", and we can take x = q71, 


Yn = dau This proves (h). 


(i) p/q is rational, so by (75.7), we can write p/q as a finite continued 
fraction with our choice of an even or odd number of terms. If x < p/q, use 
an odd number of terms, and if z > p/q, an even number. Use this finite 
sequence to define {q;}%_, and {p;}7_,. Of course, gn = , Pn = D- 
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Pn-1 Pn 
Qn-1 dn 


Pn 1 to »_1 
Qn|~ 24% ~ 2Gndn—1 ~ In Qn—1 
and x and pr—1/dn—1 are on the same side of pp /dn by our odd-even choice, 
we know for some y € (0, 00), 


(7.5.32) 


x 


L= Gnly) (7.0.03) 


where gy, is given by (7.5.26). (We emphasize for now that the a,,’s are for 
p/q, not for x.) 


We claim y > 1, postponing the proof for a moment. Thus, y has an 
infinite continued fraction expansion {a;(y)}72, with aj(y) > 1. If a is 
defined by 


(2 eer 

a aj(G)s gene (7.5.34) 
Ggn1ly), j=Hnt+l,... 

then, by (7.5.33), x = K§2,1/a;, which implies a;(x%) = a; by (f) above. 

Thus, p/q is the nth approximant of x, as was to be proven. 


Thus, we need only prove y > 1. This is implied by 


ga SUS aes 
Gn dn 
since g, is monotone and p,/dn = g(c). To prove (7.5.35), we note that, 


since |Pp—19n — Pndn—i| = 1, 


Pn 


< (7.5.35) 


Pn Pn-1 7 Pn Pn 
gn(1) = 
dn Qn—1 + Qn dn 
_ 1 % 1 
Qn (Qn—1 ae In) 2q2 
Slee (7.5.36) 
Pn 


since 2qn > Gn + dn-1- 


Proposition 7.5.3. Let {a,}°29 be an infinite sequence in Z1, let 
{Pn; Qn}, be given by the Euler—-Wallis relations, and let {gn}°2, be 
given by (7.5.26). Then for each fixed n, the following are equivalent for 
x € (1,00): 

(1) x les between pr—1/dn—1 and pr/n- 

(2) = gn(y) for some y € (0,00). 

(3) ag) Say for 7 = 1a oa t= 1 (7.5.37) 


Proof. (1)=(2) is immediate from the monotonicity of gy, and gn(0) = 


Pn—1/Qn—1) gn(0o) = Pn/Qn Jn (00) € (00, 0). 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


7.5. Continued Fractions 301 


(3)=(2) follows from (7.5.14). 
(1)+(2)=>(3). Since ag > 1, we have 


1 

WY ae Wye Se aye (7.5.38) 

Po a2 Pil 

so by (7.5.23), for all 7, 
se Saga (7.5.39) 
Py 

and so a; < x-' <a, +1 if (1) holds. Thus, 

ay(a) = a4 (7.5.40) 


(2) can be rewritten using the CP[1] equivalence relation as 
v y 
|e 5AL 


az! =a, + 2(2) can be rewritten as 


(IAG @*| (7.5.42) 
(i))-fetenna()] es 


which is (2) for the objects with one a stripped off the start. This implies 
(1) from (a1, @2,...,@n), which implies, by (7.5.40), 


ai(z1(x)) = aa(x) = ag (7.5.44) 


for y € (0,00). 


which implies 


Iterating yields (7.5.37). 


This completes what we wanted to say about the continued fraction 
expansion of a real. We want to turn now to the use of FLT iteration in the 
study of Schur functions, leaving most detailed proofs to Problems [46] 


Recall that a Schur function is an analytic map of D to D. We’ll use 
Hf? for the set of Schur functions which are most of the unit ball in the set 
of bounded analytic functions on D. The true unit ball, which we’ll denote 
as H?, adds the constant fancuens with a value in 0 


Given f € Hf°, what’s a good analog of the sia part of a real? If 
you think of the Taylor series as an analog of a decimal expansion, you'll 
realize that 

yo(f) = F(0) (7.5.45) 
is a good analog. For the analog of {x}, we can’t just subtract for f — f(0) is 
no longer a Schur function. Instead we use an FLT mapping D to D! Thus, 
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we look at (f — yo)/(1 — 7o0f). This is still a Schur function but it vanishes 
at 0. To get a next function, an analog of y;(x), we need to divide by z using 
the Schwarz lemma (Theorem 8.6.7) to assure we are still a Schur function 
(or at least an element of H?°). Therefore, we define 


_1 f= 
fila) => re (7.5.46) 
so inverting 
oo (7.5.47) 


14+ F0zfi(z) 
As with numeric continued fractions, we iterate and so define 
v(f), fe, 22(f),-.. inductively by 


An(f) = Yo(fn) = fr(0) (7.5.48) 
lL fn(Z) =n 
frtil2) = > 5 = F(z) (7.5.49) 
so 
fn(2) = Son2(fr+i(2)) (7.5.50) 
where Sq, is the z-dependent FLT 
l+azw 
Se2(w) = Tamu (7.5.51) 
Thus, 
F(Z) = Sro,2(Syr,2(- +» Sn,zFnti(2)))) (7.5.52) 
The {yn(f)}%29 are the Schur parameters, the {fn(z)}°2>9 the Schur 
iterates, and the association of f € HP® to a sequence {y(f)}°29 € D™ is 


called the Schur algorithm. 


There is a special case, however: If at some some point, f,(z) is a 
constant function in 0D, we have to stop, although we still define y,(f) 
by (75.48). As in the real case, where the finite strings are associated 
with rational numbers, one can show (Problem [4) that the functions with 
finite strings of Schur parameters that end at 7,(f) € OD are precisely those 
f € HP? which are products of exactly n factors of the form (z— z;)/(1—2;z) 
(called Blaschke factors; see Section 9.9) and an e’”. 

The analogs of the continued fraction approximants of a real are the 
Schur approximants (not to be confused with the other meaning we’ve given 
to fl") as iterated composition) 


f(z) = Sro,2(Syi,z ae (S4,,2(0))) (7.5.53) 

where fn41 in (7.5.52) is replaced by 0. Thus, f I"] is a Schur function with 
pial) — LU), F=0,---9m 7.5.54 

wl) f a (7.5.54) 
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We already see a subtle distinction from the real-number case. There, the 
approximants were rational numbers whose a,,(x)-strings were finite. Here, 
the approximants are rational functions but not the special ones with finite 
strings. 


The analog of (4) is the matrix 


Voz = (Z *) (7.5.55) 
The analog of T,, of (7.5.10) is 
Loh) = esigep Uy, ,2 (7.5.56) 


As with the numeric case where the four elements of T,, defined only two 
sequences, that’s true here. One sees (Problem[5) that there are polynomials, 
An(z), Bn(z), of degree at most n, called Wall polynomials, so that T, has 


the form 
ner (#88 418) a 
where * is defined by 
B*(z) = 2" By (1/2), A*(z) = 2” An(1/zZ) (7.5.58) 
which are the polynomials of degree at. most n obtained by reversing the 
order of the coefficients and conjugating them. 


The analog of the Euler-Wallis equations are: 


An(z) = An-1(z) + nz BR_1(2) (7.5.59) 
B,(z) = Ba-i(z) + w2zA,_1(2) (7.5.60) 
Aj (z) = 2An_1(2) + InBn-1(2) (7.5.61) 
Bi (2) = 2Bt_4(2) + FnAna(2) (7.5.62) 
Ao(z) = Yo (7.5.63) 
Bo(z) = (7.5.64) 
By (725.57), becomes 
_ Anl2) + 2BR2) fsa 
FQ) 5 @)+ AR (@) fai) a 
so, in particular, 
[n = An(z) 
7) B, (2) (7.5.66) 
Since det(Ug,-) = z(1 — |a|”), we see that 
Bh (2) Bn(z) — An(z)An(z) = 2” [[G- lysl?) (7.5.67) 


j=0 
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As in the real-number case (Problem[6), f!"!(z) > f(z). Indeed, 


so- 38 


< a2" (7.5.68) 


and the image of the Schur algorithm on those f € H?° which do not have 
finite strings is all of D°° (Problem [6). 


Notes and Historical Remarks. Continued fractions have a mathe- 
matical fascination that has spawned numerous books, of which we mention 
571). In particular, Khinchin and 
Wall [571], still readable and informative, were historically significant. For 
a book presentation of the relevance of continued fractions to rational (and 
algebraic-number) approximations, see Bugeaud [79} Ch. 1]. 


The subject of continued fractions can be viewed as of Greek origin 
since (see Problem the Euclidean algorithm can be thought of as a 
continued fraction expansion, and some date them from work of Rafael 
Bombelli (1526-72) and Pietro Cataldi (1548-1626). But it is probably 
best to say that their systematic theory dates to the 1650’s work of the 
British/Irish mathematicians, William Brouncker (1620-84) and John Wal- 
lis (1616-1703). Brouncker, the first president of the Royal Society of Lon- 
don and an Irish lord, is less known because Euler mistakenly named an 
equation that Brouncker studied after Pell! 


The Euler—Wallis equations appeared first in Wallis’ 1656 Arithmetica 
Infinitorum |572|. Euler’s work is in [175]. Nineteenth-century results on 
continued fraction expansions of real numbers include work of Dirichlet, 
Jacobi, and Legendre. In particular, part (i) of Theorem[Z.5.2]is a discovery 
of Adrien-Marie Legendre (1752-1833) [349]. 


In Section 2.8 of Part 3, we’ll prove some remarkable facts about the 
continued fraction approximants, for example, that for Lebesgue a.e. x € 
[0, 1], n~! log qn(x) 4 1? /(12 log 2). 

Theorem [Z.5.2]implies that for any rational x, there exist an/bn rational 
with a, relatively prime to b, and b, —- ov, so 

an 
9b —_ _—__— 


<< 7.9.69 
= (7.5.69) 


for a = 5: In fact, Hurwitz has shown there are infinitely many a;,/by, 
with a = 1/75, and the case where 2 has continued fraction [1,1,1...] 
shows this is best possible (see Problem 2). Ford found a wonder- 
ful geometric proof described in the delightful book of Rademacher [464]. 
The Ford circles are not unrelated to our construction in Section and 
discussed further there. 
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An early success in the use of continued fractions was the proof of the 
irrationality of by J. H. Lambert (1728-77) in 1761 (see [233} 
for modern variants). Lambert proved that tan(2) has a continued fraction 


expansion 
2 a,(x) 
t = kK 
ane) n=0 2n+1 
where ag(x) = x, and for n > 1, a@p(x) = —2? and that this implies the 


tangent of a rational is irrational (Problem B] has a relative of such an ir- 
rationality proof.). If 7 were rational, 1 = tan(a/4) would be irrational, so 
Lambert concluded that 7 was irrational. 

The Schur algorithm, while involving iterated FLTs as do continued frac- 


tions, may not seem to be precisely a continued fraction, but since (7.5.47) 
can be rewritten as 


- 2 
f(z) = 0+ sate (7.5.70) 
ae zfi(z) 


it is a continued fraction expansion although, because of the two inversions, 
the fl"! are only half the continued fraction approximants. 


Functional continued fractions like those that arise in the Schur algo- 
rithm appeared already in Wallis, but came into their own with work of 
Jacobi, Chebyshev, Markov, Hermite, and Stieltjes in the nineteenth cen- 
tury. 


The Schur algorithm and virtually all the developments discussed here 
are from Schur [507]. The name “Wall polynomials,” given by Khrushchev, 
is taken from Wall [570], but they already appeared twenty-six years earlier 
in Schur’s papers. For books on the Schur algorithm, see [119]. 


Issai Schur (1875-1941) was born in Belarus, but he was a student of 
Frobenius in Germany and regarded himself as German and not a Russian 
or a Jew. He became a professor in Berlin in 1916 and was celebrated as a 
teacher—his students include Brauer, Priifer, and Wielandt. As clouds dark- 
ened in the early thirties, he turned down several offers outside Germany 
because he couldn’t foresee problems. He was dismissed from his profes- 
sorship in 1935 and forced to resign from the Prussian Academy in 1938. 
Pressure came especially from Bieberbach who wrote: “I find it surprising 
that Jews are still members of academic commissions.” Schur left Germany 
in 1938 for Israel, but with his resources depleted by the departure tax he 
had to pay and an inability to find a position in Israel, he was destitute and 
in ill health, passing away in 1941. 

Schur’s greatest contributions were in the theory of group representa- 
tions, where he founded the theory of representations of continuous groups. 
His paper on the Schur algorithm included a formula, called the method of 
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Schur complements, for the inverse of an operator written as (4 8 ) in terms 


of blocks. He also made major contributions to algebra. For more on his 
life and work, see : 


The map f > be = F(z) sets up a one-one correspondence between 


Schur functions and functions, fF’, on D, called Carathéodory functions, with 
F(0) =1 and Re F(z) > 0. We'll say more about this subject in Section 5.4 
of Part 3 and in Section 5.5 of Part 4. 


Continued fractions are intimately connected with the history and devel- 
opment of the theory of orthogonal polynomials; for a discussion of this, see 
Khrushchev [305]. In particular, Geronimus proved the Schur 
parameters are essentially the recursion coefficients (called Verblunsky co- 
efficients and discussed in Section 4.4 of Part 4) for orthogonal polynomials 
on the unit circle (see for several proofs and Section 4.4 of Part 4 for 
a discussion of OPUC), and the Schur algorithm is central to some work of 


Khrushchev |302} : 


Problems 


1. The Euclidean algorithm, which appears in Euclid’s Elements [170], finds 
the greatest common divisor (GCD) of two numbers in Z;, p > q, as 
follows: 


p=aog+T1, O<r1<q=T0 
Tj-1 = Ajr7 +7541, O0< Ti41 <5 5 ; le eee (f.0: 11) 


repeated until rj4; = 0 and then r; is the GCD. 
(a) Prove this stops after at most q steps, say J steps. 


(b) Prove that ao,...,az are continued fraction integral parts for x = p/q 
so that any rational has a representation as a finite continued fraction. 


(c) Prove ay > 2 and reinterpret the odd/even wiggle in (7.5.7). 


2. (a) Ifan4p(x) = an(x) for some p and all n, prove that x obeys a quadratic 
equation ax? + Bx + =0 with a, 6,7 € Z (a result of Euler). 
(b) Find x with a, = 1 for all n (golden mean). Do you recognize the 
Pn’s and gn’s? 

The rest of this problem deals with this x, pn, Gn. 

(c) Show gn+1 = Pn- 
(d) Prove that limy-soo p? |" — dn/Pn| = 1/V5 and conclude that (75.69) 
cannot hold for this x with any a < 1/5. 


3. This problem will prove that if 0 < b, < ay are integers, then Ky ee 
converges and the limit is irrational (the text did this for b, = 1). 
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(a) Let pn, dn be defined by (7.5.18) and the analog for gn. Prove pndn+1— 
Pnt1dn = (—1)"t*by ...bn41 and then that Pn4i/Gn41 — Pn/Gn = A, has 
alternating signs, so it suffices to prove |A,,| + 0 to get convergence. 
(b) Prove by induction that 


n 


n 
Ponti 2 [ [en + bo541), = II a2; + ba;) 
j=l 


and then that |A,,| + 0, proving convergence. 


(c) If1>a=A/B>0, B>0,p<gq, anda = p/(q+ 8), prove that 
8B =C/D with D < B so that, as a rational, the denominator of ( is less 
than B. 


(d) If °°, bp /an is rational, prove 6°, b,/ay, is rational with strictly 
smaller denominator, and so get a contradiction. Conclude (an argument 
of Legendre) that @°°, by; /a@n is irrational. 


. (a) Let f and f; be replaced by (7.5.47). Prove that if f is analytic in 


a neighborhood of OD with | f(e’’)| = 1, then so is f, with |fi(e")| = 1, 
and f; has one fewer zero than f. 

(b) Conversely, if f; is analytic in a neighborhood of OD with | f:(e*)| = 1, 
then so is f with | f(e’’)| = 1, and that f has one more zero than /f;. 


(c) Show that if after n steps, the Schur algorithm has to stop because 
fn(z) =e, then f has an analytic continuation into a neighborhood of 
OD, |f(e’’)| = 1, and f has n zeros in D. Find all f’s with terminating 
Schur algorithm using Problem [5] of Section 


. Prove the matrix (7.5.56) has the form (7.5.57). (Hint: Use induction 


showing the recursion relations (7.5.60)—(7.5.63)).) 


. (a) Let f, 1,9, 91 be related by (75.47) (same yo). Let & € {0,1,2,...}. 


If fi — 91 = O(z*) at z = 0, prove that f — g = O(z**") at z =0. 
(b) If f and g are two Schur functions with 


W(f) = 75(9), j =0,1,...,n (7.5.72) 
prove that f — g = O(z"*') at z=0. 
(c) If f and g are Schur functions with (7.5.72), prove that | f(z)—g(z)| < 
2\2|"*1. (Hint: $(f — g) is a Schur function.) 
(d) Prove (7.5.18). 
(e) Given {7j}7ip C D™, let f I"! be the Schur approximants. Prove that 
|flel(z) — firl(z )| < 2\zpmia@™)+1 and deduce fl"! has a limit f whose 
Schur parameters are yp(f) = Yn- 
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7. (a) Prove B,(z) is nonvanishing on D. (Hint: (25.66) and (7.5.67).) 


(b) On OD, prove |By(z)|? — |An(z)|? = TTj-00 = ly;1?). 


(c) Prove B,, is nonvanishing on 0 
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Chapter 8 


Conformal Maps 


Very few mathematical papers have exercised an influence on the later 
development of mathematics which is comparable to the stimulus received 
from Riemann’s dissertation. It contains the germ to a major part of the 
modern theory of analytic functions, it initiated the systematic study of 
topology, it revolutionized algebraic geometry, and it paved the way for 
Riemann’s own approach to differential geometry. 


—Lars Ahlfors [7] 


Big Notions and Theorems: Riemann Mapping Theorem, hsc +> tsc, Carathéodory— 
Osgood-Taylor Theorem, Painlevé Theorem, Accessible Points, Elliptic Modular Func- 
tion, Hyperbolic Triangles, Farey Series, Farey Tesselation, Stern—Brocot Tree, Elliptic 
Integrals, Joukowski Map, Schwarz—Christoffel Maps, Classification of Complex Annuli, 
Moduli, Uniformization Theorem, Green's Function, Bipolar Green's Function, Ahlfors 
Function, Analytic Capacity, Uniqueness of Ahlfors Function, A(e) < Ce), Removable 
Set, Painlevé Problem, Denjoy Domain, Pommerenke’s Theorem, Ahlfors Function For 
Finite Gap Set 


As we’ve seen, a conformal map is an analytic map f: Q > ! which 
is locally a bijection; equivalently, f’ is everywhere nonvanishing. In this 
chapter, we study such maps, focusing especially on global analytic bijec- 
tions. Of course, we’ve already discussed this subject—indeed, Chapter [7] 
can be viewed as a part of this chapter! 


The central theorem in the subject is the Riemann mapping theorem 
that if Q Cc C but not equal to it and is simply connected, then there exists 
an analytic bijection of 2 to D, the unit disk. One might ask if one means 
topologically or holomorphically simply connected but, in fact, by the time 
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the smoke has cleared, we’ll have completed the proof that these notions are 
equivalent. In fact, our proof in Section[8.1]will not even require holomorphic 
simple connectivity, but the a priori weaker property that any f € 2(Q), 
which is everywhere nonvanishing, has a holomorphic square root. 


Section will turn to the issue of when the conformal bijection 
f:Q— D extends to the boundary, that is, there exists a continuous bijec- 
tion f: Q > D so ai Q = f. We've already laid the groundwork for this in 
Sections and [5.6] so the section will be brief. 


Section[8.3] will have an interesting application of the Riemann mapping 
theorem. We’ll construct a function A: C+ — C \ {0,1}, which is onto, a 
local bijection, and so that there is a group, I’, of automorphisms of C+ so 
A(w) = A(z) & z = 7(w) for some y € T. The existence of this function 
will be 80% of one of the proofs of Picard’s theorems (see Section [[1.3). 
Another proof of the existence of this function will appear in Section [10.6] 
and that construction gives 4 its name: elliptic modular function, but elliptic 
functions, per se, make no appearance in Section nor in the application 
to Picard’s theorems. Yet another way to understand the existence of this 
map is to prove that the universal cover of C \ {0,1} is D, which follows 
from the uniformization theorem discussed in Section [8.7] 


Conformal maps are important in applications in part because they al- 
low the transfer of things like solutions of the Dirichlet problem from D to 
some 2. The exact form of the maps is important in practical applications, 
so Section|8.4] will give lots of examples, including the interiors of polygons, 
where the maps are known as Schwarz—Christoffel maps. 


The last three sections turn to what happens if Q is not simply con- 
nected. Section has a complete analysis of the doubly connected case, 
that is, Q C C is such that C \ Q has a single bounded component and at 
least one unbounded component. It will turn out that every such region 
is conformally equivalent to some annulus A,r, and A,,r is equivalent to 
A,r if and only if r/R = 1'/R’. 

Sections[8.5]and[8.7]look beyond global bijections and study the universal 
cover of Riemann surfaces. Section [8.5}looks at Q C C, using essentially the 
same argument used in Section [8.1] to show the universal cover is D if C\ Q 
has at least two points. Section relying on harmonic function results 
that we’ll only prove in Part 3, proves the Poincaré—Koebe theorem that the 


universal cover of any Riemann surface is one of C, C, or 


8.1. The Riemann Mapping Theorem 
Definition. We say 9, a region in C, has the square root property if f € 
2(Q) with f(z) £0 for all z in OQ implies there exists g € 2(Q) with g? = f. 
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Our main result in this section is: 


Theorem 8.1.1 (Riemann Mapping Theorem). Jf Q has the square root 
property and Q 4 C, then for any z € Q, there exists a unique analytic 
bijection, f: Q 4D with f(zo) =0 and f'(z) > 0. 


Uniqueness is immediate from Lemma If f and g are two such 
maps, then h = fog ~!: D > D is an analytic bijection and h(0) = 0, 
h'(0) > 0, implying h(z) = z by that lemma. The maps of Section [Z.4] 
also show that if there is any analytic bijection 2 to D, there is one with 
f(zo) =0, f’(zo) > 0. Thus, we will focus on existence only. 


Before doing that, we note one consequence of the Riemann mapping 
theorem that completes the discussion started in Sections and [4.5) 


Theorem 8.1.2. Let Q C C be a region with Q AC. The following are 
equivalent: 


(1) Q has the square root property. 

(2) Q is hse. 

(3) Q is tse. 

(4) In G, C\ Q is connected. 

(5) Every component of C \ Q is unbounded. 


Proof. Theorem proved (2), (4), and (5) are equivalent and Theo- 
rem [2.6.5] proved (3) = (2). Thus, it suffices to prove (2) => (1) => (38). 


(2) = (1) is part of Theorem [2.6.1 


(1) = (3). By Theorem[.1. 1] if (1) holds, there is a biholomorphic bijection 
of Q and D. A fortiori, the two are homeomorphic. Since tsc is invariant 
under homeomorphism and D is tsc, so is 2. 


The proof depends on looking at 
R= {Ff € 0) | sup|f(2)| <1, (40) =0, 
f'(zo) > 0, f(w) = f(z) > z=} 


The idea will be to prove ? is nonempty and there is f € ® which maximizes 
f'(z) and to show that this f is onto 


(8.1.1) 


Lemma 8.1.3. R is nonempty. 


Proof. This step is where we use 2 4 C (see Problem[I). Pick wo € C\Q. 
Then h(z) = (z — wo)/(zo — wo) is nonvanishing on C. By the assumption 
that 2 has the square root property, there exists g € 2(Q) so that g(zo) = 1 
and g(z)? = h(z), 
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Since A is not constant, neither is g, so by the open mapping theorem, 
there is 6 € (0,1) so Ds(1) C Ran(g). If w © Ran(g), there is z1 with 
g(z1) = w. There cannot be z2 with g(z2) = —w, for if there were, h(z1) = 
h(z2) > 2 = 22 > w= 0. Thus, Ds(—1) NM Ran(g) = 9, that is, for all 
z EQ, |g(z)+1| > 6. Thus, 


G(z) = ——— (8.1.2) 


maps 2 to 


Composing G with a suitable element of Aut(D) can arrange f: Q > 
with f(zo) = 0 and f’(zo) > 0. Finally, f(z) = f(w) > G(z) = G(w) > 
g(2) = g(w) > A(z) =h(w) > z= w. 
Lemma 8.1.4. Let 0 denote the zero function. Then RU {0} is compact in 
the topology of U(Q). 


Proof. By Montel’s theorem (Theorem [6.2.1), RU {0} is compact, so it 
suffices to show R U {0} is closed. Let f, € R and fy, > foo uniformly on 
compacts. Then || foolloo < land fro(Z00) = 0, so by the maximum modulus 
principle, Ran(f..) C D. Clearly, ff,(z0) > 0. 

By the corollary to Hurwitz’s theorem (Corollary [6.4.3), either fs. is 
one-one or foo is constant, so since foo(Z0) = 0, foo = 0. Thus, either 
foo E R or foo = 0 and RU {0} is closed. 


Lemma 8.1.5. [fp is analytic on D, Ran(y) C D, y(0) = 0, and y'(0) > 0, 
then either p(z) = z or y'(0) <1. 


Proof. Let w%(z) = y(z)/z. By the Schwarz lemma (Theorem [3.6.7), 
sup-ep|v(z)| < 1, so by the maximum principle, either |~(0)| < 1 or 
w(z) = e®. Since (0) = y’(0) > 0, in the latter case, y(z) = 1, so 
y(z) =z. If |W(0)| < 1, since y’(0) > 0, we see y’(0) < 1. 


Lemma 8.1.6. Suppose f € R and Ran(f) #4 D. Then there is g € R and 
yp: D> D with y(z) 4 z so that 


f(z) = v(o(z)) (8.1.3) 
In particular, 
f'(z0) < 9'(20) (8.1.4) 
Proof. Suppose wo € D \ Ran(f). Define 
A(z) = fuo(f(2)) (8.1.5) 


where fy, is given by (7.4.6). Since fi.(¢) = 0 only if ¢ = wo, h is nonvan- 


ishing, so we can define 
(2) = V fwo(F(20)) (8.1.6) 
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where we take either possible square root. Notice that 


f@) =a) (8.1.7) 
Finally, let 
mic) 
gz) = 15 fr(zo) (7 (2)) (8.1.8) 


(we'll see r’(zo) 4 0 in a moment). Then, with 


p(w) = f-wo (2s (a wv) ) (8.1.9) 


we have on account of and (8.1.7). 

It remains to see that g € R, y(0) = 0, and y(z) # z, for then 
implies that f’(zo) = y'(0)g’(z0) so that y’(0) > 0, and so (8.1.4) is implied 
by Lemma [8.1.5 

That g(zo) = 0 follows from f,;,,)(7(zo)) = 0. Noticing (Problem[2) that 
for any w1 € D, fi,, (wi) > 0, we see 


Ir’(z0)| 
r'(z0) 


g' (20) = 


so g'(z) > 0. 

Notice that, since f, is a bijection, h is one-one, so r is one-one (and 
r'(z9) #0), so g is one-one. Thus, g € R. Since holds, taking z = zo 
implies p(0) = 0. Since f_,(z)) is one-one, pick w4 so P-n(zo) (eS ws 
ES: By (8.1.9), since (3)? = (-3)?, p(w+) = y(w_), so y is not one-one, 
and thus, (zo) # z. 


Nae 


Remark. Rather than see that y’(0) < 1 by using the Schwarz lemma, one 
can compute y’(0) directly to see that 


2/|wol 
(0) = 8.1.10 
v= (8.1.10) 
and conclude y'(0) < 1 (see Problem[3). 


Proof of Theorem We already proved uniqueness, so we only need 
to prove some f € FR is onto D. Let 


Q(f) = f(z) (8.1.11) 


which is a continuous function on R U {0}, not identically zero since R is 
nonempty by Lemma Since R U {0} is compact (by Lemma 8.1.4), 
there exists f maximizing Q, that is, 


f'(20) = g'(2) (8.1.12) 
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for all g € R. Since R is nonempty, i: ER. If f is not onto D, then by 
Lemma [8.1.6] there is g € R, violating (8.1.12). We conclude Ran(f) = D, 
so f is the required bijection. 


Notes and Historical Remarks. 


Two given simply connected plane surfaces can always be mapped onto one 
another in such a way that each point of the one corresponds to a unique 
point of the other in a continuous way and the correspondence is conformal; 
moreover, the correspondence between an arbitrary interior point and an 
arbitrary boundary point of the one and the other may be given arbitrarily, 
but when this is done the correspondence is determined completely|}] 


—B. Riemann, Doctoral Thesis, 1851, as translated in 
Riemann’s writings are full of almost cryptic messages to the future. 


For instance, Riemann’s mapping theorem is ultimately formulated in 
terms which would defy any attempt of proof, even with modern methods. 


—L. Ahlfors, 1953 [7] 


In his 1851 inaugural dissertation, Riemann stated and “proved” 
a version of the Riemann mapping theorem—namely, for bounded, simply 
connected regions with smooth boundaries, he stated the existence of an 
analytic bijection. To Riemann, a region, Q, is simply connected if every 
curve y with 7[(0,1)] C Q and ¥(0), 7(1) € OQ divides Q in two. The 
reader should consider this notion where 2 = D or 2 = {z | 0 < Rez < 1} 
or Q = Ai), the annulus. 


His proof used harmonic function ideas assuming that one could solve the 
Dirichlet problem (find a harmonic function with given continuous boundary 
values) via Dirichlet’s minimum principle (see the discussion later in these 
Notes.). Weierstrass, in particular, in 1870 [584] complained about the 
error of not proving that a minimum occurred. He encouraged Schwarz, 
his student, to fix the proof, and for many years, the best results were 
Schwarz’s, who required a piecewise smooth boundary without cusps. It 
was in connection with this effort that he did his work on the reflection 
principle. 

In 1900, Osgood [418], using in part ideas of Schwarz and Poincaré, 
found the first proof of the full result. But he was isolated in the U.S. 
and published in an American journal, so his work was then, and since, 
little noted. It was a series of papers by Koebe and 
Carathéodory that established the result and introduced many of the 
techniques that have dominated the field, including many of the results on 
the boundary behavior. Koebe first used the square—root-type construction 


1Many years later Carathéodory emphasized that rather than use boundary points (because 
maps may not extend nicely to the boundary), one should use f(zo) and arg(f’(zo)). 
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central to Lemma |8.1.6] but it was Carathédory who made it a central 
point. 


Carathéodory and Koebe had explicit iterative constructions—the won- 
derful idea of using a variational principle, but for f’(zo), is from Radé [466], 
who says he got the idea from Fejér and F. Riesz. Remmert and Veech 

562) present the more constructive Carathéodory—Koebe proof. All authors 

who used the square-root idea before 1924 computed the derivative directly 
(see Problem[3). Ostrowski had the idea of using the Schwarz lemma, 
as we do. 


The proof relied on the remarkable fact that maximizing Re f’(zo) (which 
maximizes | f’(zo)| and removes the f +> ef nonuniqueness) among all 
functions f: Q > D with f(z) = 0 and f one-one yields a unique function 
and one that is onto all of D, so a Riemann mapping. But much more is 
true even if we drop the requirements that f(zo) = 0 and that f is one-one, 
the function f that maximizes Re f’(z9) among all f: 2 > D is unique and 
obeys f is a bijection with f(z) = 0. The key to this is the Schwarz lemma 
and the reader will prove this in Problems [7] and The proof uses the 
existence of a Riemann mapping so we still need to consider the restricted 
problem. These notion for general 2 will be discussed further in Section 


Georg Friedrich Bernard Riemann (1826-66) is arguably the most influ- 
ential mathematician of the nineteenth century. His publications are few, 
but each has multiple important contributions. For example, the same work 
discussed both the basis of integration theory (Riemann integral) and results 
on Fourier transforms (including the Riemann—Lebesgue lemma). He began 
as a student at G6ttingen but Gauss was not much concerned with students, 
so in 1847 he moved to Berlin where Jacobi, Eisenstein, Steiner, and espe- 
cially Dirichlet influenced him. (As unintended payback, Dirichlet got credit 
for work on harmonic functions such as the Dirichlet problem, Dirichlet prin- 
ciple, and Dirichlet boundary conditions because Riemann learned of them 
from Dirichlet’s lectures and named them after him—Gauss in 1839 [206], 
Green in 1828 [219], and Thomson had preceded Dirichlet whose work was 
published in 1850 [145].) 


Riemann returned to Gottingen in 1849 where he spent the rest of his 
career. Among his students was Dedekind. Riemann always had a sickly 
constitution and died of complications of pleurisy at the age of only 39. 
Two of his students, Hankel and Roch, also died at early ages (34 and 26, 
respectively). 


Riemann had six monumental works: the inaugural dissertation 
(where the Riemann mapping theorem, Cauchy—Riemann equations, Rie- 
mann surfaces appeared), his work on abelian integrals that we'll dis- 
cuss in the Notes to Section [10.5] his work on integration and trigonometric 
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series mentioned above [481], his work on number theory (Riemann 
zeta function, Riemann hypothesis discussed in Chapter 13 of Part 2B), his 
work on differential geometry (Riemann metric, Riemann curvature, 
Riemann tensor), and his 1857 paper on hypergeometric functions 
(that included the precursor of the monodromy group and the analysis of 
what have come to be called Riemann’s P-functions; see Section 14.4 of 
Part 2B). 


We’ve presented the most common textbook presentation of the Rie- 
mann mapping theorem, but we should mention two other approaches. One 
involves the Bergman kernel, which will be discussed further in Chapter 12 
of Part 2B. 


The other is a Green’s function approach, which is a direct descendant 
of Riemann’s original idea. This approach is especially significant for some 
ways of attacking regularity at the boundary, and a variant will be central to 
the discussion of uniformization in Section [8.7] Here we’ll discuss the idea 
when a classical Green’s function exists (we add “classical” here because 
Section|8. 7}will have a weaker notion of Green’s function that agrees with this 
one in case a classical Green’s function exists; see Problem [5] of Section [8.7). 
Green’s functions are discussed further in Chapter 3 of Part 3. 


Let 2 be a bounded open region in C. We say a classical Green’s function 
exists at zo € 2 if there is a real-valued function G(z, zo) for z € 2 \ {zo} 
with 

(i) G(z, 20) + log|z — zo| = v(z) (8.1.13) 
can be given a value at z = zg so that v is harmonic on all of 2. 
(ii) lim_G(z, zo) =0 (8.1.14) 
z700 
zEQ 
Notice that since G > oo at z = z and G > 0 at 00, the maximum 
principle applied to —G implies 
G(z, zo) > 0 on 2 \ {zo} (8.1.15) 
We also note that if the Dirichlet problem can be solved, that is, if given 
f on OQ, we can find u continuous on Q, harmonic on Q so u | OQ = f, 
then a Green’s function exists—just take f(z) = log|z — zo| for z € OQ, and 
G(z, zo) = u(z) + log|z — z9|7". 
What Riemann called the Dirichlet principle noted that if Au = 0 on 2 


and u has a continuus extension to 0Q with u | OQ = f and if h is continuous 
on 2, h | OQ =0 and h € C?, then 


[ivus+nPes =f (yur + ivaP) dc +2 f Yu-Vhde (8.1.16) 
QD Q Q 
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Since Au = 0, Vu-Vh=V- (hVu) so by Gauss’ theorem 


[vu vnae = | pot ay 
Q aq On 


since h | OQ = 0. Thus, formally, the solution to the Dirichlet problem for 
f obeys the Dirichlet principle: 


wu minimizes - |Vul? d?2 among u’s with u | 00 = f 
Q 


and one can go backwards. Thus, Riemann argued that solutions to the 
Dirichlet problem existed by minimizing the Dirichlet integral {alvuP da? 
and it was this step that Weierstrass objected to. 


The point is if a classical Green’s function exists if Q is simply con- 
nected, it is easy to map 2 conformally to D. If v is the harmonic func- 
tion given by (8.1.13), there is an analytic function, g, on 2 so v = Reg 
(see Proposition [8.7.4] later). Let f(z) = (z — zo)e-9@. Then |f(z)| = 
exp(—v(z) + log|z — zo|), so 


|f(z)| = eC) (8.1.17) 


Since G > 0, f is a map of 2 to D and 


{2=0S2=% (8.1.18) 


We claim f is a bijection. For given 5 < dist(zo,0Q)/V/2, let J be the 
family of squares in (4.4.13). Let J be the subset of those squares that are 
in the connected component of UgeyAa \ {dn | n € Z*}. Then I; is a 
connected contour whose interior contains zg and within 6 of the boundary 
(Problem 5). Moreover, if I is this contour for 6 = 2—™ and Q”) its 
interior, then 2°") c QM” and U,A™ = OC (Problem 5). 


By (8.1.17), |f(z)| > 1, so 


Pm = ee = 1 (8.1.19) 
For ¢ € D,,,,(0), define 
oe f'@) 
wm(6) = 55 p To Era (8.1.20) 


Then wm is an integer and analytic on D,,, (0) and wm(0) = 1 by the ar- 
gument principle, since f has exactly one 0 on © and it is in 2°. By 
(1.19), f is onto D, and since UQ(™ = Q, f is one-one. This shows that f 
is a bijection as claimed. 


Problem [6] has an alternate proof that f is a bijection. 
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In Section 3.6 of Part 3, we'll turn this argument around and show that 


the Riemann mapping theorem yields the existence of a classical Green’s 
function for any simply connected region of C missing at least two points. 


Problems 


1. 
2. 
3. 
4. 


5. 


j=) 


Licensed to AMS. 


Prove that there are no nontrivial analytic maps of C to 


Let fu(z) = (2 —w)/(1 — wz). Prove that f/,(w) > 0. 
Verify (8.1.10). 


Suppose f: © > D extends to a continuous bijection f: © > D. Let g 
be a continuous function on OQ and let wu solve the Dirichlet problem for 
with boundary data u(e”) = g(f(e”)). Prove that G(z) = u(f(z)) 
solves the Dirichlet problem for 2. 


Remark. In the Problems of Section [8.2] we’ll explore this issue further. 


Provide the details of the argument in the Notes about [(™ and Q™, 


This problem will lead the reader through another proof that the f 
constructed in the Notes (obeying (8.1.17) is a bijection. So we sup- 
pose that Q is a bounded region, f : Q — D is analytic and obeys: 
(i) lim,-,aq|f(z)| = 1; (ii) For a fixed zp € 9, we have f(z) =0 = z = zo 
and f’(zo) #0. This problem will prove that such an f is a bijection. 


(a) If w € D, f(z) = w has only finitely many solutions (counting mul- 
tiplicity) since |f(z)| > l as z > OQ. Let Ny»(f) be the number of 
solutions and B(k) = {w €D| Nuw(f) = k}. Using the analysis found in 
Sections 3.4] and B.5] prove that U,.5 B(k) is open. 


(b) If we 4 Wo € D and f(z¢) = we, prove that there is zo. € 2 with 
f (Zoo) = Woo and conclude that U,z>1.B(k) is closed so that B(1) is closed. 


(c) Suppose w; € B(1) and let g(z) = aan Prove that g(z) = 0 has 


a unique solution 2. 


(d) Find 6 > O and an open neighborhood of 2, N Cc Q, with 
dist(N,0Q) > 0 and |g(z)| = 6 on ON, ON an analytic Jordan curve 
and g one-one on N with g[N] = {w | |w| < do}. 

(e) Prove that h(z) = g(z)~? is analytic on 2 \ N and supzcq\n |h(z)| = 
6~! using the maximum principle. 

(f) Conclude that {w | Bu(f) = 1} contains a disk about wi so {w | 
Buw(f) = 1} is open and closed. Prove that it is also nonempty. 


(g) Conclude that f is a bijection. 
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7. (a) Let Q CC be a domain and f: 2 > D. Define 


_ flz)— feo) 
gz) = 1 Fah (8.1.21) 
for some zp. Prove that 
9 (zo) = f"(z0)(1 — [f(z0)1?) (8.1.22) 


and conclude that 
sup{|f’(zo)| | f: 2 > D, f(z0) = 0} = sup{|f'(zo)| | f: 2D} (8.1.23) 


(b) If there is a function h: Q > D so that 


h'(zo) = sup{| f’(z0)| | f: Q > D} (8.1.24) 


prove that h(zo) = 0. 


8. (a) Prove that 
sup{Re f/(0) | f: :D—+D}=sup{|f"(0)|| f: D> D}=1 — (8.1.25) 


and that the unique maximizer is the function f(z) = z. (Hint: Use 
Problem [7] and the Schwarz lemma.) 


(b) If Q Cc C is a simply connected proper domain, prove there is for 
each zo € 2 a unique f: Q > D maximizing Re f(z) and that is a bijec- 
tion and so the (unique) maximizer. (Hint: Use the Riemann mapping 
theorem. ) 


8.2. Boundary Behavior of Riemann Maps 


In this section, Q will be a simply connected region different from C and 


pg: 25 


a Riemann mapping that is an analytic bijection. A natural issue 


is to what extent we can extend y to Q, or if Q is unbounded, 2 U foo} as 


a map to 


about the similar question of 


, and whether the extension remains a bijection. One cares also 
~! extending to D. Of course, if y extends 


—1 


to a bijection of Q and D, y~! extends to a bijection, but it can happen 
that ~~! extends but the extension is no longer one-one (see Example8.2.5] 


below). 


This is a huge subject on which there are whole books or multiple chap- 
ters in others, so we’ll only try to hit some of the main points here. We'll 
begin with a general result about limits, indicate the two main results about 
Jordan regions, and prove one result about Jordan regions with piecewise 
smooth boundaries, a result that provides an alternate to an argument in 
the next section. Finally, we’ll say something, mainly through examples, 
about the variety of boundary behavior possible in the general case. 
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There is one general and also simple result: 


Theorem 8.2.1. If y is an analytic bijection between a region, Q, and 
, for every « > 0, there is a compact Kz in Q so that |p(z)| > l-—e« 
if z ¢ Ke. In particular, lim,_,aqu{cc}|¥(Z)| = 1, and if zn € Q obeys 
Zn > Zoo € OQDU {oo} and wy = vlZn) F Woo, then Wa € OD. Similarly, if 
wn € D has |wp| > 1, then g-!(wn) approaches 0Q.U {oo}. 


Proof. Since y~! is continuous, Ke = yp! ({z | |z| < 1—e}) is compact. 
That implies the first result, which easily implies the others. 


This is tailor-made for using a reflection principle, so 


Theorem 8.2.2. Let y be an analytic bijection of Q, a region, and D. Sup- 
pose y is an analytic arc which is an edge of OQ as defined in Theorem[5.6.1 
Then y has an analytic continuation to an entire neighborhood of y((0, 1)]. 


Remark. In particular, if Q has a real analytic boundary, then y has an 
analytic continuation to a neighborhood of 2. 


Proof. This is immediate from Theorem and the OD analog of Theo- 
rem [3.1.1 


If w = y! extends to a bijection, 7), of D and Q, then w | OD is a 
simple closed curve, so assuming (2) is bounded, it is a Jordan region, that 
is, the interior of a Jordan curve. Thus, a necessary condition for a bijective 
extension to exist is that 2 be the interior of a Jordan curve (or the exterior if 
we include oo in 2). Remarkably, this necessary condition is also sufficient— 
a theorem of Osgood—Taylor and Carathéodory. There is also a theorem of 
Painlevé that if the boundary curve is C™, then y is C™ up to the boundary 
as well. Since we will not prove them in this section, we’ll only state the 
formal theorems of Carathéodory—Osgood—Taylor (COT), and Painlevé in 
the Notes. We’ll prove Painlevé’s theorem in Section 12.6 of Part 2B. We 
do, however, state and prove the following special case of the COT theorem 
that follows easily from Theorem [5.6.2 


Theorem 8.2.3. Let Q be a bounded, simply connected region whose bound- 
ary is a piecewise analytic curve which is also piecewise C', i.e., each seg- 
ment is analytic with y' having limits at the endpoints. Then any Riemann 
mapping yp: Q > D extends to a continuous bijection @ of QD to D 


Remark. We emphasize that the corners can be cusps. 


Proof. By Theorem[.2.2] y has an analytic continuation, @, up to each C! 
piece of 0, and as one goes around these arcs with 2 to the left, arg(@) 
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increases. By Theorem [5.6.2] @ is continuous at each corner, so ¢ is contin- 
uous on all of 0Q, and by the monotonicity (and the one-one nature of y) 
one-one on OD. For topological reasons, ¢ must be onto 0 


Both Theorem [8.2.3] and the more general COT theorem extend to slit 
domains. Let 9 be a region. As noted in Section[5.6] 2 = \ Ran(y7), where 
+ is a Jordan curve with y(0) € 0Q and 4{(0, 1]] C Q is called Q with a slit 
removed. By using Theorem [5.6.3] one gets 


Theorem 8.2.4. Let 2 be a region with a piecewise analytic, C', Jordan 
boundary as in Theorem Let y1,.--,7e be piecewise analytic Jordan 
curves with disjoint ranges so that y; is analytic at each endpoint, y;(0) € 
AQ. are disjoint, and 7[(0,1]) € Q. LeeA=2\ Lies Ran(y;), Q with ¢ 
analytic slits removed. Let yp: Q—> D be a Riemann map and vw: D > Q 
its inverse. Then w has a continuous extension from D to Q so w is two- 
one at points in y;([0,1)) and otherwise one-one. is continuous as one 
approaches OQ \ {7;(0)} and at {y;(1)} and continuous on 7;([0,1)) if one 
approaches from one side of Ran(y;) (see Figure [5.6.2). 


Remark. Using the ideas in the proof of the COT theorem, the result 
extends to the case where (2 is the interior of an arbitrary Jordan curve and 
V1,---,7e are only required to be continuous. 


Example 8.2.5. Let 2 be C \ (—0o, 0]. The map z > 21/? (with a!/? > 0 
if ¢ € R) maps 2 bijectively to H and then z > (z — 1)/(z +1) maps H to 


, that is, 
2 
92) = vey _ eg i(2)= (=) (8.2.1) 


Clearly, y~! has a continuous extension, y~!, to D as a map to NU {oo}. 


But y-! is not one-one, y-!(e"”) = y-1(e~”). Put differently, y has limits 
y(—x + 10) = lime;9 p(—a# + ie) for x > 0, but the limits are different, so y 
itself does not have a continuous extension. While we presented this map in 
a form that is especially simple, one could just as well have taken D \ (—1,0 
to have a bounded region. 


This example suggests that one focus on extending y = y~! defined 
on D to 2 to a map of D to QU {oo}. That this is sensible is seen by 
the following that at least works if Q is bounded. It is a theorem of Fatou 
(which we’ll prove in Section 5.2 of Part 3) that for any bounded analytic 
function, ~, on D, lim, w(re’’) exists for Lebesgue a.e. 6 € [0,27). Here is 
an example that shows that this y may not always be onto 2. Let 0 be a 
region. An end-cut in Q is a Jordan arc, y: [0,1] > Q with 7([0,1)) c Q. 
A point, zo € OQ, is called accessible if there is an end-cut with y(1) = zo. 
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Clearly, if 7 is a bijection of D to Q and lim, 7)(re’) exists, then (e’”) is 
an accessible point of 2. 


0.8 


0.6 F 


O4F 


Figure 8.2.1. A region with inaccessible points. 
Example 8.2.6. Let 2 = (0,1) x (0,1)\Us4{(l-s, y)U{1—- 345, 1-y) 


y € (0, +)} (see Figure 82.1). Then it is not hard to see (Problem [I) that 
points of the form (1, y) with y € [0,1] are in Q but not accessible. 


Here is a final pathology where a point is accessible but in uncountably 
many ways! 


1.0 -0.5 0.0 0.5 1.0 


Figure 8.2.2. A region where a single boundary point corresponds to 
infinitely many points on OD. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


8.2. Boundary Behavior of Riemann Maps 323 


Example 8.2.7. Let Q = (DN C+) \ U2 Usa {rei™?/4 Oy ahi 
see Figure [8.2.2] The reader will prove (see Problem 2) that if 09,61 are 
distinct irrational multiples of 7 (in (0,7)) and y is a Riemann map, then 
lim, o|p(re'”) — y(re™)| # 0. 


There is a key notion for going further with extensions, called prime 
ends, but describing it in detail would take more space than we can invest 
here. 


Notes and Historical Remarks. Because Riemann’s original construc- 
tion used regularity on the boundary, it has long been a focus of work. 
Already in 1887 in his thesis [423], Paul Painlevé (1863-1933), who served 
twice as prime minister of France and was minister of war during part of 


World War I, proved: 


Theorem 8.2.8 (Painlevé’s Smoothness Theorem). Let y be a C® Jordan 
curve and Q the bounded component of C\Ran(y). Then for any zo € Q, the 
unique Riemann map, f, with f(z) = 0, f’(zo) > 0 extends to a bijection, 


f(z), of Q and D and all derivatives of f extend continuously to Q and all 
derivatives of f—' extend continuously to 


We’ll prove this theorem in Section 12.6 of Part 2B. 


The general Jordan curve result is due to Osgood—Taylor and 
Carathéodory about the same time, with alternate approaches by 
Courant and Lindel6of {358} [359]. The theorem says that 


Theorem 8.2.9 (Carathéodory—Osgood—Taylor Theorem). Let y be a Jor- 
dan curve and Q the bounded component of C \ Ran(y). Then for any 
zo € Q, the Riemann mapping f: 2 —+ D, which is an analytic bijection 
with f(zo) =0, f’(zo) > 0, extends to a continuous bijection f: Q + D 


For proofs, see Burckel or Krantz Ch. 5]. 


An interesting approach uses the notion of simple points. z.. € OQ is 
called a simple point, if whenever {z,,}°°, is a sequence of points in 2 with 
Zn, —> Zoo, there is a continuous curve y with 7(({0,1)) CQ, y(1-—1/n) = zn 
and y(1) = 20. It is a theorem (proven, e.g., in Ash—Novinger [25]) that Q 
is bounded and simply connected, and if every point in OC is simple, then 
any Riemann map f: 2 — D has a unique continuous extension from 2 to 
D which is a bijection with continuous inverse. 


For going beyond Jordan regions, there is extensive discussion in Marku- 
shevich and Conway as well as several books on the subject (see 
Bell [38], Ohtsuka [413], and Pommerenke [451 ). 
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The theory of prime ends goes back to Carathédory in 1913. For 
modern expositions, see Ahlfors [8], Conway [121], Epstein [165], Mather 
[376], or Pommerenke [452]. 


Problems [4] and [5] indicate the applications of the Riemann mapping 
theorem to potential theory. Further developments concern the situation 
where Q is a bounded and simply connected region so that {z | z = 0 or 
z+ € C\ Q} is connected and simply connected. One then defines an 
exterior Green’s function by mapping (C \ 2) U {co} to D. In particular, if 
F: (C\Q) U {co} > D with F(co) = 0, Residue(F, co) > 0, then y(z) = 
5; log(F(z)~') is the exterior potential of 2, and if ¢ is set to zero on Q, 
the distributional derivative Ay is the equilibrium measure of 2. It follows 
that if F(z) = cz + O(1) near infinity, then c is the logarithmic capacity 
of 2. For more on potential theory, see Ransford or Landkof or 
the discussion of Sections 3.6 and 3.8 of Part 3. Chapter 3 of Part 3 has 
several sections on potential theory. 


The Green’s function approach to constructing the Riemann mapping 
discussed in the Notes to Section is ideal for local regularity results. If 
Q is a Jordan region and f is a Riemann mapping with f(zo) = 0, then 
Carathéodory’s theorem implies that G(z, zo) = —log|f(z)| is a classical 
Green’s function. If now the boundary is smooth, say C'™, near some point, 
¢o, on OQ, PDE methods can be used to prove that G is C™® near . 
This shows the inverse map g = f~' has |g|, C® near f(¢o), and then 
conjugate harmonic function arguments prove g (and so f) is C™® near f (Co) 
(respectively, Co). 


Problems 
1. In Example[8.2.6] prove that points of the form (1, y), 0 < y < 1, are not 
accessible. 


2. Prove the assertion at the end of Example[8.2.7| 
3. Prove that the set of accessible points is dense in OQ. 


4. Let Q be a bounded, simply connected region, and given zg € Q, let 
feo be the Riemann map to D with f.,(20) = 0, f{,(20) > 0. Define 
Go(z,20) = —3¢ log|f.(z)|. Prove that Go(-,z0) is harmonic in Q \ 
{zo}, obeys lim),)_,99 Go(z, zo) = 0, and that in the distributional sense, 
AzGo(z, 20) = —d(z — 20). 


Remark. This is the classical Green’s function for Q. 


5. Let 2 be a bounded, simply connected region. Let f.,(z) and Goe(z, zo) 
be as in Problem [4] Suppose J C OQ is an open arc on which f,,(z) is 
C! up to OQ. Let g be a continuous function on J whose support lies a 
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finite distance from OJ. Prove that 
OG 
n(zo) = f ole) $* (2-0) dle (8.2.2) 
T nm 
is harmonic in 2 and obeys lim,,-;-,, h(zo) = g(zo) for any zo € OM. 
8.3. First Construction of the Elliptic Modular Function 


Our main goal in this section will be to use the Riemann mapping theorem 
to construct a function with miraculous properties: 


Theorem 8.3.1. There exists a function X on Cz so that 
(i) A ts onto C \ {0, 1}. 


(ii) \’(z) £0 for all z. 
(iii) There exists a group, (2), of elements of Aut(C+) so that 


A(z) = A(w) & Ay ET (2) 80 that y(z) = w (8.3.1) 


X is called the elliptic modular function. The reasons for the name and 
calling the group I'(2) will be discussed in the Notes and in Section [10.6] 
where we will give another construction of A. The structure of the group as 
a Fuchsian group (aka discontinuous group) will be discussed at the end of 
this section and in the Notes. 


Calling this function “the” elliptic modular function may seem strange 
because it is clearly not unique: If yo is any element of Aut(C+), then A° 0 
also has the properties of \ (the group is just 7. 'T(2)y0). In fact, as we'll see 
(see Problem[5Jof Section[8.5), every such function is related to in this way, 
so » is “essentially” unique. Our choice is normalized by the requirement 
that limmm 200 A(z) = 0, limpm(—2-1) 400 A(2) = 1, limpy(—(1—2)-1) 00 A(2) = 
oo. 

A may seem to be very specialized, but we’ll see that it is the key to one 
of the proofs of Picard’s theorems (see Section [11.3) and we’ll also use it in 
Section 


We begin with the region 
F4 = {r|Imr > 0, 0< Rer <1, |r—4|> 3} (8.3.2) 


the shaded region on the right side of Figure [8.3.1] Bearing in mind that 
under FLTs, circles and lines are equivalent, this is like a triangle. Indeed, 
for reasons we discuss in the Notes, we’ll call a region in C4 which is bounded 
by three parts of lines or circles, each of which, when extended, is orthogonal 
to R, a hyperbolic triangle. The ones we’ll discuss here, like F*, are unusual 
in that all vertices are cusps, that is, lie on O(C; U {oo}), and have zero 
internal angle. 
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Figure 8.3.1. The regions F* and F. 


F# is clearly simply connected (e.g., it is an image under an FLT of 
a symmetric triangle in D which is star-shaped; see the Notes and Fig- 
ure [8.3.5), so there are Riemann maps from F* to D and then biholomor- 
phically to C+ (since z H i(1+z)/(1— z) maps D to C1). By the reflection 
principle (see Theorems [5.5.1] and[5.5.4), these Riemann maps have analytic 
continuations through the three edges of F*, monotone along each edge, so 
if we can show these maps are continuous at each of the three corners, we 
get a bijection of F# U {oo} > Cy U {oo} analytic on F# \ {0,1} (and so 
the derivative is nonvanishing there). Because each pair of these Riemann 
maps, {Aj }jan are related by \y = g 0 Ao, where g is an FLT of D to D, it 
suffices to prove one is continuous at each corner. 


Moreover, if 

1 
f@=— 
then f maps {0,1,0o} to {1, 00,0}. Since it maps RU {oo} to itself, it maps 
lines and circles orthogonal to R to other lines and circles orthogonal to R. 
Thus, f maps F? to itself and oo to 0 and f? also maps F? to itself and oo 
to 1. Therefore, it suffices to show one Riemann mapping A of F# to C, is 
continuous at infinity to get continuity at all three corners. (For the image 

of F* in D shown in Figure [8.3.5] f is just rotation about 0 by angle a) 


Let 


(8.3.3) 


F(z) = —cos(7z) (8.3.4) 


Then F maps Q = {z | Imz > 0,0 < Rez < 1} to Cy and is an 
analytic bijection on 0™*. For F maps [0,1] monotonically to [—1, 1], 
F (iy) = —cosh(y) and F(1+ iy) = —F (iy) = cosh(y), so F’ maps [ico, 0] to 
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[—oo, —1], and [1, 1 +700] to [1,00]. By the argument principle, it maps 0" 
to C,. Moreover, it is easy to see lim),)_,.,2e9 F(z) = 00. 

F is not conformal at the corners of 2. At 0 and 1, F' has a double zero 
so angles double and tangent curves remain tangent. But F’ has an essential 
singularity at co, and so it can open the cusp out. Indeed, if G(w) = 1/F (w), 
G|F*] has a continuous extension to closures and oo goes to 0 € [—1, 1]. 

d is a composition of G with a Riemann map of G[F*] to C, which, by 
the reflection principle, is continuous at 0, showing 4 is continuous at oo. 
Note we could have used Theorem modified via fractional linear trans- 
formation to handle infinity to get continuity at the cusp, but we can be 
explicit here, so we have been. 

We claim we can pick the Riemann map extended to closures d: Flu 
{oo} > Cy U {00} so that A(oo) = 0, A(0) = 1, and A(1) = oo. For pick 
any Riemann map, f, extended and follow it with the FLT that takes f(co) 
to 0, f(0) to 1, and f(1) to co. Since 0,1,00 are on R, this FLT takes R 
to R, and by tracking orientation (Problem), it takes C, to C;. Thus, by 
restricting d to FEN C1, we have proven: 


Theorem 8.3.2. There exists a map : F#\ {0,1} to Cx, \ {0,1} analytic 
on F# and continuous on F#\ {0,1} so that is a bijection from F# \ {0, 1} 
to Cy \ {0,1}. Moreover, is real-valued on OF* \ {0,1}, with an analytic 
continuation to a neighborhood of this boundary with X'(z) 4 0 at any point 
of Ft \ {0,1} including the boundary. 


Now consider 


F ={r|Imr > 0, -1<Rer <1, |r—2[>4, |r +2] >4} (8.3.5) 


shown in Figure|8.3.1}—the shaded region plus the region within the dotted 
line. It is FHU—F4#U{r | |r -5| = 5, Im > O}U{7 | Imz > 0,Rer =0, 1}. 
(Here the bar in F# is complex conjugate, not closure.) Since X is real 


on Ret = 0, by the reflection principle, it can be continued to all of F. 
Moreover, because \ | F# is a bijection to C, and 


Mz) = AC) (8.3.6) 


At —Fiisa bijection to C_. Since X is a bijection on 
i(0, co) U {r | |r — §| = 5} U14+1(0, ov) (8.3.7) 
to (0,1) U (1, co) U (—oo, 0), we have 


Theorem 8.3.3. \ extends to a bijection of F to C\ {0,1} analytic on Fint 
and in a neighborhood of F and X'(z) #0 for all z € F. 
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We want to use the fact that A is real on the set in (8.3.7) to reflect in 
these three curves repeatedly and show this allows continuation of A to all 
of Cy. Let Ro, R1/2, Ri be reflection in each of these curves, that is, 


1 
Ro(z)=-Z, Rip(z)=5+—45, Rilz)=2-2 (8.3.8) 
a3 
Let 
S, ={7|Imr>0,n<Rer<n+1} (8.3.9) 
Notice that Ro maps Sp to S_, and that 
Ri(Ro(z)) =2+2 (8.3.10) 


so (R19Ro)": SoUS_1 + SonUS2n—1, so we need to show we can analytically 
continue to all of So. 


Define C,, and R, inductively as follows: Co is the shaded region in 
Figure [8.3.1] that is, Fin Cz. Ro = So \ Co, that is, one semidisk. Co is a 
single hyperbolic triangle. Reflect each of its linear edges in the semicircular 
edge to get a single hyperbolic triangle with edges {7 | Imr > 0, |r—3| = sh 
{r | Imr > 0, |r — 3| = ¢}, {7 | Imz > 0,|7 — 3| = F}. The largest shaded 
region in Figure [8.3.2] is the interior of this triangle plus the two smaller 
semicircles, and we’ll call that C, 


Ro= Re 4 30, (8.3.11) 


Now take the triangle C, and reflect in each of the smaller edges. We 


get two hyperbolic triangles, a eup shown as the two largest bounded 


Figure 8.3.2. Six generations of reflected hyperbolic triangles. 
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unshaded regions in Figure Repeat this process to get at level n,2”~! 
regions co) j = 1,...,2"-1. Figure [8-3-2] shows these regions for n = 
1,2,...,6. Our goal is to prove that UP?5 Rn = So. In this regard, we need 


Lemma 8.3.4. (a) Let dn—1,dn,d;,,, be the diameters of three successive 
generations: dn, one of two triangles in dn, and d;,,,, the two inside 
the semicircle of diameter d,, (see Figure[8.3.3), chosen so that dj, > 


dis: Then 

i (3dn)? 
d Le ie 8.3.12 
ie ‘ dn—1 = dn, ( ) 

(b) If ty, = dn/dy_1 and x7 ,, = d;,,/dn_1, then 
1 1-2 
+ = — a n 

i 4 = wae - a ee (8.3.13) 


dni 
d, 
“ dy. 


Figure 8.3.3. Three generations of semicircles. 


Proof. (a) To get the dividing point between the two generation-(n + 1) 

circles, one must reflect the point in the generation-(n — 1) circle, not on the 

generation-n circle in that circle; in the figure, that is the rightmost point 

in the second largest circle. The distance of that point in 0C;,_; from the 

center of the dimension-n circle is dn_1 — 5dr, so the reflected point is a 
1 


distance ($dn)?/(dn—1 — $dn) from the center, which immediately implies 


(b) (8.3.13) follows from (8.3.12) by straightforward algebra. 


Theorem 8.3.5. Ry has 2” circles with maximal diameter exactly 1/(n+1). 


Remarks. 1. This is well-illustrated in Figure 


2. In fact, it follows from the more detailed analysis in Problem [6]except for 
the circles at the extreme, the maximal diameter is bounded by 1/2(n + 1). 


Proof. We first claim that x, <n/(n+1) and for all choices plus, we have 
equality. For this holds when n = 1 (dp = 1, dy = 5) and if it holds for n, 
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by (8.3.13), 
_ 1 n+1 
tie eS aw (8.3.14) 


This shows that if rt, = n/(n+ 1), then ¢n4i = (n+ 1)/(n + 2), so for all 
plus, that is, left-most disk, we have all 2; = j/(j + 1). Then, with do = 1, 
n n-l 21 1 


e— eee un he 
ld oes aa es a a 50° aera 


with equality on the left-most disk. 


Proof of Theorem By induction, we can extend A to each C), C So 
since it is real inductively on ORj_1 and the 2”~! hyperbolic triangles in C,, 
are each the reflection of a hyperbolic triangle in C;,_; in a circle. 

By Theorem[8.3.5] U9 Cn D {2 € So | Imz > 1/(n+1)}, so Uf Ch = 
So, which says we can analytically continue A to So. Then Ro defines A on 
Si and (R 1° Ro)” to all of C_. Since 2 is obtained from A | F by reflection 
and C \ {0,1} is conjugation invariant, we see (i) of the theorem, and (ii) 
follows from the definition via reflection and the fact that \’ 4 0 on F. 

Let ['(2) be the group of FLTs which are products of an even number of 
Ro, Ri/2,R1. Since A(Rj;z) = A(z) and Rj = Rjz, we see that 


A(y(z)) = A(z) for all y € ['(2) (8.3.15) 


To begin the converse, we need to note a property of ['(2): for any 
w € Cx, we claim there is y € I'(2) and z € F, so w = 7(z). Since I'(2) 
includes z > z+ 2 (8.3.10), there is z1 € So US_1 and 4, so w = Yo(21). 
Suppose 2; € So. Then by the construction of the region C; and the fact 
we proved Uj C; = So, there are reflections r1,...,1r¢ in circles in OR, for 
some & so that r1...r¢(z1) € Co. 

Since each rj is a product of Ro, Ry/2, or Ri (Problem [3), we can 
find R®,...,R™, each one of the three generators, so RM)... RO (z1) € 
Co C F. fz € S41 by looking at Ro(z1), we can do the same, so this 
is true for any z1 € Sp US_,. If m is odd, look at (see Remark 1 below) 
RoR ...RO™(z1) € Ro(C1) C F. Thus, there is 72 € I'(2) and z € F, so 
72(21) = 2. It follows that if y = yo7z", then 7(z) = w as claimed. 

Now suppose \(w) = A(z). Find 21, z2 € F, 1,92 € T(2), so w = 71 (21), 
% = 72(22). Then invariance of \ implies \(z1) = A(z2). Since A is bijective 


on F, 21 = z and w= V9 '(z). 


Remarks. 1. There was a small cheat in the above proof. If z € {7 | Imt > 
0, Ret = 1 or |r — 5| = 5}, Ro(z) will not be in F. But Ry(z) or R1/2(2) 
will be and we can use that. 
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2. The proof shows that for each w, there is a unique z € F with w = 7(z) 
for some y € ['(2) and it is not hard to see (Problem [I) that y is unique 
also. 


Finally, for our needs later, we want to say something about the class of 
groups to which ['(2) belongs. 


Definition. A Fuchsian group, T, is a group of FLTs that all leave fixed 
the same disk or half-plane and which is discrete in that for each R > 0, 
{T € SL(2,C) | fr eT, ||T|| < R} is finite. 


Lemma 8.3.6. Let T € SU(1,1). Then with ||(° 5 )llfig = lel? +16? +I? + 
\5|?, we have 


(1—|fr(O)|)~* < 2IIT lits < 16(1 — | fr(0)|)~* (8.3.16) 


Remark. ||-||1s is the Hilbert-Schmidt norm. Of course, all norms on 2 x 2 
matrices are comparable. 


Proof. T = (5 4) with |a|? — |y|? =1. Thus, fr(0) = y/a@ and 


(8.3.17) 


This plus 
1—|f(0)| <1—| FO)? = (1 — |FO)/) G+ |F(O)I) < 24 — |F(0)]) 
plus (since |y|? = |a|? — 1 < Jal?) 
lal? < ||T lis < 4lal? 


implies (8.3.16). 


Theorem 8.3.7. Let T be a group of FLTs leaving some disk, Q, fixed. 

Then the following are equivalent: 

(1) T is Fuchsian. 

(2) For one z € Q, {y(z0) | y ET} is discrete in Q, that is, it has no limit 
point in Q. 

(3) For all zo € Q, {y(20) | 7 ET} ts discrete in Q. 


Proof. Since all disks are equivalent under an FLT, without loss we can sup- 
pose 2 = D andT c PSU(1, 1). By conjugation, we can also suppose zo = 0 
(conjugation doesn’t preserve norms, but since ||yo77 ‘|| < ||yoll lly Il III, 
discreteness of I’ and one of its conjugates is equivalent). 


The lemma immediately implies (1) = (2). Clearly, (3) = (2), and by 
the conjugacy argument, (1) = (2) for z9 = 0 means (1) = (2) for any 2, 
and so (3). 


Corollary 8.3.8. [(2) is a Fuchsian group. 
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Proof. Since is not identically constant, for any zo, {z | A(z) = A(zo)} is 
discrete. But that set is {y(zo) | y € I'(2)}, so orbits are discrete. 


Notes and Historical Remarks. I (2) will appear again in Section [10.2] 
where it will be defined as the set of elements of SL(2, Z) (invertible matrices 
with integral coefficient) where T = ee -) with a,d6 odd and 8,7 even. In 
Problem [2] of Section the reader will prove that ['(2), defined in that 
manner, is generated by the FLTs associated to +()7) and (49), and in 
ProblemBlof the current section that the group of even numbers of reflections 
is generated by fi(z) = z2+2 and fo(z) = z/(2z +1). 


It is easy to see (Problem [Z) that \ has a natural boundary on R. 


There are remarkable number-theoretic properties of the points of inter- 
section of the semicircles in OC, with R. In particular, they are all rational 
(as is easy to see inductively from (8.3.12)) and, moreover, which is not as 
easy to see, every rational in (0,1) occurs; see Problem[6} If p/q < p'/q’ are 
two successive points at a level n, written in lowest rational form (i.e., ends 
of a semicircle in 0C;,), then 


pq—pd =1 (8.3.18) 
and if p”/q" is the point in between them at level n+1, then (see Problem[5) 
p'=p+p, q/=qt+d (8.3.19) 


(which proves 8) inductively if we start with p=0,q=p' =qd =1). 
This also shows ae that the first circle has edges 0/1 and 1/n. p”/q" 
is called the mediant of p/q and p'/¢’. 

John Farey (1766-1826) was a British geologist who noted in 1816 
that if one wrote down all fractions in [0,1] with denominator at most n in 
order, then any three successive ones obeyed (8.3.19). As he put it: 


If all the possible vulgar fractions of different values, whose 
greatest denominator (when in their lowest terms), does not ex- 
ceed any given number, be arranged in the order of their values 
or quotients; then if both the numerator and denominator of 
any fraction therein be added to the numerator and denomi- 
nator respectively, of the fraction next but one to it (on either 
side) the sums will give the fraction next to it; although perhaps 
not in its lowest terms. 


This had been noted fourteen years earlier by Haros (who actually, 
unlike Farey, proved it!), but Cauchy learned the result from Farey’s note 
and named the series, Farey series—and the name stuck! Our sequence at 
level n is not even the full Farey series, but a subset that preserves (8.3.19). 
Nevertheless, the cover of C4 by hyperbolic triangles that we study here 
has extensively been called the Farey tesselation. The Farey tesselation will 
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Figure 8.3.4. The Stern—Brocot tree. 


appear again in the Notes to Section 2.8 of Part 3 in the context of the 
relation of geodesic flow and ergodic properties of continued fractions. 


Related to this is a binary tree formed by singling out the new points 
at level n and joining them to their level n — 1 neighbor; see Figure 
This is the Stern—Brocot tree. 

Moritz Stern (1807-94) was Gauss’ replacement and noted for being 
the first Jewish German professor not required to convert for his position. 
Achille Brocot (1817-78) was a French clockmaker. Stern [538] was mo- 
tivated by continued fraction considerations and Brocot [76] by sequences 


of gears! In terms of continued fractions, the children of [a1,...,a@n] with 
Gn, > 2 are [a1,...,@n +1] and [a1,...,@n — 1,2]. (Since [a1,...,a;,1] = 
[a1,..., aj; +1], every rational in (0, 1) has a continued fraction representation 


not ending in 1; see (7.5.6).) For the history and connection to clock-making, 
see Austin or Hayes [247]. For more on number-theoretic aspects of 
Farey tesselations, see [517]. Rademacher 
464) and Bonahon discuss the connection to the Ford circles discussed 
in the Notes to Section [7.5)and below. For other textbook constructions of 
the elliptic modular function as a Riemann map extended by reflections, see 


Ullrich and Veech [562]. 


Ford [192] looked at disks in C1 tangent to R at a rational p/q (in lowest 
order) of diameter 1/q?._ Remarkably, the interiors of these disks are all 
disjoint and two, associated with pi/q1 < p2/q2, have touching boundaries 
if and only if poq, — qop1 = 1. In that case, the only Ford circle tangent to 
these two is the one associated with the mediant, (p1 + p2)/(qi + 2); see 
Rademacher [464]. Rademacher considered this in connection with his work 
on partitions, the subject of Example 15.4.7 of Part 2B. 


As we'll see in Section 12.2 of Part 2B, geodesics in the hyperbolic metric 
on Cy are precisely images under the FLT from D onto C, of diameters 
of D. It is not hard to see these are precisely those circles that intersect 
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Figure 8.3.5. An image of F? in D. 


R orthogonally. Thus, our hyperbolic triangles have three sides which are 
hyperbolic geodesics. 


F* doesn’t look very symmetric, but Figure shows an image in 
under an FLT that takes 0,1, 00 to the cube roots of unity. 


Figure 8.3.6. An image of F and its reflections in D. 
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Figure shows the image of F under a map that takes 0,1, 00 to 
—i,1,i (and —1 to —1) and the action of the image of I'(2) under that 
map. These figures are very symmetric tesselations of D. For a lovely online 
gallery of hyperbolic tesselations, see [243]. 


Fuchsian groups are also called discontinuous groups because of the dis- 
tinction from continuous orbits under continuous groups. A discrete group 
of SL(2, C) matrices that doesn’t leave a disk fixed is called a Kleinian group. 
See for the spectacular geometry and history of Fuchsian and Kleinian 
groups. Fuchsian groups are extensively discussed in Beardon [34], Ford 
[193], Katok [300], in a section of Simon [525], and, in a historical context, 
in Gray [217]. 


Problems 


1. (a) Prove that no element of ['(2) (defined via reflection) other than 1 
leaves any points of Cz fixed. (Hint: Prove if y(zo) = 2 and y(z) — z 
has a zero at zo, then (zo) = 0.) 

(b) Prove if z,w € Cy, with A(z) = A(w), then the y in I'(2) with 
(z) = w is unique. 


2. Prove that if A maps F# U {oo} conformally and bijectively to either 
CU {oo} or Cy U {oo} and A(oo) = 0, A(O) = 1, A(1) = ov, then A goes 
to Cz U {co} because A is orientation preserving. 


3. (a) Prove that I'(2) is generated by Ri o Ro and Ry4/2 0 Ro (and their 
inverses). (Hint: Write R™ oR@) = RY o Ryo Ryo RY.) 
(b) Prove R10 Ro is the FLT generated by (4 7) and Ry/2° Ro by (49). 


(c) Conclude that if os B) € I(2), then a, 6 are odd integers and 6,7 are 
even integers. 


(d) Prove that reflection in each circle in OR, is a conjugate of Ry/2 by 
some element of ['(2). 


4. (a) Prove the 32 diameters at level 6 (i.e., of the semidisks in R5) are the 


following sixteen numbers followed by the same string in reverse order: 
ia 1 a ®t A 2 a th a dt a 

6? 30’ 45’ 36’ 44” 77° 70? 30° 33? 88? 104’ 65’ 60” 84? 63? 18° 

(b) Using 8.3.12), show that the dividing points 
along [0,1] of these’ circles at generation six are: 
9112132314352 5341547385 72 7 


>6° 529? 4? 11? 7? 10? 3? 11? 8? 13? 5? 12° 77 99 29 9? 7? 12” 5? 13° 8? 11? 3? 10” 
5 8 3 7 4 5 1 


7? 11? 4997596? 
(c) Obtain the sequence in (b) by starting instead with $ and + and 
repeatedly using (8.3.19). 


(d) Verify (8.3.18) for the sequence in (b). 
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5. (a) Let pigo — poi = 1. Let ro = po/qo, 41 = pi/g, and xy4/2 = 
(po + p1)/(do + 41). Define d,_1 = 21 — 20, dn = ©1/2 — Xo, and let ax 
be given by (83.12). Prove that d/,, = 1/qo(2go +m). 

(b) Prove that xo + ad 4 = (2p9 + pi)/(2qo + q1). 

(c) Prove inductively, starting with the fact that the endpoints in the 
circles of R, are (0, 5; 1), that the endpoints of the circles of R, are given 
by the left side of the Stern—Brocot tree in Figure|8.3.4] that is, are given 
by repeated use of the Farey relation (8.3.19). 


6. The purpose of this problem is to prove that if 0 < a < 6 are relatively 
prime integers, then a/b appears as one of the numbers in level b — 1 of 
the Stern—Brocot tree so that every rational appears in the tree. (Note: 
It may appear also in earlier levels of the tree.) 


(a) Prove inductively that the new elements at level n of the Stern—Brocot 
tree have the form p/q with ¢q>n+1. 

(b) Suppose a/b is not one of the rationals at level k so po/qo < a/b < 
pi/g with pigo — pogi = 1 with either po/qo or pi/qi new at level k. 


Prove that 
a Po. i! Pi ay 1 Pi po ol 
we ; = ) ~~ 
b qo ba ga 6” by 1 © wn 


(c) Prove that b > qo +q, sob>k-+2. Thus, for k = b—1, a/b must be 
one of the rationals at level k. 


(d) Prove again that all circles at level n of R, have diameter at least 
m+. 


7. (a) Show that inside each semicircle in each R, that \ takes all values in 
C \ {0, 1}. 
(b) If « € R, prove that arbitrarily close to x lies a complete semicircle 
in some R,,. 


(c) Prove that for each x € R, lim,_,,7,zec, A(z) does not exist and con- 
clude that R is a natural boundary of A. 


8.4. Some Explicit Conformal Maps 


Like contour integrals, conformal maps are not only theoretically important 
but important in engineering and other applications—in which case, explicit 
formulae are important. So this section will present many examples, some 
where the Riemann map is a composition of FLTs, exp(-), log(-) and z°. In 
several cases, the map will be given by an explicit integral and one of the 
integrals will be an elliptic integral. To keep the formulae simple-looking, 
we'll often write compositions and have y = gy, o yr_1.-. Y1 Without doing 
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the composition in closed form. We’ll generally use y for maps of Q to C+ 
or D and w for the inverses. 


Example 8.4.1 (Lens Regions). A region between two intersecting circles 
is sometimes called a lens region since something like the region on the left 
of Figure[8.4.T]looks like a lens but not the one on the right (recall a straight 
line and circle look “the same” to FLTs). 


Figure 8.4.1. Two lens regions. 


Let 2 be a lens region. Let zo, 21 be the two intersection points; let a 
be the angle formed by the tangents at z), and 8 the angle between the line 
from zo to z; and the tangent to the circle on the right (see Figure [8.4.2)). 
Let 
zZ—1t 
zZ+t 


1g 20 — 2 
=e" ea 3)" y2(z) = 27", y3(z) = 


y1(z) (8.4.1) 

(1 Maps zo to 0, z1 to oo, and $(z0 + 21) to e’®. It follows that Q is 
mapped to {z | 0 < arg(z) < a}. v2 maps this region to Cz and 3 is the 
canonical map of C; to D. Thus, v3 0° y2° vy; maps 2 to D. An example 
of a lens region is the semicircular region DM C,. Problem [I] will find the 
map of that to 


- x 
a 
7 ~ 
/ \ 
/ 
/ “a 
I N 
\ \ 
\ | 
\ / 
N Y / 
N Oe 
XN - 
se 7 % 


Figure 8.4.2. A lens with labels. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


338 8. Conformal Maps 


Example 8.4.2 (Slit Plane; Koebe Function). This is an example of a 
degeneracy of the lens region. If we take one vertex of a lens to infinity, we 
get a sector, which we’ll take as 


c= c | jarg z| < sill > 0} (8.4.2) 


To be a lens, we need 0 < a < 22, but we'll be especially interested in 
a = 27, that is, 

Qon = C \ (—co, 0] (8.4.3) 
the cut plane. 


The reader might think the region “between” two straight lines through 
the origin is a sector and its negative, but two circles or lines with a pair 
of intersection points break the plane into four pieces and we only took one 
in Example In fact, if ~@ > 7, Og is three regions. The analogy is 
imperfect but the example natural and interesting. To describe the map Wo 
from D to Qa, we first consider z +> i which maps D to H,, the right 


half-plane {z | Rez > 0} =Q,. The a/m power maps (2, to Ny. Thus, 


Ye(2) = Ce" 


maps D biholomorphically and bijectively to Q,. In particular, 2, maps 


(8.4.4) 


to C \ (—oo, 0]. 
Since ioe =142z+4+22?+..., if we want maps on D normalized by 
f(0) =0, f’(0) = 1, it will be natural to take $(W_ — 1), that is, 
tf/l+z2\? 1 
Fkoebe(2) = 4 € _ =) A (8.4.5) 
=—g1=2) (8.4.6) 


the Koebe function a bijection of D to C \ (—oo, — 4]. 
Notice since (1— z)-? = £(1-z)-! = £(14+24+27+...), we see that 


Zz 


Fieoctel2) = yon (8.4.7) 
n=1 


As a final formula for fxoebe, we note 1/fxoebe maps D to C \ [—4,0], so 
2+ (pa is a bijection of D to C \ [—2, 2]. In the next example, we’ll see 
this is the Joukowski map, z +> z+ 27! (and the normalization is right). 
Thus, 


Ficosbel2) = (z + z° = 2) (8.4.8) 
as can easily be checked directly. The Koebe function will play a starring 
role in Section 16.1 of Part 2B. 
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Example 8.4.3 (Joukowski Map). The Joukowski (also Joukowsky or 


A 


Zhukovsky) map is the map from C to itself by 
w(z)=z+2 (8.4.9) 


It is of degree 2, that is, Y(z) = w has two solutions if w 4 +2. It is one-one 


on D and maps D bijectively to on [—2, 2]. Its inverse (to D) is given by 


= 2_ 
CANES: (8.4.10) 


It is of considerable theoretical use. For example, the classical orthogonal 
polynomials on [—1, 1], like Legendre and Chebyshev, have asymptotics for 
zEeC \ [=d 1], 


Pr(2) ~ Cnd(z)[z + V2? — 1)" (8.4.11) 


The factor in |...] is the conformal map of C\ [—1, 1] to C\D, closely related 
to (8.4.10). 

Figure [8.4.3] shows the image under ~ of a circle |z — zo| = |1 — zo| for zo 
near but shifted from 0 (chosen to be —0.08+70.08). It is no coincidence that 
this looks like an idealization of the cross-section of an airplane wing. This 
is the Joukowski airfoil, useful especially because one can compute airflow 
around a circle and conformally map to airflow around this airfoil. 


Figure 8.4.3. The Joukowski airfoil. 


Note that this has a cusp at the end which produces instabilities. For 
that reason, airplanes used the Kérmaén~—Trefftz airfoil shown in Figure[8.4.4] 


Figure 8.4.4. The Kaérman-—Trefftz airfoil. 
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where w is replaced by 
(+21 + (1-2? 


= 4.12 
va(z) B (1 vi z-1)6 = (1 = z-1)B (8 ) 
(the figure shows the same zp and 6 = 1.94). 
Example 8.4.4 (Half-Strip). Let 
a= {2 Imz>0,-5 <Rez< 3} (8.4.13) 


a half-strip. We begin by looking at maps from 2 to C, (or vice-versa) since 
it is easy to get from C, to D. The reader might pause—and using some of 
the functions they are familiar with—seek a function that maps 2 to Cy. 
(Hint: Try mapping 02 to R.) 

We begin by focusing on a map of C, to 2 or, rather, a monotone map of 
R to 0Q. Let’s normalize it by mapping +1 to +7/2. If Q were the quarter- 
plane with 0 < Rez < ov, the proper map from C, would be z# Vz-—1, 
so one’s first guess for the actual Q might be z 4 V1 — z?. That doesn’t 
work because arg(1 — z) is not constant on Rez = —1. Put differently, the 
arg of w — 7 is not constant on Rew = 7—it’s not arg(w) but arg(42) that 
is constant. Some thought about this suggests that the map we want to take 
is 


woe) = [ Ss (8.4.14) 


or a constant multiple. We want to define this in C; where it is clearly 
analytic since aw = (1— 2?)-!/2, And since (V1 — x?)~! is even integrable 
at « = +1, it has continuous boundary values on all of R. 


Of course, ~(z) = arcsin(z) and the inverse function is y(w) = sin(w). 
One can use this directly to solve the problem of mapping C+ to 2 (see 
Problem 3), but since we’ll later have analogs which are not expressible in 
terms of elementary functions, we focus on analyzing the integral directly. 


1 dz T 


This is usually done with trigonometric substitution but it can also be done 
via the Joukowski map and contour integration (Problem [4). 

The ~ defined by maps (0,1) to (0,7/2), but at z = 1, 
arg(V1— x7) becomes 7/2 (since arg(1 — x) goes from 0 to —7 as x goes 
from 1—e to 1+¢ in C,). Moreover, en dz|1 — x?|-1/2 = oo, so w maps 
(1,00) “monotonically” to (7/2,7/2 + ico). If Q C Cz is mapped to D in 
the usual way for C, to D, the image of R under ~# gets mapped to the 
curve on the exterior of Figure[8.4.5} Since y maps R monotonically around 
the curve, winding number arguments (Problem[5) show that 7 is a one-one 


We need to know 
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Figure 8.4.5. Image of the boundary of the half-strip in the disk. 


map of C, to Q, solving the problem of finding a conformal map of the 
half-strip to C+, and from there to 


Notice also that the inverse function, y, defined on 2 with Q given by 
(8.4.16) is real on OQ. So, by the repeated use of reflection, we can define it 
as a map onto C, first on —7/2 < Rez < 7/2 and then on all of C. Thus, y 
is an entire function, and since two complex conjugations are the identity, 
p(z+27) = y(z). Thus, we’ve used conformal mapping to prove the inverse 
function to the integral is periodic! 


Example 8.4.5 (Conformal Map of a Rectangle via Elliptic Integrals). Let 
O0<k<1. The elliptic integral of the first kind is defined by 


(8.4.16) 


dt 
=f Ja?) — PP) 


Several special values are relevant. Define K(k), the complete elliptic integral 
of the first kind by 


(8.4.17) 


: dt 
ae i Ja) 0 — PP) 
and also 
beawl=—, Kk) =K(h) (8.4.18) 


which enter because one can show (Problem [6) that 


_ a ~ K(k) (8.4.19) 
1 oP = 1) — B?) - 

00 dt 
2 VP SDSF ST = K(k) (8.4.20) 
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This implies that 7 maps (0,1) to (0, K), then (1,k~') to (K, K +ik’), 
and (k~1,0o) to (K +iK’,iK’). By going in the opposite direction along 
IR, we see (—oo,0) is mapped to the reflection, that is, 7» maps R into the 
boundary of the rectangle 

Q={z=2x+iy|-K<2<K,0<y<k’} (8.4.21) 


As in the last example, since ~ is monotone (as) a real-valued function 
of RU{oo} to OQ, the argument principle (Problem[5) shows ~ is a bijection 
of Cy to 2. Its inverse, which is defined to be the Jacobi elliptic function, 
sn(z,k), is a bijection of QD to Cy. 

As in the last example, sn(-, &) is real on OQ, so we can use the reflection 
principle repeatedly to define an analytic continuation of sn(z,k) to z € C, 
and this continuation will be doubly periodic with periods 4K and 2iK’. 
Doubly periodic functions are called elliptic functions and are the subject 
of Chapter [10] 

Here the point is that sn(-,k) gives a conformal map of the rectangle 
to C, and then z +> (sn(z,k) — 7)/(sn(z,k) +7) to D. To be sure 
that one can handle all rectangles, one needs that, as k runs from 0 to 1, 
4k /2K’' runs monotonically from 0 to co (Problem [7). 


In Problem [15] of Section [10.5] we’ll prove that |sn(a + SS k)| = k-V/2 
for x real. Thus, sn(z,k) maps the bottom and side edges of the rectangle 
Q={z=x+ iy | \c| << K,0<y < K’/2} to (—k-'/2, k-1/2) in R and the 
top edge to C4 U OD,-1/2(0), so sn(z,k) maps 2 to all of C, and Q, the 
bottom half of Q, to the semidisk C,  {z | |z| < k7/?}. 

You might hope to use this to construct a map of a rectangle to a disk 
(directly, rather than via a map to C;)—map a half-disk to a rectangle 
and reflect in an edge of the rectangle, but that doesn’t work because the 


diameter of the disk goes to three sides of the rectangle rather than one. 
This “defect” will be useful in Example [8.4.14] 


Besides the Jacobi sn function, there is a Weierstrass o-function among 
elliptic functions. Problem [13] of Section shows that 


zZ-> o( ° = *) (8.4.22) 


2a a 
maps {z=x+iy|0<a<a,0<y <b} conformally onto Cy. 

We discussed sn rather than o because it fits with Examples [8.4.4] and 
(8.4.6). 
Example 8.4.6 (Schwarz—Christoffel Transformations). Motivated by the 
last two examples, we’ll consider maps from C, given by 


w=v=] [](@j;-2)% "de (8.4.23) 
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Figure 8.4.6. Angles on polygon. 


where x1 <---< 2%, and 
0<a;<1l (8.4.24) 


and 
n 
S > (1 = a4) (8.4.25) 
j=l 
We’ll see in a moment the geometric meaning of these conditions (and 
explore in Problem[I0|what happens if (8.4.25) is replaced by yo (1=ay) < 
2 and discuss replacing by 0 < aj < 2 below). 
Notice that (8.4.13) isn = 4, 7; = (—k-!,-1,1,% 7+) and = 5: 
For x < x1, each x; —~< is positive and we can pick the integrand so that 
it is positive there. With this choice, 
arg(¢"(z)) = Bj on [25,2541] — Bj+1 — By = a(1 — 5) 
so w[R] describes a polygon with interior angles aj (see Figure [8.4.6). 


The condition implies that the polygon is convex and 
that with these images of (—oo, x ) and (2,00) are parallel (Problem [8). 
(8.4.25) also implies the integrand is O(x~?) at 00, so lim, ++. W(x) exist, 
and by closing a contour (Problem [9), ~(co) = u(—oo), so the image is a 
closed polygon. 


Since the enclosed polygon is convex, the boundary is simple, and so the 
argument principle implies w defines a conformal map of C, to the interior 
of the polygon. 


This is nice as a set of conformal maps, but it avoids a main issue: given 
a polygonal region, is there a w of the form (8.4.23) mapping C1 to that 
region. That there is, is the content of the following: 


Theorem 8.4.7 (Schwarz—Christoffel Theorem). Let Q be a polygonal re- 
gion, that is, a Jordan region whose boundary is a finite number of linear 
pieces. Let yp: Q + Cy U foo} be a bijection guaranteed by the Riemann 
mapping theorem (as extended in Theorem [8.2.3]), chosen so no vertex of Q 
goes into {oo}. Let 11,...,%n be the images in R of the vertices (,...,Cn 
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and Q1,...,Qn the interior angles at the vertices (which obey (8.4.25). Let 
w: C4 U {oo} > O be the inverse to y. Then for suitable constants A and 
C, 


w=w(z)=At of Ie — 2)*i-| de (8.4.26) 


Proof. By the Riemann mapping theorem as extended (Theorem[.2.3), ~ is 
continuous on C, U {oo} and analytic in C,, and by the reflection principle 
(Theorem [5.5.1), it has a continuation across each interval (xj, 241). Each 
reflection defines on C_ a bijection to the reflection, Q, of 2 in the edge 
[¢;,¢j41], which is also a polygonal region. 

This continuation can be continued by reflection back to C4 across each 
interval. In this way, by repeated reflections, we see that w defines a multi- 
valued analytic function. 

Let w be a result of two reflections yielding a function on C,. In the 
w plane, this is a result of two reflections (in an edge of 2 and in one of 
Q), which is a rotation and translation (see Figure[8.4.7). Thus, for suitable 
constant, 4, A, 


W(z) = p(z) +A (8.4.27) 
so if (2) 
we (z 
h(z) = ——= 8.4.28 
@= 55 (8.4.28) 
then (2) 
7 pp (z 
h(z) = =h(z 8.4.29 
(@) = BOF = ne) (8.4.29) 
so h has a single-valued continuation to C\{x1, ...,;2n}, that is, h is analytic 


and single-valued in punctured neighborhoods of each 2;. 


Note next, since ~ is analytic at oo (since ~(co) is an interior point 
of the edge [Cn, G1] of 2), so near 00, W(z) = ag + ayz7+ + agz2 4+... 
Since w is a bijection near oo, a; # 0, and thus, ~’(z) = ayz7? + O(z73), 
ob"(z) = 227-3 + O(2-*), 80 


A(z) = —2z71 + O(2~?) near oo (8.4.30) 


Figure 8.4.7. Two reflections are a translation plus rotation. 
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If y is the inverse of w, Theorem implies, near ¢;, y has a convergent 
Puiseux expansion 
p(w) = 25+ a (w = as al (w = ae (8.4.31) 


with a #0. Thus, near xj, ~ has a convergent expansion 


pz) = Cj + BY (x — y)%9 + OP (x — ej)? +... (8.4.32) 
with Je # 0, which means that 


w'(z) = OY aj(z = xy) a O(|z = a; |709-1) 
op" (z) = 1M aj(aj = 1)(z — i + O(|z _= aor) 
which implies, near x;, 
;— 1 
h(z) = 2 + o(1) (8.4.33) 


&— XG 


We have thus proven that h(z) is an analytic function from € to G, so 


“aj;-1 
A(z) = 5 + (8.4.34) 
; &— Ly 
j=l 
since the difference is entire and vanishing at infinity by (8.4.30). 
Integrating twice (h involves w”’) yields (8.4.26) (Problem [10Q). 
Example 8.4.8 (C, with a missing slit). Let (Figure [8.4.8) 
Q = {z|Imz>0}\{z| Rez =0,0<Imy<h} (8.4.35) 


This is especially interesting as a degenerate Schwarz—Christoffel exam- 
ple and also as one where the integrals can be done explicitly. Q doesn’t look 
like a polygon, but it can be thought of an one with two degeneracies—its 
boundary includes the point at infinity and it has an interior angle of all 
of 27! Thus, we seek a map of R so that (—oo, —1) goes to (—oo, 0), (—1,0) 


-1 ed 0.5 1 


Figure 8.4.8. C+ with missing slit. 
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Figure 8.4.9. Airflow around a slit. 


and (0,1) go to 2(0,h), and (1,00) goes to (0,00). The angles divided by 7 
at (@1, 22,23) = (—1,0, 1) are (a1, 02,03) = ($,2,5). Thus, in 426), 


w=ve)=A+e f @opn® 


=A +C0V22-1 (8.4.36) 


since the integrand is an elementary perfect derivative. To take z = +1 to 
0, we want A’ = 0, and for z = 0 to go to ih, we want C = h. Thus, 


w=W(z) =hV/2—-1 (8.4.37) 


maps R to OQ, and with the right branch of the square root, Ci to 2. 
Figure [8.4.9] shows the streamlines for fluid flow over such a simple barrier. 


Example 8.4.9 (Elliptic Modular Function). In Section [8.3] we found a 
map A of the region F* in FigureB.3.1]to C,. We mention that Section 
has an explicit formula for A in terms of an elliptic function, o, called the 
Weierstrass ¢-function and Theorem has an explicit formula for o 
as an infinite sum of sines. 


Example 8.4.10 (The Strip). Consider 
Q={z=x+iy|0<a<7,yER} (8.4.38) 


z) = e’* maps 2 to C,. If instead we translate to 
~ 


Aa fe=etiy 


a a < zver} (8.4.39) 
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then e’* maps 2 = Hy. Since w > ; us maps Hl to D, we see that 
o(z) = tan( 3) (8.4.40) 
maps Q to 
Example 8.4.11 (Slice of Annulus). Let (Figure [8.4.10) 
Q={z=re"® |r <r<ro, |6)<B <a} (8.4.41) 


Then y1(z) = log(z) maps 2 to the rectangle {w = u + iv | log(r1) <u< 
log(r2), —B < v < 8}, so composing y with the map, sn, of Example[8.4.17 
maps this 2 to C4. 


Figure 8.4.10. Slice on an annulus. 


Example 8.4.12 (Hyperbolic Region). Consider the region 
OQ ={x+iy|2>0, y>0, |zy| <1, |x? —y?| <1} (8.4.42) 


the set in the upper quadrant inside three hyperboles (Figure [8.4.11). As 
you might expect, since conic sections are quadratic, this is connected to 
the function z?. Indeed, since 


z€280<Im2 <1, |Rez| <1 


0.5 1.0 is 


Figure 8.4.11. A hyperbolic region. 
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the map vi(z) = z? maps 1 to a rectangle bijectively, and then the elliptic 
map, sn, of Example [8.4.5] will go to Cx. 


Example 8.4.13 (Exterior of an Ellipse and Semi-Ellipse). Let a > b and 


a 2 
at z < i} (8.4.43) 


= {ese tiy 


2 


which is an ellipse with foci at. +c where c? = a? — b?. In this example, we’ll 


take c= 2. Let 
QQ, =N0NCi, OQ. = Cc \ Qo (8.4.44) 


Here we’ll see that the inverse Joukowski map provides Riemann maps or 
components of such a map for Q; and Q2, but for Qo we'll need to do more 
(see the next example). Recall the Joukowski map is (8.4.9). Let r < 1. Let 
a=r+r!,b=r-'!—r, so a? —b? = 4. In Problem TQ] the reader will 
prove that 


2 2 
=+e=1} (D,(0)) = 2% 


(8D,(0)) = fe=aiy 


Thus, py = r7!w7! maps Q2 > D is the Riemann map for Q2. 

Moreover, ~ maps A,.1 to Q\[—2, 2] and C_NA,,1 to 01. Since C_NA,1 
is a slice of an annulus, the map of Example combined with w can be 
used to map 1); to 


Example 8.4.14 (Ellipse). 2cos is the composition of z +> e and the 
Joukowski map, so the inverse is a composition of the inverse Joukowski 
map and log. Since log maps an annulus into a rectangle, the above map 
of 2; is essentially arcsin. Put differently, we expect sin to map a suitable 
rectangle into a half-ellipse. This will be extended to mapping a full ellipse. 
To avoid the factors of 2, our ellipses in this example will have foci at +1. 
Thus, a? — b? = 1. yo will be defined by 


cosh yo = a, sinh yo = b (8.4.45) 
2 2 
£e: . e 
OS futiv aiRp <i} (8.4.46) 
Since 
sin(z + iy) =u+iv su = (coshy)(sinz), v = (sinh y)(cos x) 
aresin(u + it): ONC. + fe biy -F<e<Zo<v<wber 


(8.4.47) 
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—K+ik/2 K+ik/2 


@ () 
2k Arcsin ee sn (-,k) 
LO Odo © Mado 
1 1 -K l 


Figure 8.4.12. Two maps where an interval is mapped to three sides 
of a rectangle. 


As we saw in Example [8.4.5] if k is chosen so that (in terms of the 7 of 
Sections 10.5] this is T = 2iyo/7) 
K’ 


= (8.4.48) 


vial S$ 


then sn (2 -) maps R to a half-disk of radius 1/Vk. But now the “defect” 
mentioned at the end of that example is a virtue. Figure shows how 
points are mapped. The diameter of both the circle and ellipse map to the 


same three sides of the rectangle, 
2h 
yz) = Viesn( = ares) ) (8.4.49) 


with k given to solve (8.4.48) with yo picked by maps the diameter 
to the diameter. Thus, using Schwarz reflection, ¢ maps the 2 of 
to 


Example 8.4.15. We end with an example of a map among doubly con- 
nected sets rather than the simply connected examples discussed previously 
in this section. Returning to Example [8.4.13] we see the Joukowski map 
takes A, to the ellipse Qo of (with a=r+r—+) but with (—2,2) 
removed. If we follow this with the map (8.4.49), we’ll get a map of A,.; to 
a disk with a suitable interval [—a, a] removed. 


Turning around now to get to arcsin, the use of arcsin and the Joukowski 
map can be replaced by a use of log. Namely, w € A; MH; mapped by 
tlog(w) to {z= a+iy|-—f <a < §,0<y < log(r)}. Picking the sn(-) 
that maps this to a circle of radius k7!/2 
to. (—k 4,1) (1k) 


, we see the image of A;,; MR goes 


ee Viesn( 7 log(u) (8.4.50) 


maps A, to D \ (—k,k). If instead we take k so the rectangle goes to all 
of C4 and we drop the i, we get a map to C \ (—k-!,-1) U(1,k74). In 
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Problem [13] of Section [10.4] we’ll see the Weierstrass -function, composed 
with log, maps an annulus to C \ (—oo, a]U[8, | for suitable a < 8 < 4. 


Notes and Historical Remarks. Because of its importance in engi- 
neering applications connected with two-dimensional fluid flow (including 
aerodynamics) and potential theory, there is a huge literature on explicit 
and theoretical conformal maps. 


Kober [321] is nothing but a listing of conformal maps between many 
different regions and a “standard” region like D or C, (or, once maps from 
a strip to C+ are found, to a strip). Interestingly enough, it was origi- 
nally published by the British admiralty! Books with more of a theoretical 
leaning include Bieberbach [50], Nehari [405], and Schinzinger—Laura [504]. 
Books that focus on computational aspects include Driscoll—Trefethen [150], 
Ivanov—Trubetskov [278], and Kythe [334]. 


Nikolai Egorovich Zhukovsky (1847-1921), usually transliterated as 
Joukowski, is often referred to as the father of Russian aviation. He worked 
on both practical and theoretical aspects of the subject. He found the map 
z++ 2+ 271 for use in airfoil design in 1910 [294]. The Kérman—Trefftz 
map was found by them in 1918 [567]. 


For the use of the Joukowski map in the theory of orthogonal polyno- 
mials, see [550} [525]. 


Figure 8.4.13. Three examples of conformal grid maps. (a) original 
grid. (b) z > (¢-—2)/G@ +2). (c) z > snl(z,k) with k = 1/V2. 
(d) ze’. 
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The Schwarz—Christoffel maps appeared first in an 1867 paper of 
Christoffel and shortly thereafter (and apparently independently) in 
Schwarz [510]. Schwarz focused on triangles and quadrilaterald’. His 
work was connected to what he was doing on monodromy of hypergeo- 
metric functions (see the Notes to Section 14.5 of Part 2B). The book of 
Driscoll—Trefethen is entirely on Schwarz—Christoffel transforms, es- 
pecially computer code for them. Ablowitz—Fokas [4] has lots of examples of 
Schwarz—Christoffel mappings. Crowdy has recent work on Schwarz— 
Christoffel maps for multiply connected domains. 

Fluid flow in Cx is parallel to the boundary, namely R, so one cares 
about the image under a conformal map for C; with a coordinate grid. 
Figure [8.4.13] shows a rectangle mesh in Cy and its image under three con- 
formal maps as indicated in the caption. Figure [8.4.13] (c) is a slice of the 
map of Example [8.4.5]to a rectangle. At the corner points, the map is not 
conformal but halves angles, which is why a 90° angle becomes 45°. 


Problems 


1. Using the ideas of Example find an explicit formula for y: {z | 
|z|} <1, Imz>0}7> 


2. Prove that the KAérman~Trefftz map, wg, given by (8.4.12), becomes the 
Joukowski map, #(z) = z+ 27! when 6 = 2. 


3. Prove directly that y(z) = sin z is a bijection from (8.4.13) to C,. (Hint: 
If sin(x +iy) = u+iv, prove that v > 0 and u?/ cosh? y+v?/sinh? y = 1, 
and that for y fixed, u + iv is the entire set of (u,v) with this property.) 


4. By changing variables from x to z € OD by $(z + 2~!) = 2, show that 


: am: 1 dz 
2; ———=- — 97 
-1Vl-a? tJija1 2 


5. Let Q be a Jordan region with boundary curve {7(z)}o<<1. Suppose 
that you know there are curves {7s(t) bo<s<1,0<t<1 So that, uniformly 
in t, ys(t) > y(t) as s ¢ 1 with y,(t) € © for s < 1, and that f isa 
function analytic on 2, continuous on 2 with f oy a simple closed curve 
in C. Prove that f is a bijection of Q and the interior of f oy. (Hint: 
Use the argument principle.) 


6. (a) Prove (8.4.20). (Hint: t= k-1s71.) 
(b) Prove (8.4.19). (Hint: t = (1 — (k’)?s?)-1/2.) 


?One way suggests this is how Schwarz squared the circle. 
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10. 


11. 


12. 


Licensed to AMS. 


. Let 0< & <1, K(k) = f[[Q — #2) — Bt?) dt, and K'(k) = 


K(V1—k?). 

(a) Prove that lim,_,9 K(k) = 7/2 and limg_,; K(k) = oo. 
(b) Prove that K(k) is strictly monotone increasing in k. 
c) 


(c) Prove that 4K/2K" is strictly monotone in k and runs from 0 to oo 
as k runs from 0 to 1. 


. (a) Let yj;7 be the exterior angle at vertex j of a polygon and aj;7 the 


interior angle (see Figure so a; +7; = 1. Prove that a closed 
polygon has iat 7; = 2 (so that (8.4.25) implies the polygon is closed). 


(b) Prove that if 0 < aj <1, then the polygon is convex. 


(c) Prove that if one starts at a point and turns at vertices aj,...,Qn 
obeying (8.4.25), then the initial and final segments are at least parallel. 


. (a) Prove that if (84.25) and hold, then f°, [Tj-1(a; — 


x)°I-! dx = 0. (Hint: Close the contour.) 
(b) Show that when and (8.4.25) hold, w(z), given by 


for —co < z < o, describes a closed polygon (minus one point which 
is (00). 

Suppose holds for 0 < aj < 1 but that 1 < )0_4(1— aj) < 2. 
Prove that a, given by (8.4.23), describes a closed (n + 1)-edge polygon 
with vertices at {%(x;)}7_, plus at ~(oo). 


If p""/y' = h is given by (8.4.34), prove that w(x) = CTTj_ (aj — ja? 
for some constant C’. 

Let p(z) = z+27! =u+tiv. Prove that u(re”) = acosé, v(re”) = 
—bsin§, wherea=r+r—!,b=r 1 —r, and that u?/a? + v?/b? = 1 for 
r fixed. 


Figure 8.4.14. An L-shaped region. 
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13. Show that w = 2 [tanh7’ /z — tan7!./z] maps C} to {w = utiv | 
-l<u<w,0<v<lorv>0, —-1<u< 0}, an L-shaped region (see 
Figure [8.4.14). 


14. Show that w = tan? */z maps the parabolic region {z = x + iy | y? 
4(1 — x)} to the unit disk. 


8.5. Bonus Section: Covering Map for General Regions 


Note: The reader will need to look carefully at Section [L.7] before this bonus 
section and before bonus Section [8.7] 


The Riemann mapping theorem says for any simply connected proper 
region, 2, there exists f: D — 2 which is analytic, onto 2, and globally 
one-one. Since the existence of such a map implies 2 is simply connected, 
we can’t hope for such a map for a general region but suppose, instead of 
requiring f to be globally one-one, we only demand that it be locally one- 
one, that is, f’(z) 4 0 for all z. There might be such a map, and indeed, 
we'll see, with one exceptional case, there is. 


But even more is so. If f is locally one-one, for any z,w € D, distinct 
points, with f(z) = f(w), then there is a neighborhood U of f(z) and disjoint 
neighborhoods Vj, V2 of z and w, so f is a bijection of V; and U. But if we 
fix z and vary w, we may need to shrink U, and so Vj. Clearly, it would 
be nice to have a single U so f~'[U] is a disjoint union of open sets, each 
mapped bijectively to U. That’s exactly saying that f is a covering map 
(see Section [1.7], and since D is simply connected, it will be the universal 
cover. As a covering map, there will be a group of deck transformations, so 
we'll actually prove the following: 


Theorem 8.5.1. For any region Q C C where C\Q has at least two points, 
there exist an analytic map f: D > Q and a Fuchsian group, T, of hyperbolic 
and/or parabolic elements of Aut(D) so that 

(i) f is onto Q. 

(ii) f ts locally one-one, that is, f'(z) £0 for all z € 
(iii) f(z) = f(w) if and only if there exists y ET with a(a ) =u. 


Moreover, for any w € Q, we can find f so f(0) = w and f'(0) > 0 and the 
f that does this is unique. 


The “moreover” follows as in the proof of the Riemann mapping theorem 
from the use of the structure of Aut(D), so we’ll say nothing more about 
it. Remarkably, the proof of this result will be almost identical to the Rado 
proof of the Riemann mapping theorem—indeed, it is from the same paper! 
As we’ll explain in the Notes (and Section8.7), the result is a corollary of the 
uniformization theorem of Koebe—Poincaré, which we’ll prove in Section[8.7] 
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(see Theorem [8.7.1). To put this theorem in context, we begin with the 
general issue of covering maps of Riemann surfaces. 


Theorem 8.5.2. Let S be a Riemann surface and 7: U > S a covering 
map. Then there is a unique (up to compatibility) analytic structure on U 
so that 7 is analytic, and in that structure, all the deck transformations are 
analytic bijections of U (i.e., elements of Aut(U)). Moreover, if 7m: Uy > S 
and 19: Uz + S are covering maps and g: U, > Ug obeys 720g = 711, then g 
is analytic in the associated analytic structures. In particular, two universal 
covers have analytic structures in which the unique homeomorphism between 
them (given choice of base point) is analytic. 


Proof. This is immediate from the definitions. Given zg € U, pick an open 
neighborhood U so 7 | U isa bijection of U and an open neighborhood, U4, of 
m(zo). Pick V an open neighborhood of (zo) contained in U; and f: V > C 
a coordinate map. If 7 is to be analytic, fo 7: m~'[V] + C must be a 
coordinate map, so there is a unique (up to compatibility) possible analytic 
structure. It is easy to confirm all these coordinate maps are consistent. 


One can see (Problem [I) that the fundamental group, 71(S), is count- 
able. Pick a countable family, {Un, gn }°29, of coordinate maps covering S so 
that for each Un, 7 '(Un) is a family of disjoint sets. The number of disjoint 
sets is countable since 7;(S) and the fibers are in one-one correspondence 
with a subgroup of 7(S). This gives a countable family of coordinate maps, 
so U is a Riemann surface. 


Uniqueness of the analytic structure proves the deck transformations are 
analytic and the other statements in the theorem. 


The uniqueness of the analytic structure of universal covers proves if 
7: Uj; — S; for 7 = 1,2 and f: S| — S2 is an analytic bijection, then the 
map g: Uy, > U2 with m20g = fo 7; is an analytic bijection. From this, it 
is easy to see that: 


Theorem 8.5.3. Let S; and So be two Riemann surfaces. Let U,,U2 be 
their universal covering spaces and 11,12 the groups of deck transformations. 
Then S, is analytically equivalent to So if and only if there is an analytic 


equivalence g: Uy + U2 so that T2 = olin; 


Proof. If such a g exists, given z € Sj, pick 2 € U, with 7(Z) = z and set 
f(z) = 72(9(2)). If 2’ € % is another point in U/, with 71(2Z;) = z, then there 
isy €T1, with 2 = 71(2), soify2 = gyig™, then ya(9(2)) = gm (2) = 9(2’), 
so 72(g(Z)) = m2(g(2’) since y2 € glig-!. Thus, f is well-defined and so 
analytic. Applying the same argument to g~! shows f is a bijection. Thus, 
the existence of g yields an analytic equivalence. 
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Conversely, if f: S; — Sg is an analytic equivalence, fo 7m: U; > So 
is a covering map, so by uniqueness and analyticity of covering maps, there 
is an analytic bijection g: Uy > Ue so that mag = fm. Tracking fibers and 
deck transformations shows that 2 = gl'g7!. 


Thus, the issue of analytic equivalence of Riemann surfaces is reduced to 
the study of simply connected Riemann surfaces (which we’ll settle in bonus 
Section[8.7), the discrete subgroups of their fixed point free automorphisms, 
and the conjugacy problem for them. This will be the major theme of 


Sections and 


One can interpret the existence of the elliptic modular function, 4, of 
Section[8.3]as saying that C, is the universal covering space of C \ {0,1} (or 
since it is analytically equivalent to C,, we could say D is the covering space). 
For one shows that A is a covering map as follows: Given z € C \ 40, Ls 
es w € F with (w) = 2. If w € Fim, let e = dist(wo,Cy \ F) and 

= {w | dist(w,wo) < e}. For any y € T and w; € U, 7(w1) € F, so 
a NU = 0, which implies for all 71,2 that yi[U] Ny2[U] = 0. Thus, if 
VACLAV |S U,er Y[U] is a disjoint union of open sets on which A 
is a bijection. A separate argument (see Problem [2]) works on OF. 

We now turn to the proof of Theorem[8.5.1] We’ll require a theorem (the 
monodromy theorem, Theorem only proven in Section [11.2] If f is 
defined and analytic in a neighborhood of a point zg of a simply connected 
Riemann surface, U/, and f has an analytic continuation in a neighborhood 
of any simple path starting at zo. then f has an analytic continuation to all 
of U. 


We need to find an analog of the set, R, of functions in used to 
prove the Riemann mapping theorem. We’ll assume 2 C C is missing at 
least two points of C and let 7: U > ( be its universal cover. Pick z € U. 
Define R by 


R={f:uU—-D|f is analytic, f(zo) = 0, 
f'(z0) > 0, F(z) = fw) > a(z) = 7(w)} 


Here f’ is defined in the local coordinates inherited from Q using 7. 


(8.5.1) 


Lemma 8.5.4. R is nonempty. 


Proof. Suppose that a 4 b with a,b ¢ Q. Let h be an FLT that maps oo 
to oo, 0 to a, and 1 to b. Let X be the elliptic modular function. Then 
A =hoX is a covering map of C+ to C \ {a,b}, so any curve in C \ {a, b} 
can be lifted. In particular, if y is a curve in U starting at zo, we can find ¥ 
a curve in C4, so Ao¥(z) =707(z). We can define g in a neighborhood of 
7(z) as A7' o7 since A is one-one at each point in 7(z). 
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By the monodromy theorem, g defined as A~!o7z in a small neighborhood 
of zo extends to all of U. If g(z) = g(w), then A(g(zo)) = A(g(w)), so 
1(z) = 1(w). 


Using a conformal map, h, of Cy to D, we get f = hog so f(z) = 0, 
f'(Z0) > 0, and since h is invertible, f(z) = f(w) > g(z) = g(w) => a(z) 
m(w). Thus, f € R. 


Proof of Theorem Define R by (8.5.1). If we find g € R which is 
onto D, define f: D > Q as follows: Given ¢ € D, find z €U so g(z) =¢ 
and define f(¢) = m(z). If g(w) = ¢ also, by (8.5.1), 7(z) = 7(w), so f is 
well-defined. Since 7 is a covering map, it is easy to see that f, and thus, 
by uniqueness of the universal covering space, D is the universal covering 
space, and the deck transformations are the required I’. Indeed, one can see 
(Problem 3) that this implies g is a bijection and I is the image of the deck 
transformation on U/ under g. 


By a Hurwitz theorem argument (Problem[4), RU {0} is compact in the 
topology of uniform convergence, so we can find g € R maximizing g’(z0). 

Since U/ is simply connected, it obeys the square root property, so the 
argument of Lemma [8.1.6] applies, and the g maximizing g’(zo) must be 
onto D. 


Notes and Historical Remarks. As noted, this proof is from Rad6o’s 1923 
paper [466], although the result follows from the uniformization theorem 
which was proven earlier in 1907; see Section [8.7] 


Problems 


1. Prove that the fundamental group for any Riemann surface is countable. 
(Hint: Pick a countable dense set and prove that for any n, any y is 
homotopic to a curve with values in this dense set for s = j/n, j7 = 
i ee A 


2. Let w € OF. Prove there is a neighborhood U of w with y[U] NU =90 
for ally € T2 with yA 1. 


3. Prove that the map g in the first paragraph of the proof of Theorem[8.5.1 
is a bijection. 


4. Prove that any uniform limit on compact subsets of U/ of functions in R 
obeys either g = 0 or g(w) = g(z) > a(w) = a(z). 


5. Using Theorem [8.5.3| prove that if Ad obey the properties of Theo- 
rem [8.3.1] then for some y € Aut(C+), we have \ = X07. 
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8.6. Doubly Connected Regions 


The keystone result in this chapter says that (except for C) all simply con- 
nected regions are analytically isomorphic to D. In this section, we’ll deter- 
mine the isomorphism classes for doubly connected regions, that is, Q so that 
C\Q has exactly one bounded component; equivalently (by Theorem[4.5.1), 
6 \ Q has exactly two components. 


Recall the annulus, A,r, is defined for 0 < r < R < oo by 
Apr = {2 | 97 < |2|< 2} (8.6.1) 


We have some degenerate cases: r = 0, R = ov, is the punctured plane, 
C*, and r = 0, R < oo a punctured disk, D*. Notice under z > 271, Apoo 
maps to Ag,-1, so if we care only up to analytic isomorphism, we need not 
consider R = oo, r > 0. Here are the two results we’ll prove: 


Theorem 8.6.1. A,,.z and A;,R are analytically isomorphic if and only if 
/ 
r r 
—— 8.6.2 
with the special rule for r/R = 0 that r = 0, R = o0 is in its own class 
and a nih) e {rf ). |r j= OF < sel li_ 2).lr > 6.2 = co} are 


isomorphic. 


Theorem 8.6.2. Every doubly connected region is analytically isomorphic 
to some annulus A;,R. 


Our (first) proof of Theorem[8.6.]] will use nothing more than the reflec- 
tion principle—essentially the arguments used in Problem [7] of Section [7.4] 
to find Aut(A,,z). Theorem[8.6.2] relies though on some heavy machinery— 
the covering space results of the last section—and so, in some sense, all the 
current section can be thought of as a bonus section. One can also use that 
machinery to prove Theorem [8.6.1] (see the remark after Theorem [8.6.3). 


Proof of Theorem 88.6.1] If 0 < r< R< oo and0O <1’ < R’ < w and 
(8.6.2) holds, then there is 1 € C* so that r’ = Ar, R! = AR, and then 
z— Az maps A, p bijectively to A,” 7 so they are analytically isomorphic. 


If0<r<R=oand0<71r < R'= ov, pick \ =1’/r and z > Az maps 
A,,r to A, p and similarly, if r = r’ = 0 and R,R’ < oo, let \ = R'/R. 
Finally, if0 =r< R<ooand0 <r’ < R =o, z->1r’R/z maps A,,p to 
A,r. Thus, all the claimed isomorphisms hold, and we need the converse. 

Suppose y: A,r — A, Ry is an analytic bijection. If R < ov, let p = 
5(r + R), and if R = oo, let p=r+1. 7(s) = p(pe?™’) for 0 < s < 1is 
a closed analytic Jordan curve, so by the Jordan curve theorem, y breaks 
C, and so A, pv, into an inside and outside. By continuity, y must take 
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{z |r < |z| < p} entirely into the inside of ¥ or entirely into the outside. If 
into the outside, replace p(z) by 1/y(z) and A, by Aqpri/r. Thus, we 
can suppose y takes the inside to the inside. 
As in the proof of Theorem[8.2.1] as |z| > r or R, |y(z)| must approach 
r’ or R’. Since y takes the inside of |z| = p to the inside of y, we must have 
lim|y(z)| = 7’, lim |y(z)| = R’ 8.6.3 
Lim o(2) lim o(2) (8.6.3) 
We first claim that if r > 0, then r’ > 0, for if r’ = 0, then the Laurent 
coefficients of y are all zero by taking « | rin an = (277) Flr z "o(z) dz, 
which is impossible. Similarly, looking at 1/y, we see that if R < oo, then 
hi os, 
By the reflection principle, if r > 0, we can extend y to A,2/r, by 
| 
y(z) = (r’)? y(r2/z) and this extended is a bijection of A,2/p,p to 
A(p)2/R',R! . 
By iterating and doing the same near infinity, if R < oo, we extend » to 
C™* and the extended y is a bijection to C* and bounded near 0, so 0 is a 
removable singularity and y is a bijection of C to C with y(0) = 0. So by 
Theorem [7.3.4] y(z) = Az for some A. 


Restoring the prescribed replacement of y by 1/y, we see the original y 
is either Az or A/z. In either case, (8.6.3) holds. 


* * x * * 


As a preliminary for the proof of Theorem[8.6.2] we need to identify the 
covering space and, when D, the Fuchsian group for the universal cover of 
A,r. We'll use the C, model instead of 


Theorem 8.6.3. (a) The map 
Da\a=e"™ (8.6.4) 


from C onto CX = Apo is a universal covering map with deck trans- 
formation, for n € Z, 


fa) =2t+n (8.6.5) 

(b) The maps 
Ep(z) = Re?™ (8.6.6) 
from C+ to Aor are universal covering maps with (parabolic) deck 

transformations given by (8.6.5). 

(c) The maps 
E,(z) = re72™ (8.6.7) 
from C+ to Apoo are universal covering maps with (parabolic) deck 


transformations given by (8.6.5). 
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(d) Let L: Cz 9 {x +iy|x ER, 0<y<m} by 


L(z) = log(z) = log(|z|) +z arg(z), 0 <arg(z)<7 (8.6.8) 
For0<r<o, let 
c= : toe( =) (8.6.9) 
1 ° 
The map 
p,n(z) = re OL) (8.6.10) 
is a universal covering map of C+ onto A,,R with deck transformations 
given by 
In(z) = rv RZ (8.6.11) 
where 
Are = exr(=) (8.6.12) 


Proof. (a)—(c) are all straightforward calculations. For (d), note first that 
L maps C+ to the indicated region and 


27n 


L(fr(z)) = L(z) + — (8.6.13) 


a 


Since e~ ie") = R/r, ?r,R maps the strip to A,,p, and by (8.6.13), y,,r(z) = 
Yr,R(w) dn so that w = fn(z). 


Notice first that this provides another proof of Theorem [8.6.1] since if 
r’/R' £r/R, the Fuchsian groups are not conjugate. So by Theorem [8.5.3] 
there cannot be an analytic bijection. Also note: 


Corollary 8.6.4. As R runs through (1, 00], the Fuchsian groups for AiR 
include one from each conjugacy class of fixed point free one-parameter Fuch- 
sian subgroups of Aut(C+). 


Proof. As R/r runs from 1 © oo, a in runs from 0 to oo, so A;,R 
runs from 1 to 00, so Ay,R + be rR TUDS an =e rs oo, and thus, every possible 
hyperbolic class occurs, so hy Theorem [7.4.5, R = oo, r = 1 is parabolic. 
While there are two parabolic classes, they are inverses, so there is only one 
group with parabolic generators. 


The key to the proof of Theorem [8.6.2] is thus to show that for any 
doubly connected region 2, the fundamental group, 7(Q), is Z. One can 
deduce this from purely topological considerations, but we’ll exploit some 
complex structure. By the Riemann mapping theorem, except for a special 
degenerate case by a preliminary conformal map, we'll be able to take C \ 
as the unbounded component. 
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Lemma 8.6.5. Let K C D be connected and compact with 0 © K so that 
Q=D\K is connected. Let E be the map (8.6.4). Then E~'(D\ K) is a 
connected and simply connected set. 


Proof. Note first that since F is a covering map of C”, EF is a covering map 
of D \ K, except perhaps for connectedness of E~1(D \ K). 


By compactness, sup,¢,|z| = p < 1, so 


Q=E"(D\K) (8.6.14) 


obeys 
{z | log(p) < Rez <0} CQC {z| Rez < 0} (8.6.15) 


Since 2 is connected and open, it is arcwise connected, so there is a curve 
y for any zo € 2 to $(p +1). Since F is a covering map, given any z; € Q, 
let zo = E(z) and ¥ the left of y to Q. Thus, any z; can be connected by an 
arc in Q to the strip on the extreme left of (8.6.15). This strip is connected, 
so Q is. 

If Q is not simply connected, by the proof of Theorem [4.5.1] we can find 
ACcC\Q compact, Q’ open with 


AcQcQuA (8.6.16) 


We'll prove that E[A] is closed and relatively open in K. Then by con- 
nectedness of K, E[A] = K. Since 0 ¢ E[A], this is impossible, and the 
contradiction implies that Q is simply connected. 


A must be disjoint from E~!(C \ D) since the latter is connected and 
A is both closed, bounded, and relatively open. Thus, EA] is closed and 
contained in K. Since F is a covering map from C to C%, it takes open sets to 
open sets, and so E[Q’] is open. Since Q = E~!(D\ K), E[Q’] c (D\ K)UA, 
that is, A is relatively open in Kk. 


Proof of Theorem Let 2 Cc C be a doubly connected region and let 
K, Ky be the two components of C\ Q. If each has one point, 2 = C \ {zo} 
for some zo, so clearly, Q is analytically equivalent to AQ,oo; an annulus. 
If not, by an FLT, we can map 2 to Q in C, where Kiko are such that 
#(Ko) > 2. 

It follows that QU Ky is simply connected and not all of C, so by the 
Riemann mapping theorem, ¢, and so Q, is conformally equivalent to D\ kK 
for some compact K. By an element of Aut(D), we can arrange 0 € K. 


Thus, by a preliminary conformal map, Q is taken to 2 of the form where 
Lemma|[8.6.5]is applicable. 

Thus, we find YU connected and simply connected, a universal cover- 
ing map of the original 9 so that the deck transformations are given by 
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z—+ z+27in. By the Riemann mapping theorem, we can map U to Cy 
and so suppose that C is the universal cover of 2 and the sets of deck 
transformations are { f\"!},¢z for some fixed point free element of Aut(C,). 


By Corollary|8.6.4] every such group is the Fuchsian group for some Aj_p. 
So by Theorem [8.5.3] © is analytically equivalent to some Ayr, R € [1, oo], 
or else to Ag oo- 


We end with a single result about n-connected regions: 


Theorem 8.6.6. Let Q be an open region of C which is n-connected (i.e., 
C\Q has exactly n components) and nondegenerate in that no component 
of C\ Q is a single point. Then, there exist Ci,...,Cn—1, ae analytic 


Jordan curves in D, so that Q is conformally equivalent to \Uj= j where 


C; is Cj and the points inside it. 


Remarks. 1. If there are n — k components of Cc \ Q which are points 
and k > 1 which are not, the same proof shows that there are C1,...,Cx—1 
disjoint analytic curves and wj,...,Wn—k a points in 0 ae Ck so 
that Q is conformally equivalent to D \ [{zs} Fo Hae Les LC, AR 


2. This implies that for purely internal issues (i.e., not involving boundary 
behavior) there is no loss in considering Q with an analytic and so C™ 
boundary! 


3. This result is sometimes stated with all occurrences of D replaced by C\D 


Proof. If n = 1, © is simply connected and 4 C, so the conclusion is just 
the Riemann mapping theorem. 


Suppose n > 1 and we have the result for (n — 1)-connected regions 
and Q=C\ Uja1 ‘a with each e; compact and these sets pairwise disjoint. 
Let M = C \ We 1¢j- By the induction hypothesis, there is fo: Qo > 
VU ce O biholomorphic bijection. Let én = fo [en]. Then én is 
a so C \ €n is simply connected and there exists g: Cc \ én > 
a biholomorphic bijection. Then go [ fo fT (Qo \ En) | is a Bilislomorphie 
bijection of Q and US C; where Cj = g[o| for 7 =1,...,n—2 and 
Ch-1 = g|O p Since g is analytic, each Cj is an analytic Jordan curve. 


Notes and Historical Remarks. One way of thinking about the results 
of this section is to note that all doubly connected sets are homeomorphic, 
so we’ve determined all possible nonequivalent analytic structures on this 
topological space C*%. They are parametrized by a single real number a = 
r/R that runs from 0 to 1 with two extra points ((r, R) = (1,00) and (0,00)), 
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which one can adjoin to (0,1) in some way if one wishes. (To adjoin (1, 00) 
as a@ = 0 is natural—since (0,00) has a nonequivalent universal cover, it is 
natural to leave it out.) 


A set of natural parameters for classifying analytic structures is called a 
modular space or space of moduli, and a number like a is called a modulus. 
In Sections and [10.7] we’ll study the moduli for complex tori. 


For n-connected sets, one method of classification would be to look at 
possible conjugacy classes of finitely generated Fuchsian groups with no 
elliptic elements. Another method tries to find canonical sets like Ag; with 
every n-connected set equivalent to 1. For n-connected sets, the canonical 
sets are Ag with n — 2 arcs removed, that is, sets of the form {re | r = 
r9, 99 < 9 < 0}. There are n—2 r’s, 0 and 0, yielding 3(n—2) parameters, 
but one overall rotational symmetry (so adding the same ( to all 69’s and 
0,’s gives an equivalent set). Of course, a is an additional parameter to 
make up for the one lost by rotations. This shows the modular space for 
n-connected regions with n > 3 is (3n —6)-dimensional. Ahlfors [9], Krantz 
[331], and Nehari discuss this further as well as a representation in 
terms of parallel slits. This work, as well as the more common analysis of 
the doubly connected case, depends on the use of potential theory, aka the 
theory of harmonic functions, rather than the approach we have used here. 


8.7. Bonus Section: The Uniformization Theorem 


Here we want to discuss and partially prove the following remarkable theo- 
rem: 


Theorem 8.7.1 (Uniformization Theorem). The only simply connected Rie- 


mann surfaces (up to equivalence) are C, C, and 


This result of Koebe and Poincaré can be viewed as a strengthening of 
the Riemann mapping theorem—it implies the Riemann mapping theorem 
once one proves that any simply connected Q G C has a bounded analytic 
function, so it cannot be analytically equivalent to all of C (and since 2 is 
not compact, it can’t be equivalent to C). 

The proof of this theorem relies on methods of potential theory— 
essentially the existence of certain harmonic functions with prescribed sin- 
gularities. We'll quote the results needed below but only prove them in 
Part 3 (see Section 3.8 of that part). 


Before turning to the proof, we want to note an important consequence: 


Theorem 8.7.2. All Riemann surfaces have D as their universal covering 
space with the following exceptions: 


(a) C, which is the only Riemann surface with universal cover 6 
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(b) C 

(c) C\ {0} 

bd) Port Te as 

Remarks. 1. Tori are constructed in Example [7.1.3] 


2. We mean here, of course, up to analytic equivalence. For example, we can 
put a natural complex structure on the infinite cylinder {z | 0 < Rez < 1} 
with cy and 1+7y made equivalent for all y. This is analytically isomorphic 
to C* (Problem [I). 


3. Section will determine which 7;,,,, are nonequivalent. 


Proof. The deck transformations are groups of fixed point free elements 
of Aut(/). C has no fixed point free automorphisms, so only C has € as 
universal cover. 


The only fixed point free automorphisms of C are translations z > z+a. 
Thus, we are interested in additive subgroups, I’, of C which are discrete 
in that {a € T} has no limit points. In Theorem we'll prove every 
such group is of the form {nT}nez or {n171 + N2T2}n,,n.ez for T,71,72 in 
C nonzero with 72/7, ¢ R. All {n7}nez are conjugate (Problem [2) and 
C \ {0} has covering map, E, given by with [= {2ninbnee: Imig; 
by construction, has covering map C with deck transformations {n17, + 
n2T2}. 


Once one has uniformization, many questions can be tackled on a case- 
by-case basis. For example, in Problem [6] the reader will prove: 


Theorem 8.7.3. Every Riemann surface has a non-abelian fundamental 
group with the following exceptions: 


(i) G, C, 
(ii) C \ {0} ane the tori Lr,7, of Example 
(iii) D \ {0} and the annulli A;,R withO<r< = < OO; 


Remarks. 1. Of course, we mean these exceptions up to analytic equiva- 
lence. 


2. Ly, 7. is a family of Riemann surfaces since only some are analytically 
equivalent as 71,72 vary. The equivalence problem is solved in Section 


3. A,r has an equivalence problem solved in Theorem[8.6.1] What matters 
is r/R. oe ee ee since 
Agjoo & C \ {0} and for any R < co or 0 <1, Apoo & Aor & D \ {0}. 


Notice that Theorem provides another immediate proof of Theo- 
rem if we note the only regions of C in the list of exceptions are C 
and C*. The covering map and group of deck transformations provide the 
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necessary map. Notice also that Theorem provides a second construc- 
tion of the elliptic modular function: D is the universal cover of C \ {0,1} so, 
since there is analytic bijection of C+ and D, we get Ci as universal cover. 
The covering map and Fuchsian group of deck transformations provide the 
Xd and [ of Theorem [8.3.1 

We now turn to the proof of Theorem[8.7.1] As we noted, it relies on the 
use of harmonic functions and associated analytic functions. A function, f, 
on a Riemann surface, S, is called harmonic if locally it is given as the real 
part of an analytic function. We begin with a warmup: 


Proposition 8.7.4. Let u be a harmonic function on a simply connected 
Riemann surface, U. Then there is an analytic function, f, on U sou = 


Re f. 
Proof. In local coordinates, z = « + iy, consider the one-form 
~ Ou Ou Ou Ou 
af 2 = — |d 8.7.1 
a (5 ist) ae + (S +i ay ea) 


Ou Ou rye 
= (= —1 x (dx + idy) = 2(du)dz 


whose expression we pick, since if f = u+ iv is analytic, of dx + 3 aedy 
is given by because of the Cauchy—Riemann equation. It is ee 
to see (Problem [[a)) that as a one-form, gdz, this is coordinate-system 
independent, and because u is harmonic, d(du) = 0 (Problem B{b)). Define 


f(z) = u(z0) +f au (8.7.2) 


Because du obeys d(du) = 0 and U is simply connected, the integral is path- 
independent. One can check that f is analytic and Re f = u (Problem[\c)). 


We want to extend this to allow local singularities. 


Definition. We say u is harmonic near p € S, a Riemann surface, up to a 
polar singularity at p with charge, 7 € C1, if there is an open neighborhood, 
N, of p with u harmonic in N \ {p} and in some local coordinate z with 
z(p) = 0, u(q) + 7 log(|z(q)|) is harmonic near p. 


It is easy to see this notion is independent of local coordinate system. 


Theorem 8.7.5. Let U be a simply connected Riemann surface and 
p1,---,pe a finite set of distinct points inUu. Let u be a real-valued function 
onU \ {pi,..., pe} so that u is harmonic on that set with polar singularities 
at the p; with charges n; € Z\ {0}. Then there is a meromorphic function f 
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onU with poles only at {p; | nj < 0} and zeros only at {p; | nj > 0}, where 
|nj| is the order of pole or zero and 


|f(p)| =e“) (8.7.3) 


Proof. As in the last theorem, form du. This is a differential form on U 4 
{p1,---,pe}. Near pe, by using local coordinates, it looks like —7; dz/z(p;), 
which means that its integral is not path-independent, but the values along 
different paths differ by 277i times an integer, so e~“(*°) exp(— ee du) is path- 
independent and defines an analytic single-valued function on U\{p1,..., pe} 


and it obeys (8.7.3). 


Near p;, the explicit form of the singularity shows f(q) ~ C(z— z(p))™, 
so the singularity is a zero (if n; > 0) or pole (if nj; < 0). 


We need two special kinds of functions: 


Definition. Let U be a simply connected Riemann surface. A Green’s func- 
tion, g(q;p), for a point p € S is a function harmonic on S \ {p} with the 
following properties: 


(i) p has a polar singularity with charge 1 


(ii) g(q;p) > 0 for all g (8.7.4) 
(iii) Let y(q,p) be an analytic function with 
\o(a,p)| = eo) (8.7.5) 
Then if ¢(q) is any other analytic function 
W@l<l ¢@)=0 = W@l< lear)! (8.7.6) 


for all q. 


For the more usual definition, which makes sense for general Riemann 
surfaces, (iii) is replaced by a different maximum condition, but it is equiv- 
alent (see Section 3.8 of Part 3). 


Definition. Let S be a Riemann surface. A bipolar Green’s function 
(qd; Ppo,Pi) defined for po,pi € S is a function harmonic on S \ {po, pi} 
with polar singularities at pg and p;, with charges 1 at pp and —1 at p;, and 
with 6 bounded on each S \ NoU Nj, where N; is an arbitrary neighborhood 


of Pj. 


Here are four basic facts we’ll prove in Part 3 (see Section 3.8 of Part 3). 
In that discussion, we’ll define Green’s functions for any Riemann surface, so 
we state the results in the general context. S will denote a general Riemann 
surface and YU one that is simply connected. 
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Fact 1. Ifa Green’s function g(q;p) exists for one p € S, it exists for all 
pes. 
Fact 2. If S has a nonconstant bounded analytic function, then a Green’s 
function exists. Conversely, if U/ is simply connected and a Green’s function 
exists, then U has bounded analytic functions. 

Note: Indeed, y(q,p) is such a function. 
Fact 3. If S has a Green’s function, then 


9(p; @) = 9(9; P) (Satet) 


Fact 4. Bipolar Green’s functions exists for any distinct go, qi in any S. 


We now have the tools to prove Theorem If U has a Green’s 
function, we’ll prove YU is analytically equivalent to D, and if it does not, to 


n 


either C or C. 


Theorem 8.7.6. If U is a simply connected Riemann surface with a Green’s 
function, then U is conformal to 


Proof. We need to find f: U > C, an analytic bijection. If we show that 
Ran(f) is not all of C, then by the Riemann mapping theorem, Ran(f) and 
so U are conformal to 


Pick po € U. We'll show that y(q, po) is a bijection. Since y is analytic 
and |y(q, po)| < 1, Ran(f) is not all of C. Given p; € U, let 


Oe (4, Po) — P(P1, Po) (8.7.8) 
1 — p(pi, Po) 9(4, Po) 
Then |w(q)| < 1 and ~(p1) = 0, so by the definition of Green’s function, 
Jab(q)| < e 9'GPY), 


Thus, 
| v(@) (8.7.9) 
9(q; P1) 
On the other hand, 
(po) _| _ |p(P2,Po)| 
(Po, P1) |y(po, P1)| 


= e9(P1spo)—9(po;p1) — 4 


by the symmetry of the Green’s functions. 


By the maximum principle, |4(q)| = |e(qp1)| = e7%@")), so (q) only 
vanishes at q = p. By (8.7.8), 


~(4; Po) = Y(P1, Po) > 9 = PI (8.7.10) 


We've thus proven y(-, po) is one-one. 
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Proof of Theorem We’ve shown that if there is a Green’s function, 
U is conformal to D. So suppose there is no Green’s function, and so, by 
Fact 2, no nonconstant bounded analytic function. 


Pick po # p,, so a bipolar Green’s function exists and so, by Theo- 
rem [8.7.5 a meromorphic function ¢y(q;po,p1) with a simple zero at po, 
simple pole at p;, and bounded away from any neighborhood of p;. Sup- 
pose that we show y(-;po,p1) is one-one. Then Ran(y) is a simply con- 
nected subset of C, but not one conformal to D (because if it were, / would 


have a Green’s function). Since any simply connected subset, U, of C with 


#(C \ U) > 2 is conformal to D, by the Riemann mapping theorem, we 
conclude #(C \ U) = 0 or 1, that is, Ran(y) is C or C. Thus, it suffices to 
prove that y is one-one. 


Pick po € U. Since y(q; po, pi) and y(q; p2,pi) have simple poles at pj, 
for some constant cj, 
9(9; Po, P1) — 19(4; P2, P1) 
has a removable singularity at p,;. Since both are bounded away from py, 
this function is bounded, hence a constant c2, that is, 
9(4; Po, P1) = c19(9; p2,P1) + c2 (8.7.11) 
In particular, 
~(p2; Po, P1) = C2 (8.7.12) 
If (q; po, p1) = Y(p2; po, pi), then by (8.7.11) and (8.7.12), 
(4 Po, P1) = c2 > Y(G; P2, P1) = 0S = pr 


that is, y is one-one. 


Notes and Historical Remarks. 


A significant mathematical problem, like the uniformization problem which 
appears as No. 22 on Hilbert’s list, is never solved only once. Each gen- 
eration of mathematicians, as if obeying Goethe’s dictum, rethinks and 
reworks solutions discovered by their predecessors, and fits these solutions 
into the current conceptual and notational framework. Because of this, 
proofs of important theorems become, as if by themselves, simpler and 
easier as time goes by—as Ahlfors observed in his 1938 lecture on uni- 
formization. Also, and this is more important, one discovers that solved 
problems present further questions. 

—Lipman Bers 


Our approach to uniformization is based on that of Gamelin [199]. 


Uniformization has a rich and complicated history, so much so that when 
the theorem is given names, they can be Koebe, Koebe—Poincaré, or Klein— 
Poincaré. have more about these issues. The original idea is that 
the set of solutions of an equation of two variables could be written as pairs 
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(f1(z), fo(z)) of functions of a single variable. (¢'(z), @(z)) for elliptic curves 
is the motivating example. A further refinement of Poincaré is that these 
functions should be automorphic, that is, invariant under a discrete group, 
for example, lattice translations in the elliptic case. 


What we have called the uniformization theorem may not look like that, 
but it is. Each of o C, D is described by a single variable, and 7, the univer- 
sal covering map is automorphic under the group of deck transformations. 
If the original surface is embedded in C?, 7 followed by the coordinate maps 
provide the pair of automorphic functions. 


Klein [811] first had the idea of uniformization holding in great gener- 
ality and presented a proof for algebraic functions. He informed Poincaré 
of his result who announced he knew that and had a stronger result [440]. 
Klein’s proof relied on some topological facts that he did not prove and, in- 
deed, the techniques he would have needed to prove them were only invented 
forty years later. It is likely that Hilbert didn’t accept his proof (see below). 
In the aftermath, Schwarz, whom Klein consulted, invented the notion of 
covering space, in part to explain uniformization. 


Almost twenty years after the Klein—Poincaré work, a new burst of ac- 
tivity was initiated by Hilbert, listing uniformization for analytic surfaces 
among his famous 1900 list of problems [259/—it is the 22nd problem. In 
describing the background for the problem, Hilbert mentioned Poincaré’s 
work on the algebraic case, but not that of Klein, his colleague at Gottingen, 
leading to the assumption that he had doubts about the validity of Klein’s 
proof. Yandell [598], in his work on Hilbert’s problems, has lots on the lives 
of Poincaré and Koebe. 


Uniformization for analytic surfaces was accomplished in 1907, indepen- 
dently by Poincaré and by Koebe [324]. The modern proof we use is 
highly influenced by work of Hilbert [261]. All three authors used poten- 
tial theory ideas (which go back to Riemann) and Hilbert used the dipoles 
(aka bipolar) we do. It was Weyl who emphasized that one should 
view uniformization as an issue of general Riemann surfaces, not merely as 
something involving solutions of equations of two variables. Weyl used the 
following poetic description (as translated in [323]): 


Here we enter the temple in which the Divinity (if I may be 
allowed this metaphor) is released from the earthly prison of its 
individual realizations: in the symbol of the two-dimensional 
non-Euclidean crystal, the archetype of the Riemann surface 
itself appear (as far as this is possible) pure and free of all 
obscurities and inessentials. 


Paul Koebe [1882-1945] was a German mathematician and student of 
Schwarz. He spent his entire career working on conformal mapping, with 
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important contributions to the proofs of the Riemann mapping theorem and 
to uniformization. He also found the class of one-one maps that saturate 
the bounds in the Bieberbach conjecture, which was motivated by Koebe’s 
work. Both Yandell and Reid’s biography of Courant paint 
unflattering portraits of Koebe’s personality; in particular, Courant always 
felt that Koebe had stolen the ideas in Courant’s thesis. 


There is another aspect, quite remarkable, of the uniformization theorem 


we should note. Each of the three universal models, Cc, , supports a 
homogeneous Riemann metric, that is, one for which there are isometries 
which act transitively, in that for any z,w, there is an isometry, p, with 
p(zo) = w. Indeed, these isometries are also orientation preserving and 


every one is an analytic automorphism. On Cc. it is the spherical metric 
(dz)?/(1 + |z|?)? of Section [6.5| on C the usual Euclidean metric, and on 
, the hyperbolic metric (dz)?/(1—|z|?)? of Section 12.2 of Part 2B. These 
metrics each have constant curvatures (1, 0, and —1, respectively). There 
are approaches to uniformization that depend on this constant curvature 
property. 

One can complain that our comment that the uniformization theorem 
implies the Riemann mapping theorem is silly because our proof of the 
uniformization theorem uses the Riemann mapping theorem! But there 
are other proofs of uniformization that do not use the Riemann mapping 
theorem, so the comment can be reasonable. 


Uniformization is also a key to understanding Aut(Q) for a region, Q, 
or more generally for a Riemann surface. If Q is the universal cover of 
Q, 7: Q + Q the covering map, and [ the subgroup of Aut(Q) which are 
the deck transformations, the universal lifting property shows that if f € 


Aut(Q), there is g € Aut(Q) so that fa = ag. Moreover, if g is another such 
automorphism of 2, we have g = hg forheT. 


A little more work shows g induces such an f if and only if f is in the 
normalizer of I’, that is, f{f~! =T setwise. So Aut(Q) is the quotient of 
the normalizer by TI’. Because I is discrete, the connected component of 1 
in Aut(Q) is generated by these f in the centralizer of I’, that is, f so that 
fgo=aoaf for allg ET. 


For Aut(Q) to act transitively, the centralizer must be two-dimensional. 
It is not hard to see that if [ C Aut(D) is a nontrivial discrete group of 
fixed point free maps, its centralizer is never more than one-dimensional. 
But if [ Cc Aut(C) is a discrete subgroup of translations, its central- 


n 


izer is two-parameter. Thus, other than D, C, C, the only Riemann sur- 
faces whose automorphism groups can possibly be transitive are those with 
C as universal cover, that is, C \ {0} or a torus—and they do, indeed 
have transitive automorphism groups. In particular, the only regions in 
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C with transitive automorphism groups are equivalent to one of D, C, 


or C \ {0}. 


Problems 


1. (a) Prove that C* and the cylinder {z | 0 < Rez < 1} with iy =1+ty 
are isomorphic Riemann surfaces. (Hint: e?’.) 


(b) Prove this by looking at the universal covers and groups of deck 
transformations. 

2. Given 7 € C%, find an element, f, of Aut(C) so that if g,(z) = z+ wu, 
then fg-f—* = 91. 

a) Prove the form du of (87.1) is independent of coordinate choice. 

b) Prove that d(du) = 0. 


3. ( 

(b) 

(c) Check that the function, f, of (8.7.2) is analytic. 
- ( 

( 


4 


a) Prove that log|z|~! is a Green’s function for D and p = 0. 


) 
b) Prove that log|z|~1 is a bipolar Green’s function for C with charge 1 
at 0 and —1 at oo. 


(c) Find the Green’s functions for D for arbitrary p € 


(d) Find the bipolar Green’s function for C and for C for arbitrary pairs 
of points. 


(e) In terms of a Riemann map, find the Green’s function for an arbitrary 
simply connected proper region of C. 


(f) Find the bipolar Green’s function in terms of the Green’s function if 
a Green’s function exists. 


(g) Find the Green’s function for A,r, 0<r< R< oo. 


5. Recall (see the Notes to Section [8.1) that we say 2 Cc C has a classical 
Green’s function at zo € © if G(z, zo) is harmonic on 2 \ {zo} with a 
pole of 1 at zp and lim,_,aq G(z, 20) = 0. Prove that G is then a Green’s 
function as defined in this section. (Hint: Apply the maximum principle 
for analytic functions to w/v.) 


6. This problem will prove Theorem 


(a) Prove that the classification of Riemann surfaces with abelian fun- 
damental group is equivalent to finding all abelian subgroups of Aut(U) 
with U simply connected and all elements of the subgroup other than e 
being free of fixed points in U. The subgroups which are conjugate are 
not considered distinct. 
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(b) For U = C, show that the subgroups must be either {nt | n € Z} 
or {n1T1 + NT. | Im(77{72) 4 0,n1,n2 € Z} and that the corresponding 


Riemann surface are C \ {0} and L,, 75. 


(c) Let f,g € Aut(D) both be parabolic and/or hyperbolic. If fg = gf, 
prove that either both are parabolic or both hyperbolic and they must 
have the same fixed points. 


(d) Prove that any subgroup G Cc Aut(C1) that is abelian and discrete 
and has no elliptic elements is of the form g” for a single g. 


(ce) Up to conjugates, prove G is either {7 | n € Zj;m(z) = z+n} 
or {tm | n € Z| m(z) = A"z,A € (1,00)} and conclude that these 
correspond to the Riemann surfaces D \ {0} and A,.p with A = R/r. 


8.8. Ahlfors’ Function, Analytic Capacity and the Painlevé 
Problem 


We proved the Riemann mapping theorem for Q C C, 2 # C and simply 
connected by maximizing Re f’(z 9) among f: 2 + D with f(zo) = 0. We 
also imposed that f be one-one and then found a unique maximizer. In fact, 
using the Schwarz lemma, we showed (see Problems [7] and [8] in Section 8.1) 
that we could drop f(zo) = 0 and the one-one condition and still had a 
unique maximizer. 


Remarkably, there is a unique maximizer for any Q C C. While not 
too closely connected to the main theme of this chapter, we will prove this 
result and show its connection to the issue of which sets are removable in 
the sense of the Riemann removable singularities theorem. If zo = co, we 
write f(z) =a+bz~! + O(z~?) near infinity and interpret b as f’(oo). 


Theorem 8.8.1. Let 2 be a region in C and z € 2. Suppose A(Q) has 
nonconstant bounded analytic functions. Then, there is a unique f: Q—> 
with 


f'(zo) = sup {Reg’(zo) | g: 2 D} (8.8.1) 
and it has f(z) = 0. 


Remarks. 1. If the only bounded functions are constants, g/(zo) = 0 for 
all g: Q + D and if we demand g(zo) = 0, the maximizer is unique. 


2. The proof shows that the maximizer is an extreme point in the analytic 
functions from 2 to D. 


Proof. The set of f € 2(Q) with || fl. < 1 is compact by Montel’s theorem 
and f — Re f’(zo) is continuous so there is a maximizer. Since 2(Q) has 
nonconstant functions, it is easy to see (Problem [I) that there are f’s with 


f'(zo) > 0, with f nonconstant, and with Ran f Cc D. Since we can pick 
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e? so that e? f’(z9) = |f’(zo)|, the maximizer has f’(zo) > 0 so @&1) 
= : 
holds. If g(z) = (f(z) - Ie 0))(1 — fo(zo) f(z), then ||glloo < 1 while 
g'(20) = f'(20)(1—|f (20 ‘ie ae so f must have f(zo) = 0. Thus we need only 
prove uniqueness. 


Suppose f; and fg are two maximizers and define 


f= x(fith), k=3(f— fr) (8.8.2) 
so f is a maximizer and ||f + k||. <1. Thus 
fl? + le? = $F + eR +|f—#?) <1 (8.8.3) 
Let g = k?/2. Then 
wis J =a -in(S4)<r-1 es 
1.e., 
Fas Pale (8.8.5) 


We are heading towards a proof that g = 0. For simplicity of notation, 
suppose zo = 0. Suppose first that g(0) 4 0. Let 


h = f(1+9(0) |9(0)|""9) (8.8.6) 
Then |h| < |f|+|g| < 1 and h(0) =0 so h maps 2 to D. Since f(0) = 0 
h'(0) = f/(0)(1 + |9(0)|) > Ff’) (8.8.7) 


violating maximality. Thus g(0) = 0. 


If g £0, we can write for |z| small 
[o.e) 
z=) ane", ag £0 (8.8.8) 


for some ¢ > 1 (since g(0) = 0). We'll take 
h(z) = f(z) tem z7 © g(z) (8.8.9) 
where € > 0 will be chosen shortly. 
Since | f(0)| + |z~“— g(z)|z=0 = 0, we can pick R > 0 so that 


0<|z|< R= |f(z)| + az" g(z)| <1 (8.8.10) 
Pick € so that 
0<e<min(1,|a|7! RO) (8.8.11) 
Then, (8.8.10) says that |h(z)| < 1 if |z| < R and (8.1) says if |z| > R, 
then 
JA(z)| < |F(2)| + € fae] RE | 9(2)| 
<|f(z)|+ lg] <1 (8.8.12) 


by (8.8.5). Thus, ||h||.. < 1, so since h(0) = 0, h: Q> 
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By (8.8.9), 
h'(0) = f'(0) +e |ael” > |F"(0)| (8.8.13) 
contradicting maximality. Thus g =0>k=0= f, = fe proving unique- 
ness. 


The maximizer, f, is called the Ahlfors function for (Q, 2). If Q has 
no nonconstant bounded analytic functions, we set the Ahlfors function to 
f = 0. Ife C C is compact, we say that the Ahlfors function for e is the 
Ahlfors function of (Q,z = co) where 2 is the unbounded component of 
¢ \e. f’(oo) is called the analytic capacity of e, A(e), ie., 


A(e) = sup {f"(co) | f € 2(Q), lI flloo < 1, f(co) = 0} (8.8.14) 


The name comes from the connection of A(e) to the potential theoretic 
capacity, C(e), discussed in Chapter 3, especially Section 3.6, of Part 3. 
There are two conventions for the normalization—in most of Chapter 3 of 
Part 3, we define Coulomb energy as €() = (27)~! f log|a—y|~"du(x) du(y) 
since (27)~! log|z|~! is the fundamental solution for —A, but it is common 
when dealing with C (as opposed to general R”) to drop the (27)~! which 
we do. With this latter convention which we'll use, C(e) = e~® where 
R(e) is the minimum of €(j) (without the (27)~') over all uw € M4+(e). 


One can prove (and we will prove something equivalent in Section 3.6 of 
Part 3), that 

C(e) = sup{ lim |z| g(z) | g(z) =e"), u subharmonic on 2, 
u < 0,u(co) = —oo, or u= —oo} 


Since one can take u(z) = log|f(z)| for f € 2(Q) with || flo < 1, we'll see 
that A(e) < C(e). In Section 3.6 of Part 3, we'll also show that if e and 
6 \¢ are both connected, then A(e) = C(e). In the rest of this section, we 
want to discuss the relation of A(e) to the Riemann removable singularities 


theorem and compute the Ahlfors function and A(e) when e C R. 


Definition. Let e C 2 Cc C where e is compact and 2 a domain. We say 
that ¢ is removable for Q if f € 2(Q\ e) and ||f||.. < oo implies f is the 
restriction to Q \ ¢ of a function analytic in all of 2. 


The canonical example is e = {zo} for any 2 with zo € 2 which expresses 
the Riemann removable singularities theorem. 


Theorem 8.8.2. Let e CC be compact. Then the following are equivalent: 
(1) A(e) =0. 

(2) Every bounded analytic function on C \ e is constant. 

(3) ¢ is removable for any domain Q with ec Q. 
(4) ¢ is removable for C. 
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Proof. We saw (1) = (2) above and (3) => (4) is trivial. We’ll show (2) > 

(3) and (4) = (2). 

(2) = (3). Suppose (2) holds and f is bounded and analytic on 2 \ e. By 

Theorem [4.1.3] f = f; + f- where f, is analytic and bounded on C \e and 
lim je(z)=0 (8.8.16) 
|z| 00 


and f_ is analytic and bounded on 2. By (2), f; is constant and then by 
(8.8.16), f, =Oso f = f_ is analytic on all of 2. 


(4) => (2). Suppose (4) holds and f is analytic and bounded on C \ e. By 
(4), f extends to an entire function and by the maximum principle, this 
extension is bounded. Thus, f is constant. 


As we’ve seen, A(e) = 0 => C(e) = 0 and in Section 3.6 of Part 3, we'll 
show that any compact set in C with C(e) = 0 is totally disconnected. Thus, 
removable sets are totally disconnected. 


The Painlevé problem is to find a geometric characterization of remov- 
able sets. We’ll say more about it in the Notes. 


Finally, we turn to e C R (C \e is then called a Denjoy domain). 


Theorem 8.8.3 (Pommerenke’s Theorem). Let e C R C C be compact. 
Then the Ahlfors function for e is 


PS tann( 4 [ <) (8.8.17) 


A(e) = §le| (8.8.18) 


where |-| is the Lebesgue measure on R. 


and 


Proof. If F: C \e — D, then so does Q(z) = F(Z) (since ¢ = e) and 
Q!(co) = F’(oo), so by uniqueness of the Ahlfors function, if F is the Ahlfors 
function, F = Q, ie., Fis real on R \ e. 


Define (2) 
1— Fiz 
G(z) = ———= 8.8.19 
= THF) eo 
since w +> i maps D to H,, ReG(z) > 0 for all z € C\e. Thus, we can 
define a single-valued log, 
H(z) = log G(z) (8.8.20) 


which is analytic on Cy CC \ ¢ with 


a <ImH(z) < (8.8.21) 


1 
2 
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there. Since F'(co) = 0, G(oo) = 1 and thus 
lim H(z) =0 (8.8.22) 


|z| 00 
As a function on C,, H(z) is analytic with ||Im H]||., < oo. Such func- 
tions are analyzed in Theorem 5.9.2 of Part 3 which implies for Lebesgue 
ae. x ER, limejo H(a+ie) = H*(x) exists and for all z € C1, we have that 


H(z)=a+ ~ / eee (8.8.23) 


Lz 
for some a € R. Since F is real on R\e, so is G and thus so is H, i.e., Im H* 
is supported on e. Thus, Im H* € L! which implies a = 0 given (8.8.22). 
We can go backwards; any h(x) on e with |h(x)| < 5 yields H(z) by 
(8.8.23) with Im H*(x) = h(x) and a = 0 obeying |Im H| < 5 and (8.8.22). 
Then G = e# (2) has ReG > 0 and G(co) = 1. (88.19) is equivalent to 


F(z) = HG (8.8.24) 


and Ran F' € D, F(co) = 0. 

Thus with a = 0 sets up a one-one correspondence between h 
supported on e with |h(a#)| < 5 and F’s mapping C\e to D and F(c) =0. 
Let @ = + f h(x)dz. Then near oo, 

H(z) =—$ + O(\2|"*), G(z) =1- $4 O(lz|)*, F(z) = & + O(lz|") 
(8.8.25) 
To maximize F’(oo), we want to maximize 6 which given supp h C e and 


[Allo < F, means h = FX, i.e., the Ahlfors function comes from 
1 dz 
F’ —1 H(z\)=- 8.2 
(co) = 41, He) = 5 f (8.8.26) 
oe H H/2_ ~H/2 
l—e en l= =e vou 
Bg) = (oo Hee =tann(-2) (8.8.27) 


so (8.8.26) yields (8.8.17) 
Corollary 8.8.4. e C R is a removable set if and only if \e| = 0. 


Corollary 8.8.5. Let eC R be compact. Then 

A(e) = C(e) (8.8.28) 
if e is an interval and 

A(e) < C(e) (8.8.29) 
for any e which is not a single interval. 


Remark. In Section 3.6 of Part 3,we’ll prove that A(e) < C(e) for any 
compact e in C with equality if e is connected. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


376 8. Conformal Maps 


Proof. As noted, (8.8.28) holds for any connected e. In Problem [2] the 
reader will show that if a ¢ e and e_ = eM (—ov, a), e+ = eM (a, oo) are both 
nonpolar, then 


C(e) > Fle] = A(e) (8.8.30) 


e 
e= Ula; 8] (8.8.31) 
j=l 
Then 
(a) The Ahlfors function, F’, is given by where 
t fa 3. 
= s 
G(z) = Il =r (8.8.32) 


forzeE c \e where the branch of square root which is 1 at z = co is 
taken. 
(b) The function 


A(z) = F(z) + F(z)" (8.8.33) 
is a rational function of the form 
Alz) = P(2)/Q(2) (8.8.34) 


with deg(P) = £, deg(Q) = £—1 and Q has a single simple zero, c;, 
in each interval (6;,a;41), 9 =1,...,€—1 so that A has poles exactly 
at co and at {cj }{7} 


j=l 
(c) e= A71([-2, 2]) (8.8.35) 
Moreover 
A(a;)=—-2, A(6;) =2 (8.8.36) 
and for some fry in (0,00) and BER: 
sl 
A(z) = mG +B+>> 7 ; (8.8.37) 
j=l 


(d) F: 6 \e¢— D is an £ to 1 map onto D in the sense that each w € D is 
taken £ times counting multiplicity. We have 


a eal 1 (8.8.38) 
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Remarks. 1. F' can’t be a local bijection since D doesn’t have any nontrivial 
covering spaces. That is, there have got to be points with F’(z) = 0, ie., 
where multiplicity matters, 


2. Any A of the form (8.8.37) with A(e) > 0, r; > 0 is the A associated to 
e given by (8.8.35). 


3. Im A(z) > 0 for z € Cy and it is easy to see that A is the unique rational 
function with this property and (8.8.35). 


4. There is an analog of for any compact set e C R. For one can 
write (with a different labeling of the a’s and (’s from the finite gap case) 
R \ e = (—00, ag) U (89, 00) UU, (Se, a1) (where L is infinite if e is not of 
the form (8.8.31). Here the a’s aren’t ordered but the (6, a¢) are all the 
bounded connected components of R\e. Since yo |ae—Bel < |Bo—ao| < co, 
the product in with 7 running from 0 to L converges and the Ahlfors 
function is still given by (8.8.24). Unlike the finite gap case, G need not have 
square-root behavior at the edges of the gaps. This kind of analysis goes 
back at least to Craig [126]. 


Proof. (a) We have for z € R\e, 


1 dx 1 z— B; 
H@)=5 [5-5 (= *) (8.8.39) 


so G = e# is given by (8.8.32) initially for z € R\e, but then by analyticity 
for z € C\e. G(co) = 1 is true for any G given by (8.8.19) with F'(co) = 0. 


(b) By (8.8.24), A given by (8.8.33) has 
2G? +2 
amr 
which clearly is a ratio P/Q with deg(P) = @ and deg(Q) < @-—1. By 
(8.8.39), H, and so G, is strictly monotone in each interval (6;,a;41) and 
runs from G(G;) = 0 to G(aj;+1) = 00, so there is exactly one point where 
G=1 and thus A = oo. This accounts for €— 1 zeros of Q so deg Q = €- 1. 
Since G(oo) = 1, we also have a pole at oo. 


(c) By Example since F maps from C \e to D, A maps from Cc \e 
to C \ [-2, 2], so A~'((=2,2]) C e. On the other hand, by (88:32), G has 
pure imaginary boundary values on e so Ff’ has boundary values on OD so 
A has values in [—2,2]. Since G(a;) = oo, G(6;) = 0, (88.40) implies 
(8.8.36). Thus, A € (2,00) on ((;,c;) and A € (—oo, —2) on (cj, 0541) 
which means the r; in the partial fraction expansion are positive. Since 
F(z)= AWS. O(z~*), we see near oo, A(z) = 7 iC O(1). 


Zz 


(8.8.40) 
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(d) Every rational function on C has a fixed degree and since there are 
é simple poles, A has degree ¢. Thus every value in C is taken @ times 
counting multiplicity. Since says AVC \ [-2,2]) = C \e, we get 
the multiplicity @ result. follows from (8.4.10). 


Notes and Historical Remarks. The foundational paper for the themes 
of this section is a 1947 paper of Ahlfors [6] in which he considered n- 
connected regions (i.e., 6 \ Q has n-connected components) so that each 
component of the complement is bounded by a smooth curve. By The- 
orem [8.6.6] any n-component region so that each component of C \ 2 is 
more than a single point is biholomorphically equivalent to such a region 
with smooth boundaries. For such regions, Ahlfors proved uniqueness of the 
maximizer and that this maximizer, f, was onto all of D and each point in 
was taken n times counting multiplicity. 


The uniqueness proof that works for any region and proves that the 
Ahlfors function is an extreme point of the unit ball of H%°(Q) is from 


Fisher . 


Pommerenke’s theorem is due to him in . The proof I use was shown 
to me by P. Yuditski who also showed me the calculations of Theorem [8.8.6 


While our calculation in Theorem and Ahlfors’ for general n- 
connected sets shows that the range of the Ahlfors map is all of D in the 
n-connected case, the range may not be all of D in general. It can be shown 
(see Havinson [246]) that D \ Ran f has zero analytic capacity. Roding 
[489], Minda [881], and Yamada have examples with nontriv- 
ial missing sets—the second Yamada paper even has an omitted set with 
C(D \ Ran f) > 0. 


For domains with smooth boundary, there are explicit formulae for the 
Ahlfors function in terms of some reproducing kernels (Szegé kernel and 
Garabedian kernel)—this is discussed in Bell’s book and references 
therein. 


Garnett and Pajot are two sets of lecture notes on analytic 
capacity. In particular, Pajot discusses results on removable sets in- 
cluding that a general e C C with zero Hausdorff measure, h'(e) = 0, is 
removable (but there are removable sets e with h'(e) > 0). 


Problems 


1. (a) Suppose z9 € QC C where © is open and connected. If there are 
nonconstant bounded analytic functions on Q, and zg 4 oo, show that 
there is one with f(zo) = 0, f’(zo) > 0. (Hint: If g is bounded, initially 
take (f(z) — f(z0))(z — 20)~* for a suitable @.) 


(b) Do the same when zo = oo. 
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2. (a) Let e C R be compact with a € R\e. Let e_ = (—oo,a)Ne and ey = 
(a,co) Me. Suppose neither e+ nor e_ is polar. Let e(A) = e_ U (e+ + A) 
for \ > 0. Prove that C(e(A)) is strictly monotone increasing in 4. 
(Hint: Generalize the fact that if g(x,y) is a smooth function of two 
variables so that there is a unique x(y) with g(x(y),y) = ming(z,y), 


then #9(x(y),¥) = £9(z(y),y)-) 
(b) Prove that C(e) > 4le|. 
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Chapter 9 


Zeros of Analytic 
Functions and 
Product Formulae 


I am so impressed by the importance of your theorem, that on a closer 
examination I can’t conceal that the establishment of the theorem must 
be made significantly shorter and simpler if it is to find its place in the 
elements of analysis, where it belongs. The large apparatus of formulas 
that you apply would, I fear, scare off many readers; in any case it makes 
it harder to penetrate into the essence of the matter. I therefore believed 
that it did not lie in your interest for the memoir to be published in the 
present form, and wanted to suggest to you that you give me permission to 
present the theorems in question in a free treatment to our Academy, the 
more so since they are already published and your property rights to them 
are in any case secured. 


—Weierstrass, as translated in 


Big Notions and Theorems: Absolutely Convergent Products, Euler Product For- 
mula, Partial Fraction Expansion of cot and csc?, Bernoulli Numbers, Euler Numbers, 
Mittag-Leffler Theorem, 0-Problem, Weierstrass Factor, Weierstrass Product Theo- 
rem, Meromorphic = Field of Quotients, Natural Boundary, Domain of Holomorphy, 
Gamma Function, Wielandt’s Theorem, Bohr—Mollerup Theorem, Beta Function, Eu- 
ler Reflection Formula, Legendre Duplication Formula, Gauss Multiplication Formula, 
Euler—Maclaurin Series, Stirling’s Formula, Bernoulli Polynomials, Jensen Formula, 
Poisson—Jensen Formula, Blaschke Products, Miintz—-Szdsz Theorem, Cauchy Formula, 
Gram Determinant, Order of an Entire Function, Type of a Function of Finite Order, 
Hadamard Product Formula, Genus of a Function 


1Letter to Mittag-Leffler, June 7, 1880. 
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The two themes of this chapter are the determination of an analytic 
function by its zeros and the connected issue of product representations. 

A key early development was Euler’s 1735 formula for sin(7z). Euler 
started with the representation of a polynomial, P, in terms of its zeros 
{zj}7_1, normally written as eT — z;), but which Euler preferred to 
write as (so long as no z; = 0) 


P(z) = P(0) Il (1 = =) (9.0.1) 


Since sin(7z) has zeros as 0,+1,+2,..., and sin(7z)/mz is 1 at z = 0, he 
reasoned by analogy that 


intr) = Il (1 = =) (9.0.2) 


He treated this as obviously true and, in the spirit of his time, didn’t worry 
about the issue of convergence. We don’t have that luxury (nor, in the 
end, did Euler—see the historical notes to Section|9.2). Section[9.1] will deal 
with convergence of infinite products, and Section[9.2] will have two proofs of 
Euler’s formula: one looks at the ratio and uses the fact that a nonvanishing 
entire function is of the form e”*). This theme will recur throughout the 
chapter. The second proof will involve a second recurring theme—the use 
of partial fractions. We’ll prove first that 


nr? 1 
= S> Gone (9.0.3) 


sin?(mz) Pee 


and relate this to by noting if f(z) = sin(mz), then © log(f) = 
a? / sin? (mz). 

In carrying over the Euler idea to general functions, one faces the fact 
that, in general, are! —z/z;) will not converge. In 1876, Weierstrass had 
one of the great ideas in science if we realize that it was the precursor to 
renormalization in quantum field theory—he subtracted out the first few 
terms in log(1 — z/z;) by using 


E,(2z) = (1-2) on( 3 =) (9.0.4) 


With this extra factor, he could prove, for any 21, z2,..., converging to 
infinity, that [[°2., En(z/zn) converged and vanished exactly at z = Zp. 
This paper had enormous impact on his contemporaries since it opened up 
a new way to actually construct analytic functions. 
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Renormalization for partial fractions, a result known as the Mittag- 
Leffler theorem, is somewhat more straightforward, so we present it first 
in Section [9.3] followed by the Weierstrass product formula in Section [9.4] 
These sections present results on all of C; Section[9.5]does the analogs for an 
arbitrary region that, in particular, show for any region, Q, there is f € 2(Q) 
with OO as a natural boundary. 


Sections [9.6] and [9.7] discuss the gamma function—they are in this chap- 
ter because we use the Weierstrass definition as an infinite product rather 
than either of the Euler definitions, which we show are equivalent to the 
product definition. That said, Section on the proof of Stirling’s for- 
mula, is essentially a real-variables discussion. 


The final three sections are closely related and concern the relation be- 
tween zeros and growth. Section[9.8]has a general formula, Jensen’s formula, 
that expresses this quantitatively and leads us to consider specialized prod- 
ucts for situations where one has growth restrictions: Blaschke products 
for D in Section [9.9] and, in Section [9.10] the Hadamard product formula for 
entire finite f’s obeying | f(z)| < Dexp(C|z|™) (functions of finite order). 


9.1. Infinite Products 


In this section, we present criteria for convergence of infinite products 
[Troi fn(z) of analytic functions. The criterion will be similar to the one 
presented for sums in Problem [i] of Section [6-1] as the Weierstrass M-test. 
There, for )°°°., gn(z) to converge, we required 


(oe) 


> sup |gn(z)| < co (9.1.1) 


n=l zek 


for each compact K. Here we’ll need 


(oe) 


> sup |l — fr(z)| < co (9.1.2) 


n=l zeK 


Since this may seem like a strong condition, we begin by showing it is implied 
by a seemingly weaker condition explaining why it is virtually the only 
condition ever used. 


Proposition 9.1.1. Let Q be a region. Let {gn}°@, C 2(Q) so that for 
every compact K CQ, we have 


sp( 3 Jn(2)1) <20 (9.1.3) 


Then (9.1.1) holds. 
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Proof. By Theorems and we can find I a chain in 2 so that 
Ran([)N K = 9, and for z€ K, 


1 (w) 
= xe 1.4 
) 27% f wz an ha) 
and, in particular, 
sup |f(z)| < (2) ~ldist(K, Ran(P yf | f (w)| d|w| (9.1.5) 
zeK 
Let 
a [ lan(w)| deo (9.1.6) 
By (9.1.3) for TP, 
S~ |an| < 00 (9.1.7) 
n=1 
This and (9.1.5) imply @.1.1). 
Lemma 9.1.2. Let {w,} “1 be a finite set in C. Then 
N N 
(a) [Tate] < er 1) 9.1.8) 
j=l j=l 
N N N 
(b) bicer) -1| < (lel) exp(1+ |e) (9.1.9) 
j=l j=l j=l 


Proof. (a) For x > 0, e” =1+ 
which implies (9.1.8). 


(b) If f(A) is an entire function, by the maximum principle and a Cauchy 
estimate for \ € [0,1], 


8 
+ 
wh 
+ 
V 
— 
+ 
8 
Dn 
° 
— 
+ 
= 
/\ 
oO 
& 


fA <R* sup |f(2)| (9.1.10) 
|z|=R+1 
If) - f()|< R* sup |f(z)| (9.1.11) 
|z|=R+1 
Let 

N 
f(z) = ] [G+ zu, (9.1.12) 

n=1 


Then, by @IB), 
IFC) — FO) < exp (4 R 


Me 


les ) (9.1.13) 


Pick R = (S77L,|w;|)7 to get @T9). 
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Theorem 9.1.3. Let 2 be a region and {fn}P@, C A(Q). Suppose for 
each K CQ, holds. Then as N > wo, Fy = 1 ear fn converges in 
the 1(Q) topology to an analytic function, F (which we'll write [[?—, fn). 
Moreover, 


F'(z9) = 0 An fn(zo) = 0 
and the order of a zero of F' is the sum of the orders of the zeros of those 
fn which vanish at that zero. 


Remarks. 1. By (9.1.2) at any zo, only finitely many f,, can vanish. 
2. When (9.1.2) holds, we say [[?~_, fn is an absolutely convergent product. 


Proof. By (9.1.8) and (9.1.9), if M > N, 


M M 
Fw — Full $0 Isl) ex(1+ Yj tlle) G14) 
j=N+41 j=1 
since 
M N 
Fy — Fy = ( II fs) = | Ils (9.1.15) 
j=N41 j=l 
Since, by (9.1.2), 
[o-e) 
li -—1llx = da 
jim, DO Mi - Ile =0 (9.1.16) 


j=N+41 
we see Fy is Cauchy, so the existence of a limit in 2((Q) follows from the 
Weierstrass convergence theorem. 

Because e9/5 = 3.32 <5, if0<y< é, then ye!tY < 1. It follows from 
if ele, <= t, then (ne 4 w; — 1] < 1, so ee w; #0. Thus, 
given K, find N so jens fillx < 4 and conclude that []y,, fj is non- 
vanishing on K. Thus, F = Fy [[¥V 41 fj vanishes if and only if Fiy vanishes 
if and only if one of {f; My vanishes. This proves the final statement in the 
theorem. 


Notes and Historical Remarks. The usual method of controlling infinite 
products when (9.1.2) holds is to use log. It shows the power of Cauchy es- 
timates to see that they lead directly to (9.1.9) without the need to estimate 
logs. 


One can also control zeros in Theorem [9.1.3] using Hurwitz’s theorem. 


There are, of course, also conditionally convergent products, for example, 
Tp... -— anz) where aon = n-! and agn_1 = —n~! which conditionally 
converges to [[°2,(1 — 2?/n) even though >|a,z| = co. We'll see general 


results on conditionally convergent products in Problem [6] of Section [9.4] 
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An important aspect of absolutely convergent products is that they are 


rearrangement invariant (Problem P2). 


Pr 
1. 
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oblems 


(a) Using the power series expansion of log(1 + z), prove that 
|z| < 4 = |log(1 + z) — 2| < |z|? (9.1.17) 
so that 
le] <4 Ble] < log(1 +21 < 3 lel (9.1.18) 


(b) Suppose {w,}72, obeys |wj| < 3. Prove that []j210. + w;) is an 
absolutely convergent product if and only if jel w,; is an absolutely 
convergent sum. 

(c) Prove Theorem by applying the M-test to the HEN log(f;) for 


N sufficiently large (and K-dependent). 


. A rearrangement of a sequence {a;} joi is a sequence bj = @,(;) where 7 


is a bijection of {1,2,...}. 

(a) If Do Pi la;| < oo, prove for any rearrangement, 7, that 
lim yoo aS ay = lmyse5 pee By: 

(b) Prove that if }°5°,|1—w,| < oo and z; = w,(j), for a rearrangement, 
m, then limy-+o. (ee w; = limy— yoo ee ae 

(c) Prove that if aj > 0, S072 |a;| = 00 but limy—oo y, a; exists and is 
finite, then for any x € RU {oo} U {—co}, there is a rearrangement with 
limy—s00 Tu ip =a: 

(d) Prove that if w; € (0,00), wy > 1, DYE,|1 — wj| = co but 
lim y-400 tee w; exists and lies in (0,00), then for any « € [0,00) U{oo}, 


there is a rearrangement with limy_s, Ie 2Se 
a) Let fy(z) = td + 22"), Where does f(z) have zeros? 


( 
(b) Do you expect limy-,.. fy(z) to have a natural boundary on 0D? 
( 


c) Compute [[°2,(1 + 27") for z € D. (Hint: Compute (1 — z)fn(z) 
inductively. ) 


. (a) Let 2, = 4,n =1,2,.... Prove that ih emere + Z,) does not converge 


but that tit + Zp| does. 
(b) Let zp = (-1)"n-/?. Prove that 4 Zn converges but that 
tk (1 + zn) does not. 


n=1 
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9.2. A Warmup: The Euler Product Formula 


Euler’s decisive step was daring. In strict logic, it was an outright fal- 
lacy: he applied a rule to a case for which the rule was not made, a rule 
about algebraic equations to an equation which is not algebraic. In strict 
logic, Euler’s step was not justified. Yet it was justified by analogy, by 
the analogy of the most successful achievements of a rising science that 
he called himself a few years later the “Analysis of the Infinite.” Other 
mathematicians, before Euler, passed from finite differences to infinitely 
small differences, from sums with a finite number of terms to sums with an 
infinity of terms, from finite products to infinite products. And so Euler 
passed from equations of finite degree (algebraic equations) to equations of 
infinite degree, applying the rules made for the finite to the infinite. 


—G. Pélya (1887-1985), in pg. 21] 


In this section, we’ll prove a remarkable product formula of Euler for 
sin(7x). This will, first of all, allow us to introduce several themes of import 
in the rest of this chapter, including the use of improved Cauchy estimates 
(Theorem [3.2.2] and the relation between zeros and partial fractions. But 
the formula and the related sum formulae for cot(7z) and csc?(7z) will also 
be of interest for their own sake and as input to the study of two other special 
functions that appear later: the Euler gamma function in Section [9.6] and 
the Weierstrass g-function in Section [10.4] 


Theorem 9.2.1 (Euler Product Formula). For all z € C, 
sin(tz) 2 
——— = l=; 9.2.1 
Tz U ( ne ) ( ) 


Corollary 9.2.2. We have 
2 


3 1 7 
n=1 


Proof. We give the formal argument here, leaving some technical details 
and the extension to the formula for )7°°_, 1/n?“ to the problems (see Prob- 
lems [1H6). The Taylor series for sin z shows 


sin(7z) 


=g 624 O(z4) (9.2.3) 


WZ 6 


On the other hand, expanding the product (and here’s where we leave out 
an argument), 


Il (1 = =) =1- (> =) + O(z*) (9.2.4) 


n=1 n=1 


(9.2.2) comes from identifying the O(z?) coefficients. 
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We'll give two proofs of Theorem (and sketch a third in Problems[1Q] 
and{Ll). The first concerns the notion that if two entire functions have the 
same zeros, their ratio is a nonvanishing entire function, so of the form 
e’), Bounds will limit the possibilities for h. To get upper bounds on the 
ratio, we need an upper bound on the numerator and lower bound on the 
denominator. Upper bounds will be relatively easy, but lower bounds are 
subtle and require more detailed information. In the general case, treated in 
Section [9.10] we’ll put the product in the denominator since we have more 
information about it than an arbitrary function. But here, sin(7z) is so 
explicit, we’ll put it in the denominator. We begin with the upper bound 
on the product. 


Lemma 9.2.3. For any ¢ > 0, there is a constant Cz so that for all z € C, 


mie 


n=1 


< C- exp(e|z|”) (9.2.5) 


Remark. It isn’t hard to show that in (9.2.5) a bound still holds when |z|? 
is replaced by |z|!*° for any 5 > 0 (see ProblemB). Of course, once we have 
(9-2-1), there is a bound by e”!#!, but this is a question of a priori bounds. 


Proof. Fix ¢ > 0. Since )0°2, n~? < 0, find N so that 


yi n?< 5 (9.2.6) 


n=N-+1 
which, by (9.1.6), implies that 


I (1 = =)| = ex (5 +?) (9.2.7) 


n=N-+1 


On the other hand, to give a crude estimate, 


N 
lz I] 
n=1 


rs (1 Bi Ce we < 7 alata ae [2h +) 


< (5) NH Oy +1)! (1 i oo) 


1, ee 
n2 


=\9 (VN +1)! 
< (5) NHN +1)! exp (5 4) (9.2.8) 


This plus (9.2.7) implies (9.2.5). 


Lemma 9.2.4. For n = 0,1,2,..., let Tn be the square (four edges) with 
corners +(n+5)+i(n+ 4). Then for all n and all z ET n, 


|sin(7z)| > 1 (9.2.9) 
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Proof. If z = (n+ 4+ iy), since 


|sin(7z)| = |cosh(y)| > 1 (9.2.10) 
(9.2.9) holds on the vertical edges. On the horizontal edges, 
jsin(x + i(n + 2))| > R(e™™* V2) 1) > 1 (9.2.11) 


since e7/2 > 3. Thus, (9.2.9) holds. 


First Proof of Theorem Since 


(oe) 

er) 
sup —5 | <8 (9.2.12) 
the product in (9.2.1) defines an entire analytic function by Theorem [9.1.3 
Define ‘ 
Wz geeere! = =r) 


mee (9.2.13) 


g(z) = 
Since the numerator and denominator have the same zeros, g is a nonvan- 
ishing entire function with g(0) = 1. 


Thus, there is an entire function h with 


e") = g(z), — -h(0) =0 (9.2.14) 
By (9.2.9) and (9.2.5), 
sup |g(z)| < Cz exp(2e(n + $)°) (9.2.15) 
zEln 


By the maximum principle, this is true for z inside I’, and, in particular, in 
(n+1/2)(0). It follows that 


sup |g(z)| < Czexp(2e(n + $)”) (9.2.16) 
|z|<n+1/2 
so that 
|9(z)| < Ce exp(2e(|z| + 1)7) (9.2.17) 
By @.2.14), 
Reh(z) < log(C.) + 2e(|z| +1)? (9.2.18) 
so, by (3.2.2), if 
hgy= > ane” (9.2.19) 
n=0 
then for all R and k, 
|ax| < R-*[log(C.) + 2e(R + 1)?| (9.2.20) 


Taking R — oo, and then, if k = 2, « | 0, we see that 
a, = 0 for & > 2 (9.2.21) 
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that is, 
g(z) =e (9.2.22) 
for some complex a,b. By (9.2.14), a = 0. 


Since sin(mz) and z[[°2,(1 — 2?/n?) are both odd under z > —z, 
g(—z) = g(z), which means b = 0, so g(z) = 1, that is, (9.2.1) holds. 


For the second proof, we note that (9.2.1), if it holds, implies 


log(sin(wz)) = log(rz) + S— An(z) (9.2.23) 
n=1 
with 
hn(z) = log(n? — z”) — log(n)? (9.2.24) 
= log(n — z) + log(n + z) — log(n)? (9.2.25) 
Thus, 
SC eee (9.2.26) 


(n—z)??  (n +2)? 
while the negative second derivative of log(sin(mz)) is 1?/sin?(7z). 


So, formally, 


n? = 1 
— —— 9.2.27 
sin?(1z) Pa (z—n)? ( ) 
We say formally because we haven’t worried about branches of log, sums, 
and we don’t want to assume (9.2.1) but prove it! The idea of the second 
proof will be to first prove (9.2.27) and then integrate to get (9.2.1). We 
begin with 


Theorem 9.2.5 (Partial Fraction Expansion of 1? csc?(7z)). For any z € 
C\Z, the sum on the right side of (9.2.27) converges and defines an analytic 
function, and (9.2.27) holds. 


Proof. Let j 
= — 9.2.28 
9n(z) (z _ n)2 ( ) 
Then for N = 1,2,..., 
lz}< N<n= |gn(z)| < |n—N|~? (9.2.29) 
sO 
S- sup |gn(z)| < co (9.2.30) 
N<|n|<oo lz|SN 
so, by the M-test, 
[oe 
g(z) = S> Gn(Z) (9.2.31) 
n=—0o 
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defines a meromorphic function. Moreover, since gn(z + 1) = gn-1(2), 


N 


Y= [gn(z + 1) — 9n(2)] = g-n-1(2) — gv(z) 


n=—N 


which goes to zero as N — co for z fixed, so 
g(z +1) = g(z) (9.2.32) 


Moreover, for x real in [0,1] and y > 0, 


lan(a + iy)| < [y2 + (max(|n| = 1,0))2J? (9.2.33) 
so 
lim sup |g(a+iy)| =0 (9.2.34) 
lyl+oo re[0,1] 
Since 1? csc?(z) is also periodic, has the same poles and principal parts 
as g, and obeys 
lim sup m *csc?(x + iy) =0 (9.2.35) 
lyle0 xE[0,1] 
we conclude that 
H(z) = 1° esc*(z) — g(z) (9.2.36) 


is entire, periodic, and has 


lim sup H(«#+iy) =0 (9.2.37) 
lyle0 rE[0,1] 


Since H is entire and periodic, by Theorem [3.10.3] there is G analytic 

in C* so that 
H(z) = G(e?"*) (9.2.38) 
By (Q.2.37), lim),,)9 G(w) = lim),|,. G(w) = 0, so the singularity at 


zero is removable, G is entire, and then, by Liouville’s theorem, G = 0. 


Thus, H is zero and (9.2.27) holds. 


One integral of (9.2.27) is particularly simple: 


Theorem 9.2.6 (Partial Fraction Expansion of 7 cot(7z)). We have 


1 22 

mt cot(1z) = Ss" 2 (9.2.39) 
n=1 

in that the sum on the right is uniformly convergent on compact subsets of 


C\ Z to the left side. 
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Proof. An estimate like (9.2.29) shows that the sum is convergent as 
claimed. Continuity of derivatives in the topology of 2(Q) and 


d 2% d 1 1 1 1 
=(a—n) z(satsa) (g—n)? (z+n)? aeeo) 


show that 


@ (RHS of @239) = —RHS of @22 


dz 
= —LHS of (9.2.27) 
d 
=e (LHS of (9.2.39) 
z 
so LHS of (9.2.39) —RHS of (9.2.39) is constant. But since each side is odd 
under z + —z, the constant must be odd, that is, it must be zero. 


The next integration involves logarithmic derivatives, and so is slightly 
more subtle. We need: 


Proposition 9.2.7. Let {fj} C U(Q) obey (9.1.2) so that 
F(z) =][4@ (9.2.41) 
j=l 


is an absolutely convergent product. Suppose that no f; is identically zero. 
Then for z not in the zeros of F, 


ge) 3 i) (9.2.42) 
j=l 


F(z) fil) 


where the sum is absolutely and uniformly convergent on compact subsets of 


Q\ {z| F(z) = 0}. 


Proof. See Problem [9] 


Second Proof of Theorem Let F(z) be wz times the infinite prod- 
uct on the right side of (9.2.1) and G(z) = sin(rz). If fn(z) = 1— 27/n?, 
then 


ae = — (9.2.43) 


so, by (9.2.42), F’(z)/F(z) = RHS of (9.2.39). 
Clearly, by (9.2.39), G’(z)/G(z) = LHS of (9.2.39), so we have 


F"(z)G(z) — G'(z) F(z) = 0 (9.2.44) 
But that implies (F/G)! = 0 so that 
Cs re (9.2.45) 


G(z) 240 G(z) 


which is what we wanted to prove. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


9.2. A Warmup: The Euler Product Formula 393 


While we used Proposition to go from to and so 
complete our second proof of (9.2.1), we can use it to go in the other direc- 
tion: first prove as we did at the start of the section, and then derive 
(9.2.39) and so also from (9.2.1). 


Notes and Historical Remarks. 


And so is satisfied the burning desire of my brother, who, realizing that 
the investigation of the sum was more difficult than anyone would have 
thought, openly confessed that all his zeal had been mocked. If only my 
brother were alive now. 

—Johann Bernoulli, quoted in Young 


The Euler product formula appeared in his 1734/35 note on the 
Basel problem and included his proof of by these methods (although 
he appears to have found other proofs of earlier; he also reported 
on these earlier proofs). Johann Bernoulli, who had been Euler’s mentor, 
complained that the proof required that one know that sin(7z) have no zeros 
in C \R. Spurred by this, Euler studied complex exponentials leading to 
e”” = cos@ + isin@ and, in 1741, to a second proof of the product formula 
relying on e* = limy+40(1+ 2/n)” (this proof is sketched in Problem [10). 
In Section [9-6] we’ll get the product formula as a byproduct of our analysis 
of the gamma function (although, traditionally, the formula for the gamma 
we prove is obtained by first proving the Euler product formula). This is 
a variant of our second proof. In Section [9.10] we’ll provide a fifth proof 
that is a variant of our first—deriving Euler’s formula from the Hadamard 
product formula. Apostol has a summary of various elementary proofs 
of this formula and Apostol [17], another proof. 


An amazing application of the Euler formula for )°°°_, n~? is to compute 
1 2 
log y 1 
dy = 9.2.46 

[ i+y % eee) 

(obtained by writing y = e~* and expanding 1 + e~* in a geometric series). 

Since we’ll need it in Section 2.8 of Part 3, we’ll leave the details to Problem 8 
of that section. 


The term “Euler product formula” is also used for his unrelated formula 
[o-e) 1 —] 
n= |] (1 = =) (9.2.47) 
n=1 —p prime 


that will reappear in Chapter 13 of Part 2B, where we'll call it the Euler 
factorization theorem. 


2 writing to his former pupil, Euler, when Euler found the Basel sum which had so fascinated 
Jakob Bernoilli. 
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By 1740, Euler also had the partial fraction expansion of 7 cot(7z) which 
appeared in his 1748 book on calculus [178]. An interesting proof relying 
on work of Schréter, Schottky, and Herglotz (from the 1890s) is sketched in 
Problem 


Leonhard Euler (1707-83) was a Swiss mathematician who spent most of 
his career in St. Petersburg (1727-41 and 1766-83) and Berlin (1741-66) as 
a member of the Russian and Prussian academies. His father and maternal 
grandfather were ministers in the Protestant church and Euler was expected 
to go into the family business. Fortunately, his mathematical talents were 
discovered by Johann Bernoulli who knew Euler’s father from their years in 
school, and Bernoulli persuaded the father to let Euler follow his talents. 
Interestingly enough, Bernoulli’s father was also a pastor who had expected 
his older son, Jakob (the most famous of the Bernoulli mathematicians), to 
become a pastor. 


Bernoulli also helped Euler in finding his initial position in Russia; in- 
deed, Euler replaced one of Bernoulli’s sons who died of appendicitis, and 
lived with another son, Daniel, until Euler’s marriage. Euler had thirteen 
children. Both the shift to Berlin and back had political roots. Indeed, 
in Berlin, he had conflicts with Voltaire (perhaps caused partly by Euler’s 
deep religious beliefs and Voltaire’s free thinking) and Frederick the Great. 
Another factor was that Catherine the Great had ascended to the throne 
and wanted to get Euler back. Euler lost vision in one eye in 1735 and the 
other in 1766 but remained productive with the help of scribes; for example, 
in 1775, at age 68, he produced over fifty papers! Euler’s prodigious output 
can be seen by two facts: it has been estimated that one-third of all pub- 
lished work in mathematics and mechanics in 1726-1800 is Euler’s and the 
Russian Academy was posthumously publishing his papers for fifty years! 


Euler, widely regarded as the greatest mathematician of the eighteenth 
century, was also a great physicist, making important contributions to acous- 
tics, hydrodynamics, and mechanics. An indication of the significance of his 
work is that, in a poll The Mathematical Intelligencer did in 1999, Euler 
had three of the top five formulae of all time (e™ = —1, his relation of 
edges, faces, and vertices of polyhedra, and }>°°_, n~? = 77/6). He is also 
responsible for much of modern notation, including the use of sigma for sum, 
f(-) notation, “e” for the base of the natural logs (it is generally thought 
that he picked “e” for exponential), 7 for pi, i for /—1, and the symbols 
for the trigonometric functions. There is an online archive at the MAA 
of hundreds of articles on Euler, including translations of many of his key 
papers. Euler has long fascinated mathematicians. Two charming books 


Snttp://eulerarchive.maa.org/ 
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that combine biography and a look at his mathematics are Dunham [154 
and Varadarajan [560]. 

Besides the results of this section, we’ll see Euler again in the sections 
on the gamma and beta functions (Sections [9.6] and[9.7) and in the study of 
elliptic functions (see Section[L0.4) and of the zeta function (see Section 13.3 
of Part 2B). His book had enormous influence, establishing and cod- 
ifying much of what we call calculus. His book was one of the first 
successful popular science books. 


Problems 
1. Complete the proof of (9.2.1) by justifying (9.2.4). 
2. (a) Prove that 


[oe] 
1 
9.2.48 
cone) le z—(n+1) ( ) 
(b) By taking z = 5, prove that 

1 1 1 1 1 
| { t=. SS ———— st 9.2.49 
1 a a6 7-8 10-11 © 3V3 ( ) 


3. Prove the following 


(a) mtan(7z) = 


(b) mese(rz) = 


~ 2 
(c) msec(mrz) = S eee 


4. The Bernoulli numbers, B,, are defined by (8.1.48). You proved them 
rational in Problem [LJ] of Section B.1] Prove that for = 1,2,..., 


ae io a By (9.2.50) 


Hint: Use the partial fraction expansion of 7 cot(7z) plus 


oS 9) 20 
mcot(mz) = 27) + Zw: a Bopz™!1 
=! 
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which you should prove, given (8.1.51). The first four of the sums S$; = 
yn are 


2 x4 75 8 
=, S=2., “=o 
90 945 9450 


Note. Bernoulli numbers were found by Jakob Bernoulli, the older 
brother of Euler’s teacher, Johann. Bernoulli numbers are discussed fur- 
ther in Section [9.7] and Section 13.3 of Part 2B. 


5. The Euler numbers, FE, are defined by 
(cosh z)~ = Ba /n! (9.2.51) 
Prove that for = 1,2,..., one has 


= (-1)" (—1)en2¢+1 
De (Qn + 1)241 -_ 224+2 (20)! Ex (9.2.52) 
=0 


(Hint: Develop a partial fraction expansion for [cosh(7z)]~'.) 


Remark. Some sources define E, with (cos z)! not (cosh z)-!. These 
Ey are related to our Ey, by Fan = (—1)"Fan. All En > 0. 


6. In Problem 24] of Section you extended Theorem [5.7.13] Use this 
extension to prove (9.2.50). Similarly, prove an extended version of the 
result in Problem [19] of Section 5.7] and use it to prove (9.2.52). 


7. Recover Wallis’ formula, (5.7.80), from the Euler product formula. (Hint: 
Take z = 3.) 


8. (a) Prove for 0 < a < 1, we have that, for x > 0, (1+2)% < (1+ 2%). 
(Hint: Prove #[(1 + 2° = (1+ 2)°] >0.) 


(b) Prove that for0<a <1, 
7 z 1) 20 SO 2 
eae < — Qa —L4Q 
II (1 >) =) exp(a |z| > n ) 
n=N n=N 


and conclude that (9.2.5) is valid if |z|? is replaced by |z|!*°. 


9. (a) Suppose g is analytic in a neighborhood of Ds5(zo) and 
SUPjwo—zo|=sl9(w) — 1] < 5. Prove that 
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10. 


11. 


12. 


(b) Under the hypothesis of Proposition [9.2.7] prove the sum in (9.2.42) 
is uniformly and absolutely convergent. 


(c) Prove for finite products the analog of (9.2.42) and then deduce 
(9.2.42). 


(a) Prove that sin z = limp _+.0(24)~1qn(iz/n) where gn(z) = (1 +z)" — 
(1— 2)”. 

(b) Show ea ) = 0 if and only if w = 0 or w = titanja/m for 
alee — 1, and conclude that 


gon (2 yams TT (142 cot (2) 


j=l 


(c) Using the fact that lim,_,0,z49 z cot(z) = 1, prove the Euler product 
formula. 


Remark. The interchange of product and limit is tricky because of the 
fact that the number of factors is increasing. It may help to prove the 
result only for iz real and small (and then use Vitali) and to use the 
inequality tanz > x for 0 < x < 7/2. See Eberlein [158}. 


This is a variant of the approach of Problem following Ebbinghaus 
et al. [157]. 

(a) Show that the Chebyshev polynomial of the second kind, U,,(z), 
of Problem [8] of Section is even for n even, and conclude that for 
n= 0,1,2,..., sin((2n + 1)x) = sing S2,(sinx) for a polynomial 52, of 
degree 2n. 

(b) Prove that So,(y) = 0 if and only if y = sin(jz/(2n + 1)), j = 
1,+2,...,+n, and that S2,(0) = 2n +1. Use this to conclude that 


sin z = (2n + 1)sin(-=) . Il i _ aaa 


=+1,...,tn sin(sy77) 


(c) By taking n — oo, prove the Euler product formula. 


This will provide another proof of (9.2.2) that Euler found. 
(a) Prove that 


[ arcsin(t) _ n 

0 V1l—# 8 

(Hint: Look at # 3 arcsin?(s).) 

(b) Prove arcsin(t) = }°*° 5 pe a sr where the coefficient 
for n = 0 is 1. 
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13. 


14. 


15. 


Licensed to AMS. 


(c) Let J, = 
and J; = 1. 
(d) Prove that x = nti? and then (9.2.2). 

This has yet another elementary proof of (9.2.2) due to Beukers et al. 
48}. 

(a) Write ¢(2) = 0°, n-*. Prove that 


dt for n = 1,2,.... Prove that Jngy = “4 Jn-1 


So TE n+1 


dn +I = 762) (9.2.53) 
n=0 
(b) Prove that 
1 1 d d oo 
[ [ ae =)0@n+1)? (9.2.54) 
n=0 


Hint: Geometric series.) 


( 
(c) Map 2 = {(u,v) | u > 0,v > 0,u+v < F} to [0,1] x [0,1] by 
( 


ty) = (nu, sin) Prove that this map is a bijection with Jacobian 


_ a, 2 
ae 1— xy". 
(d) Prove that the left-hand side of (9.2.54) is the area of Q which is 72/8 
and conclude that ¢(2) = 77/6. 
(a) Let h be an entire function obeying 4h(2z) = h(z) + h(z+ 4). Prove 
h(z) =0. (Hint: Look at supy,)<2|h(z)|-) 
(b) Let g be an entire function obeying 


2g(2z) = g(z) + g(z +4) (9.2.55) 


Prove that g is constant. (Hint: Let h(z) = g'(z).) 

(c) Let Sy(z) = 271+ *_, ((z + n)7! + (z—n)7). Prove that Sy(z) + 
Sw(z+ §) = 29on(2z) + (22 +2N +41)! 

(d) Prove that both sides of (9.2.39) obey (9.2.55), and so conclude that 
(9.2.39) is valid. 

Let I, be the contour in Lemma[9.2.4Jand f(z) = 7 cot(mz) — 271. 


(a) Show sup, zer,,|f(2)| < 00. 


(b) For z € C \ Z, compute 1/27i fy f(¢)d¢/¢(¢ — z) via residues, and 
thereby find another proof of (9.2.39) (9-239). 
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16. (a) Prove the following formula of Euler: 


(Hint: sin(2w) = 2sin(w) cos(w).) 
(b) Prove the following formula of F. Viete (1540-1603): 


2 V2 V2+v2 V24+v24+Vv2 
-<. : os 


T 2 


(Hint: z= 4.) 


Remark. This formula provides a rapidly convergent way to com- 
pute a. Define x, inductively by ¢n41 = V2+4%y and then 7 = 
Titiiy, 5a ae z;)~1. The error is O(2-”). 


17. Prove that 


eT — 1 = rze™/2 II (1 + +) 
n 


n=1 
18. Prove Euler’s formula for cos(7z), 


ata Il (1 : os) 


j=l 
(Hint: See the hint for Problem [I6]) 


9.3. The Mittag-Lefler Theorem 


Our goal in this section is to prove 


Theorem 9.3.1 (Mittag-Leffler Theorem). Let {z,}°2, be a sequence of 
distinct points with limn—+oo|Zn| = oo. Let Pi, Po,... be nonzero polynomials 
with P;(0) = 0. Then there exists an entire meromorphic function, f, whose 
only poles are at {Zn}°°, with principal parts at zn equal to Py(1/(z— 2n)). 


The obvious way to try to prove this result is to set 
[oe 
fa=> Bie=%)° (9.3.1) 
n=1 


The problem is there is no reason for the sum to converge! Since analytic 
“corrections” don’t impact principal parts, why not subtract an analytic 
correction to force convergence? This is exactly what we’ll do. 
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Proof of Theorem We can add on P(z~') by hand, so we’ll sup- 
pose each z, # 0. Since P,((z — 2,)~+) is analytic in a neighborhood 


of Djz,,|/2(0), its Taylor series converges uniformly there, so we can find 
polynomials Q,(z) (the start of the Taylor series about zero) so that, with 


fn(z) = Pn((z — 2n)~') — Qn(z), we have 
sup |fnr(z)| <2” (9.3.2) 


lal< glen 


By @.3.2), 
f(z) => fal2) (9.3.3) 
n=1 


converges uniformly on compact subsets of C\ {zn }°2, and, by construction, 
f(z) — Pa((z — 2n)~') has a removable singularity at z,. Thus, f is entire 
meromorphic with the prescribed principal parts. 


Notes and Historical Remarks.  Gosta Leffler (1846-1927) was a 
Swedish mathematician who added his mother’s maiden name to his own 
while a student at Uppsala. His career was greatly impacted by a fellowship 
to study abroad in 1873-76. He went first to Paris to study with Hermite, 
who recommended that he go to Berlin to learn with Weierstrass, which 
he did. Motivated by Weierstrass’ work on infinite products (see the next 
section), Mittag-Lefler found a partial version of his theorem with an in- 
volved proof in 1876-77 [384]. In an 1880 note [586], Weierstrass gave the 
complete result with the now standard proof. 


Mittag-Leffler was notable for founding and leading the journal Acta 
Mathematica and for his support of Cantor’s work on set theory. There is 
a biographical note by Yngve Domarat on Mathematical research during 
the first decades of the University of Stockholm. There is a full biography 
of Mittag-Lefler by Stubhaug [547]. Persistent stories claim there is no 
Nobel prize in mathematics because of bad blood between Nobel and Mittag- 
Leffler. One version says this was because Mittag-Leffler had an affair with 
Nobel’s wife. In fact, Nobel was never married and debunks the rumor 
(see also Alex Lopez-Ortid4). 


Problems 


1. Recall that in Problem [IJ] in Section 5.4] you constructed solutions of 
Of = g for g € CE°(C). Here you'll use the strategy of the proof of this 
section to solve Of = g for any g € C™(C). 


(a) Prove that any g can be written S779 gn where gn is C°® and 
supp(gn) C {z|n-1< |z|<n+]}. 


4nttp: //www.cs.uwaterloo.ca/~alopez-o/math-faq/node50.html 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


9.4. The Weierstrass Product Theorem 401 


(b) Show that for n > 3, there exists f, solving Ofpn = gn with 
sUPjel<n/alfn” (2)! < 2-" for k = 1,2,...,n. (Hint f, is analytic in 
|z| < n/2. Use the strategy of this section.) 
(c) Show that f = 37°29 fn defines a C© function solving Of = g. 
2. This problem will lead to a proof of the Mittag-Leffler theorem, assuming 
you know you can solve Of = g for any C™ function, g, in C. 
(a) Given {zn}? distinct points, let rn, = minjzn|z; — z,|. Show there 
exist functions hn € Co°(C) so that supp(hn) C 1 r,(2n) and hy = 1 in 
(Zn). 


1 
atm 
(b) Show that there is a C® function g so that for z € C \ {zn}, 


8( So hn(2)Pal( = 2)") = -9(0) 
(> 


(c) Let f solve Of = g. Show that f + )7°°, hn(-)Pna((- — 2n)7+) is an 
entire meromorphic function that solves the Mittag-Leffler problem. 


3. Two functions, f,g € 2(C), are called relatively prime if and only if they 
have no common zero. Prove Wedderburn’s lemma [581]: If f,g are 
relatively prime, there exist a,b € 2(Q) so that 

l=af+bg (9.3.4) 


(Hint: Use the Mittag-Leffler theorem to show (fg)! = ai + bi where 
a, has poles only at the zeros of g and b; only at the poles of f.) 


9.4. The Weierstrass Product Theorem 


Our goal in this section is to prove: 


Theorem 9.4.1. Let {25} Fea be a distinct set of points in C obeying |z;| > 
co as j > co. Let ny,ng,... be strictly positive integers. Then there exists 
an entire function f with zeros precisely at {25} Fea and with the order of 
the zero at z; equal to nj. 

As with the last section, the obvious first guess is []j2,(1 — 2/z;)™, 
but unless )7(R/|z;|)"? < oo for all R, that won’t converge. So we need to 
renormalize with “subtractions,” but to preserve zeros, these subtractions 
have to be multiplicative. Since log(1 — x) = —x — a?/2 — 23/3 —..., the 
natural form is to use: 


Definition. The Weierstrass factors, E,(z), are defined by 
Eo(z) =1-2 (9.4.1) 


En(z) = (1-2) exr( =) forn>1 (9.4.2) 
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Here is the key bound: 


Proposition 9.4.2. For |z| <1, one has 
|1 — E,(z)| < |2/"? (9.4.3) 


Proof. We compute 


—E!(z) = c =(=9) se zi ' e0( =) (9.4.4) 


j=l 
We opi 
=z” exr( =) (9.4.5) 
= » OD ae (9.4.6) 


for suitable bpm > 0 (by expanding and using the positivity of the Taylor 
coefficients of e*). The sum is convergent for all z. Thus, integrating, 


(1 — E,(z)) = > zm tlin t+m+1)lbam (9.4.7) 


m=0 
Thus, for |z| < 1, 


(oe) 
1 — En(z)] < [2l*? SO (n+ m+ 1) Baym 


m=0 
= |2|"**(1 — E,(1)) 
= |g" (9.4.8) 


The following immediately implies Theorem (given that one can 
accommodate z; = 0 with a prefactor of z* and n; > 1 by repeating z,’s 
below): 


Theorem 9.4.3 (Weierstrass Product Theorem). Let {2n}?2.9 be a sequence 
of numbers in C* with |zn| + oo (but not necessarily distinct). Then for 


each R < ow, 

= Zz 

S sup |1— m.(=) < 06 (9.4.9) 
0) 


)=T]s (2) (9.4.10) 


defines an entire function whose zeros are precisely at the Zn, with multiplicity 


of tn = #{3 | aj = Zn}. 
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Remark. This is sometimes called the Weierstrass factorization theorem. 


Proof. By (9.4.2), since #{zn | |zn| < 2R} is finite and |z/z,| < 1 if 
Zi=Re8R = ley, is implied by 


(2) < 00 (9.4.11) 


(enllenleany s!7" 


But if |2n| > 2R, R/|zn| < 4 and (411) is implied by 7°29 27"! < on. 


Once one has (9.4.9), we get the convergence of the product and zero 
structure from Theorem [9.1.3 


Corollary 9.4.4. If f is an entire meromorphic function, then f = h/g 
with h,g entire analytic functions with no common zero. 


Proof. If f has poles at {2;}[2, with orders nj, let g be a function with 
zeros there of exactly those orders, and let h = fg. 


Corollary 9.4.5. Let {zn}°2, be a set of distinct points with |z,| > co and 
let {wn}, € C. Then there is an entire function with 


f(Zn) = Wn (9.4.12) 


Proof. Let g be an entire function with simple zeros at {z,}°°,. Let h be 
a meromorphic function, as guaranteed by the Mittag-Leffler theorem, with 
simple poles at {z,}°°, and principal parts 


-_1}| Wn 

Z— Zn, 9.4.13 
@- 29)" Ft| oe 

Let f = hg. Then f is entire and obeys (9.4.12). 


Notes and Historical Remarks. Weierstrass published his theorem in 
1876 |585). (He originally announced the result at the Berlin Akademie on 
December 10, 1874.) He explained that his motivation was to understand 
the gamma function in terms of its poles. His resulting definition of I will 
be a major piece of our presentation of I in Section [9.6] 

An interesting precursor of Weierstrass is work of Enrico Betti (1823- 
925] in 1860 on defining elliptic functions in terms of products. Betti 
showed if infjz;|wi — wj| > 0 and inf;|w,| > 0, then 7 ;|w;|~° < oo for 
a > 2 (see Problem [J of Section 10.4) and then defined functions with zeros 
at those points by 


(1+) (1+) (1g) 0-3) 
jal WwW; 2w? 2w? Wy 


5Betti was influenced enormously by a visit to Riemann in 1858. In turn, he was the father 
of a lively school of analysis in Pisa including Dini, Arzela, Ricci, and Volterra. 
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Karl Weierstrass (1815-97) was the son of a Prussian government func- 
tionary. Weierstrass dropped out of college in 1838 because of a conflict with 
his father who wanted him to pursue studies in finance with an eye to be- 
coming a government functionary. The resolution was his entering training 
to be a gymnasium teacher, which he became in 1842. During this period, 
he did copious but unpublished work on power series. During the summer 
break of 1853, he wrote a manuscript on abelian functions [583]). In the 
words of E. T. Bell pp. 406-432]: 


The memoir on Abelian functions published in Crelle’s Journal 
in 1854 created a sensation. Here was a masterpiece from the 
pen of an unknown schoolmaster in an obscure village nobody in 
Berlin had ever heard of. This in itself was sufficiently astonish- 
ing. But what surprised those who could appreciate the magni- 
tude of the work even more was the almost unprecedented fact 
that the solitary worker had published no preliminary bulletins 
announcing his progress from time to time, but with admirable 
restraint had held back everything till the work was completed. 


As a result, Weierstrass got numerous offers, and even honorary degrees, 
leading to a professorship at the University of Berlin in late 1856. He suf- 
fered from ill health and, in later years, he lectured in a wheelchair with 
an assistant writing on the blackboard for him. His students and others 
strongly influenced by him included Cantor, Frobenius, Holder, Hurwitz, 
Killing, Klein, Lie, Minkowski, Mittag-Leffler, Schonflies, Schottky, Schwarz, 
von Mangoldt, and Sofia Kovalevskaya, for whom he helped arrange a profes- 
sorship in Stockholm. There is an online collection of Weierstrass’ paper’). 


Besides his work on products and elliptic functions discussed in this 
chapter and the next, Weierstrass is noted for championing rigor in analysis 
and is responsible for systematizing the ¢-6 definition of limit, the notion of 
uniform convergence, the construction of the first continuous but nowhere 
differentiable functions, his polynomial approximation theorem discussed in 
Section 2.4 of Part 1, and the Weierstrass preparation theorem, a funda- 
mental result in power series in several variables. 


The bound goes back to Fejér, according to a footnote on page 227 
in Hille [262]: “This proof was communicated to me some forty years ago 
by my teacher Marcel Riesz. If I remember correctly, he ascribed it to 
Fejér. The proof does not seem to have been published.” It is remarkable 
that it doesn’t appear in all books on the subject—the majority settle for 
the weaker |1 — E,(z)| < 2|z|"*1 if |z| < } (see Problem [I). While this 
suffices for applications, it is a shame that the more elegant isn’t 


more common, although it is in a substantial minority of texts. 


Snttp://bibliothek.bbaw.de/bibliothek-digital/digitalequellen/schriften/autoren/ 


weierstr/ 
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Another, less explicit, proof of Theorem [9.4.1] uses the Mittag-Leffler 
theorems (see Problems 2] and [3). It was popular in texts of the early 
twentieth century, causing the following outburst from Pringsheim [461], as 
quoted in Remmert [477]: “This topsy-turvy way of doing things should not 
be sanctioned by anyone who sees mathematics as something other than a 
disordered heap of mathematical results.” 


For other approaches to the interpolation result (Corollary [9.4.5), see 
Davis [133], Eidelheit [160], and Luecking—Rubel [369] Ch. 18}. 


Problems 


1. Prove from 
n 


log(1— z) + 5° 
j=l 


that for |z| < 5, |En(z) — 1] < 2|z|"*1. (Hint: You'll need to do n = 0 
separately, and prove that if0<a< 5; then e? < 1+ 2z.) 


a 
ee 


g=nt+1 J 


x 


j 


wS 


2. Let h be an entire meromorphic function. Suppose all poles of h are 
simple and have residues equal to a positive integer. Prove there is an 
entire analytic function, f, with h = f’/f where f has zeros exactly at 
the poles of h with the order of a zero equal to the residue of h at that 
point. (Hint: Show that exp(f" h(z) dz) is independent of contour y 
with y(0) = zo, y(1) = 21, and Ran(y) c 2 \ {poles of h}.) 


3. Use the theorem from Problem[2]and the Mittag-Leffler theorem to prove 
Theorem |9.4.1 


4. Let {z;}52, be a sequence of distinct points in C. Let {nj}f2) be a 
sequence of positive integers and ee eee ae a multisequence 
of complex numbers. By following the proof of Corollary [9.4.5] prove that 
there is an entire function f with f(z3) = av? for k= 0,2 ,.065%ig = 1 
and 7 =1,... (where f(z;) = f(z;)). 

5. This problem will lead you through a different solution of the interpo- 


lation result of Problem [4] Pick ¢; = ;mingz;|2% — z;|. Let %; be C™ 
functions with 0 < ~; < 1, supp(#;) C Dee, (zj), and wj = 1 in De, (z;). 


Let g be an entire function with a zero of order n; at each z;. 
(a) Prove that 


v0 M1 AU) (4 — ».h 
ole) = 9(2)P (7 BERN yy 


j=l * k=0 


is a C@™ function on C. 
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(b) Let 7 be the solution of 07 = —y guaranteed by Problem [I] of Sec- 
tion Prove that 


Da 2; k 
i w+ O(S we Yi) 


k=0 
is an entire function that solves the interpolation question of Problem [4] 


6. Let {a;} be a sequence of complex numbers going to zero so that, for 
é 
J 
exists (and is finite). Prove that limy_.. Id +a;) exists and, so long 
as no a; is —1, is nonzero. 


some fixed n, dojealagl” < oo, and for = 1,2,...,n, limy_so9 ee a 


7. Suppose a; are real, limy—yoo ye a; exists (and is finite), and that 


jet as = 00. Prove that limy_5o9 nee ce! +a;)=0. 


8. (a) Let fi,..., fn € U(C), none of them identically zero. Show that they 
have a greatest common divisor, that is, a function f € 2(C), so that 
each f;/f is analytic, and if h € 2(C) is such that f;/h is analytic, so is 
f/h. 

(b) Prove that if f is a greatest common divisor of fi,..., fn € 2(C), then 
there exist a1,...,@n € A(C), so f = 5-4 a; fj. (Hint: Use induction 
and Wedderburn’s lemma; see Problem [3] of Section [9.3}) 

(c) Prove Helmer’s theorem [251]: Every finitely generated ideal in 21(C) 
is a principal idea. 

(d) Let hn(z) = sin(az)/z (x? —j*). Let J be the set of all functions 
of the form fh, for some n and some entire function f. Prove that J is 
an ideal in 2(C) that is not a principal ideal. 


9.5. General Regions 


Here we'll prove analogs of the Mittag-Leffler and Weierstrass theorems for 
a general region, 2 Cc C. 


Theorem 9.5.1. Let {2j}72, be a sequence of distinct points in Q with all 
limit points in OQXU {oo}. Let {Pj}F21 be a sequence of nonzero polynomials 
with P;(0) = 0. Then there exists a meromorphic function, f, on Q whose 
only poles are at {2j}F24 with principal part at 2; given by P;((z— Cae 


Proof. For n = 1,2,..., let Ky, be given by 
1 
n= {2 EQ| dist(z,0Q) > —; |z| < n} (9.5.1) 
n 
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Let 
In{z) = > P;((z — 25)~") (9.5.2) 
{g]z3€Kn41\Kn} 
Clearly, gn is analytic in a neighborhood of K,,, so by Theorem [4.7.4] there 
exist functions h, analytic in 2 so that 


l|gn — Pall, <2” (9.5.3) 
Let _ 
f(z) = g0(z) + 55 (gn(z) — hn(2)) (9.5.4) 
n=1 
where 


go(z)= D> Pi((2-%)7") (9.5.5) 

{jlzj€ 1} 
By (9.5.3), the sum converges uniformly on compact subsets of Q \ {2;}7<1 
and f(z) — P;((z— 2z;)~') has a removable singularity at z;. 


There is also a proof of the Weierstrass theorem using a suitable Runge- 
type theorem, namely, the improved version of Problem[] of Section [4.7} see 
Problem [i] We’ll instead construct suitable renormalized products. 


We need one piece of preparation for the proof of the Weierstrass theorem 
using products. Since the z;’s can have limit points in 0Q, 1 — En(z/zn) 
may not be small as n gets large with z fixed in Q. If zn; 4 20 € OM, we 
need to use En, ((2n; — 200)/(2% — Z0)). The problem is that different z;’s 
may approach infinity or points in OO, so we have to find a way to choose 
between the two. That is the purpose of this lemma: 


Lemma 9.5.2. Let Q be a region in C and {z;}92, a sequence in Q. Then 
we can write 


{1,2,.2.}=N,UNs with Ny No =90 (9.5.6) 
so that there is for any 7 € Ny, w; € OQ, and so that 
Jim |Zn — Wn| = 0, dim |2n|7" =) (9.5.7) 
neMi ne N2 


Proof. Let K,, be given by (9.5.1). For each m, eventually z € Ky, so let 


_ il, 2m € Ky 
i er |zm¢ Kn), z2m¢ Ki ae 


We claim that 
lim nin) = oo (9.5.9) 


for n(m) < N implies z,, € Ky, and for m large, zm ¢ Ky. 
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If 2m € K1, put m € No (this is a finite set and so irrelevant for (9.5.7). 
If 2m ¢ Ky, since 2m ¢ Kym), either dist(zm,0Q) < 1/n(m) or |2%n| > n(m) 
or both. If the former, put m € Nj; if not, put m € No. If m © Nj, pick 
Wm € OD with dist(zm, OQ) = |2m — wm| 


1 
mae Nice lee Cal ay by (9.5.9) 


m € No = |2m| 2 n(m) > co by (9.5.1) 
so we have proven (9.5.7). 


Theorem 9.5.3. Let {25} Fea be a set of distinct points in a region, Q, with 
no limit points inQ. Letni,ng,... be a sequence of strictly positive integers. 
Then there exists a function f € A(Q) so that f vanishes precisely at {z;}F-1 
and the order of the zero at z; 1s nj. 


Proof. As in the proof of (9.4.1), we can suppose no z; is 0 and ignore 
nj, but allow nondistinct z;. Let Ni, No, and {wj}jen, be as given by 
Lemma |9.5.2 


We claim that for each m, with Ky, given by (9.5.1), 


sup | +S 


2€Km jENi jEN2 


eens eel j 
2 — 105 | | ee (9.5.10) 
= 


& — Wi 


For eventually for 7 € M1, |z; — w;| < 1/2m < 1/m < |z — w,|, and for 
j € No, |z;| 2 2m = m = |2|, so eventually the summand is uniformly in A’ 
bounded by (5)/. 


By the same argument, for each m, uniformly in z in K,,, eventually the 
factors in | | in (9.5.10) are less than 5; so we can apply (9.4.3) and conclude 


sup yh 5, (=) | >> 1- 8;(2)| <0 (9.5.11) 


2€Km jen, jENe 


sO 


re) = T] (2%) TT a (2 ) (9.5.12) 


jENz 


converges in 21(Q) to a function in 2 with the required zeros. 


Corollary 9.5.4. For any region Q, there is a function f € U(Q) for which 
OQ. is a natural boundary, that is, f cannot be continued into any disk about 
any point zg € OQ. 


Proof. Pick w,, a dense sequence in 02 (for isolated points of OQ, repeat 
the point infinitely often) and then z,, € Q with |zm,— wWm| < 1/m so all of 
OQ. are limit points of {zm}°°_,. Let f be analytic in 2 with zeros precisely 
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at the {zm}?°_,. Then f cannot be analytic in a disk Ds(z.0) with zo € 2 
since Zo, is a limit point of zeros of f, but f is not identically zero. 


The following corollaries have identical proofs to their C analog in Sec- 


tion 


Corollary 9.5.5. Let Q be a region. Any meromorphic function on Q is a 
ratio of analytic functions on Q. 


Corollary 9.5.6. Given any sequence {Zn}°°, of distinct points in Q with 
no limit point in Q and any {an}°@, € C, there is a function f € U(Q) with 
Je) Gee 


Notes and Historical Remarks. Picard seems to be first to have used 
En((Zn—Wn)/(Z—Wn))-type factors in dealing with zeros for general regions. 
The full result appeared in Mittag-Leffler [385]. He also had the Mittag- 
Leffler theorem for general regions in this paper. 


Corollary which is due to Mittag-Leffler and Runge 
using their respective theorems, is especially interesting because its analog 
fails in higher dimensions; see Section A region with a function that 
cannot be continued any further is called a domain of holomorphy. 


The method of Problems [2] and [3] of Section to get the Weierstrass 
theorem from the Mittag-Lefler theorem works for any simply connected 
region. Once one has the result for simply connected regions, one can handle 
finitely connected regions by hand. For example, for any annulus, Aq», 
one can break the potential zeros into those with |z,| > (a+ 6)/2 and 
|zn| < (a+ 6)/2. For the former, find a function, g, on D,(0) with zeros at 
those z,, and then a function, h, on D,-1(0) with zeros at the z,+ from the 
second set of zeros. Then f(z) = g(z)h(z7+) solves the A, problem. 


Wedderburn’s lemma (Problem [3] of Section [9.3) and Helmer’s theorem 
(Problem [8] of Section 9.4) extend to 2(Q) for any region 2 C C. 


Problems 


1. This will provide an alternate proof of Theorem[9.5.3) using a Runge-type 
theorem. Let K,, be the set of the form (47.4) with R =n and «= 1/n. 


Let F,(z) = IL.,ex, (4 = 2). 
(a) Prove there exist functions h, € 2(Q) nonvanishing on 2 so 
sup Fri 
z€Kn| Fn 
Hint: Use Problem [3] of Section [4.7] to pick hy, so 
Fr+1(2) 


<2 


hyn -1 


F, 
ee 
n+l 


sup 
zEKn 


<2" | sup 
cek 
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(b) Let G,, be defined on K;, by 


Gn(z) = Fr(z) J] (2 In(2)) hy(z)...An—1(z) 


men 


Prove Gyr+1 | Ky = Gy so the G’s define a function in 2(Q) with the 
right zeros. 


9.6. The Gamma Function: Basics 


Trigonometric functions are at least medieval and the log and exponential 
go back at least to the Renaissance. In many ways, the gamma function 
is the first modern special function, the result of the flowering of analysis 
following Newton and Leibniz and of the genius of Euler. In this section, 
we'll present the basic properties and, and in the next, the asymptotics as 
z — oo (with |arg(z)| < a —e for some € > 0). 


There are three natural possible definitions: 


Euler: - 
T(z) = edt (Rez > 0) (9.6.1) 
0 
Fuler-—Gauss: 
r li nin? C\ {0,—1,—-2 9.6.2 
> ee. Ce ZE \ {0, -1, -2,...} (9.6.2) 
Weierstrass: 
1 ies z 
= ze! js fee ll 6. 
Ta ze IL +2)e : all zeEC (9.6.3) 


In (9.6.3), y is the Euler—Mascheroni constant 


n 


>= lim (> :) —log(n) (9.6.4) 


k=1 
The reader is asked in Problem [I] to prove the limit exists. Its value is 
0.5772156649.... Any approach starts with one of these definitions and 


shows their equivalence. We'll use the Weierstrass definition which fits into 
our discussion of products. 


Proposition 9.6.1. The infinite product in converges uniformly 
on C to an entire function, so the gamma function, T(z), defined by 
is an analytic function in C \ {0,—-1,—2,...} with simple poles at 
z=0,-1,-2,... and which is nowhere vanishing. 


Proof. The product is [[7?_, Ei(z/n), so by (9.4.2), 
z a 

e(<) 7 i ei (9.6.5) 
n |n|? 
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which means, for every R, 


(oe) 
sup os 


|z|<R j=l 


Ey (2) = i < 00 (9.6.6) 


proving convergence of the product. 


Proposition 9.6.2. For z ¢ {0,—1,—2,...}, the limit on the right of 
(9.6.2) exists and is T(z). Moreover, for all x,y € R, 


[T(z + ty)| < [T(z)| (9.6.7) 
Proof. Define 
nin2—1 


Foley z(z+1)...(2+n-1) 


(9.6.8) 
Then 


T,,(z)7! = (1 i *) ( . (1 4. Jerse 


ay TI (: s *) el exp ((> = - tox(n) ) e~*! (9.6.9) 


j=l 
Given the convergence of the product in (9.6.3) and the existence of the 
limit in (9.6.4), we see this converges to I'(z)~t. 
To get (9.6.7), we note that for x,y real, |x + j|-! > |x + j + iy|~! for 
9 =0,.2.4n —1, and that |n| = 1,80 


IPn(a + ty)| < |Pn(w)| (9.6.10) 


from which (9.6.7) follows. 


We prove below the crucial functional equation for I: 
I(z+1) = 2I(z) (9.6.11) 
We begin by analyzing solutions of this equation: 
Proposition 9.6.3. Let f be defined and analytic on the right half-plane, 
H, and obey 
f(e+1) =zf(z) (9.6.12) 


Then f has a meromorphic continuation to C with poles only possible at 
0,-1,.... We define 


u(z) = f(z)f(1— z) (9.6.13) 
which is analytic on C\ Z and meromorphic on C. Then 
(a) wu obeys 
u(z+1) = —u(z), u(1 — z) = u(z) (9.6.14) 
u(z+2) = u(z), u(—z) = —u(z) (9.6.15) 
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(b) (Wielandt’s Theorem) If f is bounded on {z|1< Rez < 2}, then 
f(a) = FOYT (2) (9.6.16) 

Remarks. 1. We use proven in the next theorem. 

2. A similar result to (a) holds if f is only defined on (0, co). 


3. f need only be defined and analytic on {z | a < Rez < b} for a,b € (0, 00) 
with b—a> 1 and only (9.6.12) for {z | a < Rez < b— 1}. 


4. One doesn’t need boundedness of f in {z | 1 < Rez < 2}. |f(a+iy)| = 
o(ly|-2*2 exp(37|y|)) suffices there; see Problem [II] 


Proof. The functional equation (9.6.12) can be used for the continuation. 
Define 

faz) = 2 1 f (241) (9.6.17) 
This is meromorphic on {z | Rez > —1} and agrees with f(z) on {z | Rez > 
0} by @.6.12). Then (9.6.17) on the extended f extends to {z | Rez > —2}. 
By iteration, we get a meromorphic continuation to C. 


(a) Let 
g(z) = f(l—z) (9.6.18) 
Then 
g(z +1) = f(—z) = (-z) 7 f(-2 +1) = (-2z)*9(z) (9.6.19) 
From this and (9.6.12), the first equation in (9.6.14) follows. 

Since g(1 — z) = f(z), the second equation in holds. Iterating 
u(z +1) = —u(z) yields u(z + 2) = u(z) and, finally, u(—z) = —u(1— z) = 
—u(z), proving (9.6.15). 

(b) Let 

f(z) = f(z) — FONT (2) (9.6.20) 
Clearly, f obeys the functional equation (9.6.12), so it has a meromorphic 
continuation. But since f(1) = 0, f(0) is regular at z = 0, and then by the 
functional equation, at —1,—2,.... So fis an entire analytic function. 

By (a), & is periodic with a(z +1) = —a(z), and by assumption and 
(9.6.7), &@ is bounded on {z | 1 < Rez < 2}. By the antiperiodicity, @ is 
globally bounded, so constant. Since u(0), a = 0. But then, either f or 
f(1 —-) is identically zero, so f = 0 and holds. 


Here are the main properties of I, other than Stirling’s formula and 
Binet’s formula to be discussed later. 


Theorem 9.6.4. (a) [(z) is meromorphic on all of C with singularities at 
{0, —1, —2,...} with simple poles there. It is nonvanishing at all points. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


9.6. The Gamma Function: Basics 413 


(b) For all z not in the poles, 


T(e+1) =2T (2) (9.6.21) 
(co) PQ) =1; for n= 1, 2,20. (here and belaw, 0! = 1), 
I(n) = (n— 1)! (9.6.22) 
and 
I(g)=v0 (9.6.23) 
(el) Porn = 01,2) cas 
Res(T; —n) = — (9.6.24) 


(e) (Euler Reflection Formula) For z ¢ Z, 


T 


T(z)C - z) = ——~ 6.2 
@P0-2) =p (9.6.25) 
+ att 1 3 
(f) (Legendre Duplication Formula) For z ¢ {0,—5,—1,—5,..-}, 
T(2z)T'($) = 2 -"T(z)P(z + 4) (9.6.26) 
(g) (Gauss Multiplication Formula) For m = 2,3,... and z ¢ 


10; —i, 2. aii hs 
T(mz) (2m) (™-D/? = mmr (< 2 ~) | T(z ix “—) (9.6.27) 
m m 


(h) For z € {0,—-1,...}, 


= ae : »(; : n ~) 28) 
n=1 
and 
d(l(z)\ << 1 
+(74) ~ » (z+n)? eas) 
(i) For x,y € (0,00) and0 <6 <1, 
T(x + (1—0)y) <T(2)T(y)? (9.6.30) 
(j) For Rez > 0, 
z)= a aie 6. 
D(z) [ Ge (9.6.31) 


Remarks. 1. The reader should check (9.6.26) by hand when z = 1,2,.... 


2. (9.6.30) holds for |[(6xz+(1—6)y)| for x,y € (—n, —n+1) forn = 1,2,... 
(Problem [I0). 


3. (9.6.21) will be easy, given (9.6.2). In Problem 3] the reader is asked to 
prove it directly from (9.6.3). 
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4. The condition (9.6.30) is called log convexity. We'll say more about it 
later. Figures [9.6.1H9.6.3] plot [ and log|T| on R and |I| on C and illustrate 


the convexity of log( 


I) and of I (see Problem 5). 


10 
8 
6 
all 
ob 

4-9-2 1 


Figure 9.6.1. 


Figure 9.6.3. 
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Contour plot of |[(a + iy)|; -5 <a <5, -3<y<3. 
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5. See Problem [32] for another way to see the residues at n = 0,—1, —2,.... 
6. (9.6.28) is due to Gauss. 


Proof. (a) is immediate from (9.6.3) and Proposition [9.6.1 
(b) By (9.6.8), 


Dalz +1) = 2D n41(z) (. - :) (9.6.32) 


Since z is fixed and, as n > oo, n/(n+1) > 1, (n/(n+1))* > 1, so (9.6.21) 
follows from taking n — co. 
(c) By @.6.3), 
jie ee (9.6.33) 
im —— = 6. 
z—0 ZT (2) 
z#0 
so, by (9.6.21), lim,.oI(z +1) = 1 which, given the analyticity, implies 
I(1) = 1. (9.6.22) then follows inductively using (9.6.21). 


By (9.6.8) ’ 


nm e 
; (29)7 2n+1 
= | 2 9.6.34 
Foo HW Q7+D(Qj—1)} 2n ( ) 
converges to 7 by Wallis’ formula, (5.7.80). 


(d) By @6.21), 


[(z+1) + (n—-1]T(e4+)) = 224+ nfl (z) (9.6.35) 
which, taking z + —n implies 
Res(T; —(n — 1)) = (—n)Res(T; —n) (9.6.36) 


Moreover, since [(1) = 1, lim,_,9 zI'(z) = 1, so (9.6.24) follows by induction. 


(e) Let u(z) = T(z)? (1—z). By Proposition9.6.3] u(z) is entire meromorphic 
of period 2, so by an obvious extension of Theorem [8.10.2] to meromorphic 
functions, we have that 
u(z) = h(e™*) (9.6.37) 
where h is meromorphic on C”. 
Since u has only simple poles at z = 0,1, h(w) has simple poles at 
w=+1. Since u(1+ z) = —u(z), 


h(—w) = —h(w) (9.6.38) 


By Proposition [9.6.2] [ is bounded on {z | 1 < Rez < 2}, so since 
['(z—-1) = (z-1)7'T(z), T is also bounded on {z | —1 < Rez < 1, |Imz| > 
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1}. Thus, wu is also bounded there and thus, h is bounded on {w | |w| > 
e™ or |w| < e“}. It follows that h has removable singularities at 0 and oo. 


Thus, 
a b 
h = 9.6.39 
cw) l—-w Il1+w +e ( ) 
But (9.6.38) implies c = 0 and 6 = —a, that is, 
1 1 2aw 2a 
a o( a) 1— w? w—w! ( ) 
or 
(2)=—* (9.6.41) 
u(z) = 6. 
sin(7z) 


Since 2I'(z)[(1 — z) = T(14+2)T(1 - z) — 1 as z > O, we must have 
d=T, that is, we have proven (9.6.25). 


(f),(g) See Problem [6] or [15] or 
(h) follows from (9.6.3) and (9.2.42). 


(i) (9.6.29) implies _ log(I'(x)) > 0, so log(T'(a)) is convex (see Section 5.3 
of Part 1), which is what (9.6.30) says. 


(j) Call the integral T(z). By Theorem B.1.6] ['(z) is analytic in Hy. By an 
elementary estimate, the integral converges and obeys |'(2 +iy)| < I(x) for 
x > 0, so SUP <Re2<all(z)| < oo. Clearly, T(1) = 1 and, by get — -4 a 
and an integration by parts, T(z+1) = 21(z). Thus, by Wielandt’s theorem, 


T(z) =P(P(z) =P (2). 


Corollary 9.6.5. 


Il (1 =) = sina) (9.6.42) 


Proof. 


1 1 ~ Zz 
= — We) TT (1 Z\ezin 
Td—-z az ° II( =e 


n=1 
sO 


LHS of (9.6.42) = - 
by (9.6.25). 


In addition to this new proof of the Euler product formula, (9.6.25) 
implies [(3)? = m/sin(r/2) = 7, so running (9.6.35) backwards, a new 
proof of Wallis’ formula. 


SEIS S = RES of OED 
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Finally, we turn to using I’ to evaluate a large number of different inte- 
grals. One key is the beta function defined for Rex > 0, Rey > 0 by 


1 
B(x, y) = t?1(1—t)¥ 1 dt (9.6.43) 
0 
Theorem 9.6.6. For Rex > 0, Rey > 0, we have 
D(x)T(y) 
BOY) == 9.6.44 
(x, y) Meo) ( ) 


Proof. We sketch the proof, leaving the details to Problem By the 
change of variables t = sin? 6, 


a /2 
i sin””—' @ cos*¥—! 6d = 5 B(x, y) (9.6.45) 
0 
Next, letting t = u?, s = v? 
n= [- r te- 1 gv 1 e &+8) dids 


= afe [ y2t—ly2u-1e-(w? +0") dudy (9.6.46) 
0 Jo 


From this and a shift to polar coordinates, we get from (9.6.45). 


Problem provides an alternate proof of using Wielandt’s 
theorem. 


Remark. (9.6.45) implies B (5, 5)= = 7 which, by (9.6.44), proves once again 
that rG)= = ae . Since the above is a variant of the polar coordinate evalu- 
ation of Gaussian integrals, this is not surprising. 


A huge number of integrals can be expressed in terms of I and B. First, 
using t® = s (Problem [23), 


Pe oy 1/1 
[ oC a r(<) (9.6.47) 
0 a a 


which shows once again that [°° edt = T(5) = vr. 
Next, using s = t/(t + 1) (Problem 23) 


lee) fe-1 
———_ dt=B 9.6.48 
[pt Blew) (9.6.48) 
which implies (Problem also Example and Problem of Sec- 
tion [5.7) 
lee) fe-1 
| So (9.6.49) 
o itt sin(72) 
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In the beta integral, set y = 5 x= %, and let s = t/” to get (Prob- 


lem 23) 
1 m-1 T(™@ 
—____ ds = anes (9.6.50) 
0 Vl-s® nt(@ + 5) 
so, for example, an elliptic integral, called the lemniscate integral, 
T(4))? 
_ @G) (9.6.51) 
wie /320 
Here are some additional integrals for the reader to confirm (see Prob- 
lem [24): 
Ss 1 1 
i sine” de = — r(<) sin( =), n=2,3,... (9.6.52) 
0 n\n 2n 
= Sie T 
de= 0<R 2 9.6.53 
; xe“ ~ 90 (a) sin(%)’ oe ee 
°° cos & T 
dn= 0<R 1 9.6.54 
[ ze 2I'(a) cos(34)’ ail ( ) 
us n+1 
| sin” x dr = very), n=0,1,2,... (9.6.55) 
0 nay 
es 1 i 4 
: sin" ede = 5 B("F 3): n=0,1,2,... (9.6.56) 
Ba rer ees 9.6.57 
tan xz dx = —= .6. 
I Vi ey 
oe I(s) ’ b 
ax ».8— iL eibx is 
=." 6", t a 9.6.58 
fe = (a? + b?)s/2 : og ( ) 
[ t? le log(t) dt = I'(z), Rez >0 (9.6.59) 
0 
: \o-1 i ee ail 
[ (lag) de = ~5(<.0), Rea>0,Reb>0 (9.6.60) 
0 
ia 1 1 1 1 
=_—B b> 6.61 
la HE 5 (5 a Re > 5 (9.6.61) 
1 ,.a—1 = b-a 
[ a ( y" dx 
o (a+ 6)et 
T'(a)T(b) 1 
= ; >0,b>0,8>0 (9.6.62 
T(a+b) 0+ A)*B . ia a 
1 1 z—-1 
| foe (+) di =T(2), Rez >0 (9.6.63) 
0 
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Notes and Historical Remarks. Euler developed the gamma function in 
his early twenties in response to a question of Daniel Bernoulli and Goldbach 
to find a natural interpolation formula for n!. In a letter to Goldbach dated 
October 13, 1729, Euler solved the interpolation problem using (9.6.2). The 
reader should confirm by hand that gives (m — 1)! when z =m. In 
a letter dated January 8, 1730, Euler showed this definition was equivalent 
to T(z +1) = Jo (—log(t))* dt for real z with z > —1. These results were 
published in [171]. Euler’s original definition, for z > 0, was (9.6.2). We 
have associated Gauss’ name with this definition because he emphasized the 
definition for complex z, but also because Gauss is often given credit for 
this definition, for example, by Weierstrass and in Artin’s book 
discussed below. The name “gamma” was chosen by Legendre in 1809, who 
also reformulated Euler’s (—log(t))* integral as (9.6.1). The name “beta” 
is due to Binet [51]. 


While Euler was motivated by interpolating n!, Hadamard found an 
entire analytic interpolation (i.e., no poles in C)! (see Problem 34). Holder 
[265] has proven that I does not obey any differential equation with rational 
coefficients. 


In 1739, Euler studied beta integrals, and by iterating the func- 
tional relation that he proved (see Problem [20{a)) 


B(a,y) = “—t B(z,y +1) (9.6.64) 


he was able to find by using his definition (9.6.2) of [. He then 
deduced from this relation to B. The modern approach, via a change 
of variables in a double integral, is from Poisson and Jacobi [282]. 
Some of the older literature, following Legendre, calls B the Eulerian integral 
of the first kind and I the Eulerian integral of the second kind. 


In 1944, Alte Selberg (1917-2007) found a spectacular generaliza- 
tion of the beta integral in terms of gamma functions, namely, if Rea > 0, 
Reb > 0, Rec > max(—+, —Be¢, —Re®) then 


n? n—-l? 


1 1” 
[ lt [7 *G- a)" II |; — ay|?° dx 
0 0 


i<l 1<j<k<n 


: (9.6.65) 


-T1y (a+ joel (b+ joT(1 + (9 + Le) 
T(a+b6+(n—14+ )0TO +c) 


For a proof of this Selberg a formula, see Beals—Wong or Andrews 
et al. Ch. 8). 


As mentioned earlier, Weierstrass developed his product formula 
in part to understand (9.6.2). His 1876 formula had appeared earlier in an 
1843 paper of Schlomilch and an 1848 paper of Newman [410]. 
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The Euler—Mascheroni constant has developed a following, as seen, for 
example, in a long and informative Wikipedia articl¢‘| and by an entire book 
on the subject. It is not known if it is rational or not (although its 
continued fraction expansion has at least 470,000 elements). It occurs not 
only in the study of the gamma function, but also the zeta function. Key to 
many occurrences is which implies (see Problem [27) 


in (TW 7 -) aay, Pay (9.6.66) 


and leads to various integral relations (see Problem[28). Lorenzo Mascheroni 
(1750-1800) was born fifteen years after Euler discovered y; his name is 
associated to the constant because he investigated ways of computing y. He 
found the first 19 digits (he claimed 32, but only 19 are correct). 


Helmut Wielandt, whose published work is almost entirely in finite group 
theory, found his theorem and simple proof in 1939, but he did not pub- 
lish it. His friend, Konrad Knopp, included the result with a footnote about 
Wielandt in the second volume of the 1941 fifth edition of his Theory of 
Functions book. Alas, the widely available English translation is 
based on the fifth edition of Volume 1 but only the fourth edition 
of Volume 2 [317]. Remmert in his complex analysis book and in an 
article in the Monthly has championed the result, and I learned of it 
from him. It is unfortunate that this result which, after all, has been avail- 
able in German since 1941 and which I regard as deeper and more elegant 
than Bohr—Mollerup is not more widely known. 

An interesting way of understanding the naturalness of Euler’s extension 
of n! is the following theorem of Bohr and Mollerup {60}: 


Theorem 9.6.7 (Bohr—Mollerup Theorem). Jf f is a continuous function 
from (0,00) to (0,00) and f obeys 


(a) f(@+1)=af(z) (9.6.67) 
(b) Forz,y>0 and0<6<1, 
f(x + (1—O)y) < f(x)? f(y)? (9.6.68) 
Then 
f(x) = f()P(z) (9.6.69) 


where T(x) is given by (9.6.2). 


The reader is led through Artin’s proof of this in Problem [7] The Bohr 
in Bohr—Mollerup is Harald Bohr (1887-1951), who was the brother of the 


“http: //en.wikipedia.org/wiki/Euler-Mascheroni_constant 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


9.6. The Gamma Function: Basics 421 


famous physicist. In his youth, he was more famous than his older brother 
since he was on the medal-winning Danish Olympic soccer team. 

As his title suggests, Srinivasan has an eclectic collection of facts 
(that he proves) about T’, including two I’ll mention: a formula of Stern that 
for z € H,, 


re). 3 (222-9 Fee =4) (9.6.70) 


j(9') 
and Schobloch’s reciprocity formula (that generalizes the Gauss multiplica- 
tion formula (which is p = m, g = 1)): 

If, for p,q € (ee 


j=l 


q-1 : 
Tpq(z) = (2a) 9/2q?t 2-9-9) /2 II r (2 a 2) (9.6.71) 
j=0 : 
then 
D,,q(z) =Tgp() (9.6.72) 


For extensive discussions of the gamma function, see the charming books 
of Artin [23] and Havil [245], the first chapter of Andrews—Askey—Roy [15], 
and Davis’ historical note [132]. Havil’s book is on y but has a lot on I. 
Artin uses the Bohr—Mollerup theorem as the organizing principle for most 
of his presentation. 


Problems 
1. (a) Let 


“1 
= — log(n) (9.6.73) 
k=1 
Prove that. |yn41 —Yn| < C(n + 1)~? and deduce the limit exists. 


(b) Prove ¥n41 — Yn => 0 and conclude ¥y > 0. 
(c) Prove that 
of 1 1 
= —-—— }dz 9.6.74 
ara) ey 
(d) Prove that 


CO 7 _4\k n-1 
“in = 1 — log(2) 4 so! 1 (=) (9.6.75) 


k=2 j=2 


(e) Define the Riemann zeta function, ¢(s), for Res > 1 by 


¢(s)= Sok (9.6.76) 
k=1 
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Prove that 

(ses a14o- 8 Sia) (9.6.77) 
(Hint: Group a me into2+4+8+4+... terms.) 
(f) Use this for another proof that lim, = y exists and 


=I)" 
7 =1-log(2)+ 5° [¢(k) — 1] (9.6.78) 


pate c(h) — 1 (9.6.79) 


Remark. ¥ — 7, > (2(n+1))~+, so the convergence of 7 to 7 is very 
slow, but (9.6.78) and (9.6.79) are exponentially rapidly converging ap- 
proximations. However, ¢(k) isn’t known in closed form for k an odd 
integer, so accurate decimal approximations of y rely on the method of 
the next section (see Problem [I3] of Section [9.7). 


. For n = 1,2,..., prove for z,y € (-n, -n+1) and0<6<1, 


[T(x + (1 — 9)y)| < |[T(a)|*|IP@)>? (9.6.80) 


. Let 


G(z) = Il (1 + =) e-#/n (9.6.81) 


(a) Prove that 


(9.6.82) 


(b) Conclude that for some constant 7, 

G(z — 1) = e7(zG(z)) (9.6.83) 
and then, by setting z = 1, that y is given by (9.6.4). 
(c) If Tis given by (9.6.3), conclude that [(z+ 1) = 2I(z). 


. Show that 


a-a(tes)(-3) “= rds 


. If f > 0 and C? on an interval (a,b), compute (log(f))” and conclude 


that f log-convex = f convex. 
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6. (a) Starting from (9.6.2), prove that for m = 2,3,..., 


T'(mz) = om” rr (z + =| es w(: | 7 (9.6.84) 


e=(r(4)..r(2@=)) (0.6.85) 


(b) Using the Euler reflection formula, prove that 


where 


qim-l 


C2 = 9.6.86 
sin(=) sin(22) ...sin( (m—1)r) ( ) 


(c) Show the product of sines in (9.6.86) is m/2”-!. (Hint: m = 
lim, +1, 2¢1(2™ — 1)/(z — 1) and 2™ — 1 has roots e?74/™.) 


(d) Conclude the Gauss multiplication formula. 


7. Here you'll prove the Bohr—Mollerup theorem (Theorem[9.6.7), following 
Artin : 


(a) If f obeys (9.6.68), then for n = 1,2,... and 0 < x < 1, we have 
rtn=(1—2)n+2(n+1), so 


f(atn) < n*f(n) = f(1)n*(n— 1)! (9.6.87) 


(b) If f obeys (9.6.68), then for n = 1,2,..., and 0 < x < 1, we have 
nt+l=a2(n+z2)+(1—2)(n+1+2), so 


fin) = f)(n-1)! < f(a@tn)\(c#+n)*n} (9.6.88) 


(c) With T,, given by (9.6.8), prove for n = 1,2,..., 


1-2 
T(x) (. - 7 < a <T,,(x) (9.6.89) 
and conclude 
f(a) = lim C 
Fay = bw, Pale) (9.6.90) 


which is (9.6.69) for x € (0,1). 
(d) Conclude (9.6.69) for all x in (0,00). (Hint: Functional equation.) 


(ce) From (9.6.87), (9.6.88), prove that for x € (0,00), 


T(2+n) 


Tin)n® > 1 as 1 — CO (9.6.91) 
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8. 


9. 


This will provide another proof of the Euler reflection formula, (9.6.25). 
(a) Prove that for any y > 0 and0<s <1, 


Ti-s)= vf e (ay) dx 
0 
(b) Using (a), prove that for 0 <s <1, 


T(1—s)I'(s) = [ [ e142) 28 dardt 
0 0 
lo) ad 


- [ ina (9.6.92) 


(c) Prove (9.6.25) for 0 < s < 1 (Hint: See (6.7.30)) and then for all of 
s¢Z. 


Show that for y 0 real, one has 


Ir(iy)| = (.)\" (9.6.93) 


y sinh ry 


10. Prove (9.6.31) using the Bohr—Mollerup theorem plus analyticity. (Hint: 


11. 
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You'll need Hélder’s inequality to verify log convexity.) 


This will improve Wielandt’s theorem by a priori allowing considerably 
more growth than the boundedness assumption. It will require the lead- 
ing terms in Stirling’s formula (Theorem[9.7.2) of the next section. S' will 
denote the strip {z | z=a+iy;1<a< 2}. 


(a) Let g(z) be an entire function obeying 


g(z +1) = g(z); lima | g(z)le 274 = 0 (9.6.94) 


Prove that g is a constant. (Hint: See Theorem [3.10.1]) 
(b) For some c € (0,00) and all z = x + iy € S, prove that 

o< — Peal 

[|z/?~2 exp(—3 7IyI)] 
(c) Let f defined on H;, obey f(1) = 1, f(z+1) = zf(z). Prove that 
g(z) = f(z)/T(<) can be extended to an entire function obeying g(1) = 1, 
glz + 1) = g(z). 
(d) Prove that if f is defined on H, with f(1) =1, f(z¢+1) = zf(z), and 
for z € S, we have as |y| > co, 
lt 

|f(z)|le/"2-* exp(—3 mly|) = o(1) (9.6.96) 
then f(z) =T(z). 
Remark. This extension of Wielandt’s theorem is due to Fuglede : 


<c! (9.6.95) 
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12. 


13. 


14. 
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(a) Prove that if f is defined on (0,00), f(a +1) =af(x), and 


=1 (9.6.97) 


then f(x) =T (a). 
(b) Let g(x) be a function on (0, 00) with lim; _,..|g(x)| = co and |f’(x)| < 
Cx~1|f(x)| for x large. Prove that 


oo Nex d 
lim 0 ew TE ag (9.6.98) 
noo g(n) i re—* dx 


m—~ WJ 


(Hint: This will require some detailed analysis to show that if a,/n!/? > 
oo, then the probability measure x”e~ "dx / i, z"e~ *dzx is concentrated 
on (n — dn, n+ an).) 

(c) If '(z) is the integral in (9.6.31), prove I'(x+n)/n® + 1 and conclude 
another proof that (9.6.31) holds. 


This will lead to yet another proof of (9.6.31). Define 
n t k 
Dale) -|/ (1 — *) dt (9.6.99) 
0 nm 


lit P42) = [ ted (9.6.100) 
0 
(Hint: Look at Problem [I4] of Section [2.3}) 


(b) Prove that Pno(z) = z~'n?, and that for k > 1, 


(a) Prove that 


k 
Dae(2) = =P nbz + 1) (9.6.101) 


(Ane f+ = i f+), and then that 


dt 
Tnn(Z) = (= 7 T41(z) (9.6.102) 


(c) Conclude that (9.6.31) holds. 
This goes through still another proof of (9.6.31)—this one with a more 
complex variable flavor. 


(a) Prove that |['(1 + iy)|~? = sinh(zy)/my based on the Weierstrass 
definition of (zT'(z))~t. 


(b) Prove max(|I'(1 + iy)|~!, |P(2 + iy)|~1) < e7l¥l/2. 
(c) If g is C? on (0, 1], prove that 


sup |g(x)| < max(|g(0)|,|9(1)|) + § sup |9"(@)| 
O<a<1 O<@<1 
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15. 


16. 


17. 
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(Hint: If g is real-valued and C' = — inf, ¢j91) 9"(a), then h(x) = g(a) — 
5Cx(1 — 2) is convex.) 

(d) Prove supy<p<9|I' (a + iy)|~' < Cetl¥l/? for a suitable constant C. 
(Hint: Apply (c) to log|'(a + iy)|~'.) 


(e) If F is entire and periodic with period 1 and 
|F (a + iy)| < Ceol! (9.6.103) 
with a < 27, prove F is constant. (Hint: See Section [3.10}) 


(f) Let F(z) =I'(z)/I'(z) where I is the integral in (9.6.31). Prove F is 
entire and periodic and obeys (9.6.103) with a = 7/2 so F = 1. Thus, 
(9.6.31) holds. 


(a) Using the Bohr—Mollerup theorem for 


f(z) = motr(2)r(2 42) 1(2F2=2) (9.6.104) 


prove (9.6.84). (C' can be evaluated as in Problem [6}) 
(b) Use Wielandt’s theorem in place of Bohr—Mollerup. 


Provide the details of the proof of Theorem [9.6.6] 


The next three problems will study TI using (9.6.28) /(9.6.29) as the 
basic objects, following in part Srinivasan [535]. 


Let 


(oe) 


~ 2 rap as (9.6.105) 


for z€ C \ {0,—-1, —-2,...}. 
(a) Prove L(z) = log(I'(z)) solves 
L" (z) = (2); L1)=0, L'(l)=-y7 (9.6.106) 
and is the unique such solution. 
(b) Let E(z) = L(z) + L(1 — z). Prove that 


x 
sin*(7z) 
(Hint: Use (9.2.27).) 
(c) Use (b) to prove that for some A, B, 
A+Bz 
T(z)P—z) =< (9.6.108) 
sin(7z) 


(d) Using lim,_,9 zI'(z) = 1, prove that A = 0. 
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18. 


19. 


(e) Using z > 1— z symmetry, prove that B = 0 and thereby obtain 
another proof of the Euler reflection formula. 


This will provide another proof of the Legendre duplication formula using 
(9.6.29). 


(a) Let L(z) = log(T(z)). using (9.6.106), prove that 


QN+1 
L'(z) — 3 1'(g 2) — 3 L'(5 (2 +1) = fim ae (9.6.109) 
+1 
(b) Prove limy-o Sy les — +] = 0 and that 
2N+1 4 
slim >. — = log2 (9.6.110) 
n=N+1 
(Hint: (9.6.4).) 
(c) Conclude that, for some C, 
T(z) = C21 (5 z)V (5 (2 +1)) (9.6.111) 
Taking z = 1, conclude that C = 1/2,/7. 
(d) By the same argument, prove that for k = 3,4,..., 
Lae ere 
(2) = Ck’ T 6.112 
@)= oT] (4) (9.6.12) 


for a constant Cy. 


This problem will use (9.6.29) to prove there is a Stirling-type expansion 
for log(I'(z)) with z € (0,00), but will only compute the leading term 
explicitly. For > 1 and z € (0,00), define 

[o-) 


ge(z) = So(n +z) (9.6.113) 


n=1 


(a) For 0 < t < 1, show there are constants, de; and Cy,j, so for J = 
0,1,2,.. 


J 
(z+n+t)*— So dog(ztn) 4H] <Cos(ztny* 7 — (9.6.14) 
j=0 
Here deo = 1. 
(b) Prove that for z € (1,00), 


\ge(z)| < Celz|-" (9.6.115) 
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(c) Prove that 


J 


1 : = 
=a SG +1) ‘de 590+ (2) + O( 
j=0 


ge) 


(d) For constants ge; with geo = (¢— 1)~1, prove that 


J 
2) = So age 4 + O(lal 7) 


j=0 
(e) Using (9.6.29), prove that for z € (0,00), 
J 


log(I'(z + 1)) = zlogz+c_1logz+ > cj24 + O(\2|7-777) 
j=0 


for suitable constants {cj }72_1. 
(f) Evaluate c_1. 


20. This problem will lead you through an alternate proof of (9.6.44). 
(a) Prove that for Rex > 0, Rey > 0, 


xv 
Bie Lg) = a B(z,y) 


(Hint: fey t*(1—t)¥),dt =0 and a(1 —t) -—yt=x2—-(ar+y)t.) 
(b) Prove |B(z,w)| < B(Rez,Rew) and B(1,1) = 1. 
(c) By applying Wielandt’s theorem to I'(a + y)B(z,y), prove (9.6.44). 
21. By looking at fers in?*~1(20) d0, prove that 
Oe" Be. e) = Blas) (9.6.116) 


and deduce the Legendre duplication formula, (9.6.26), from this. 
22. (a) Show that 


(b) Show that 
B(z,w)B(z+ wu, u) = B(w,u)B(w + 4, z) 
23. Using the changes of variable indicated in the text, verify (9.6.47)— 
(9.6.90). 


24. Verify (9.6.52)—(9.6.63). 
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25. Using (9.6.48) and ( , prove that for 0 < Rez <1, B(z,1-—z) = 
m/f 2a 59 a aaa using obtain a new proof of the Euler re- 
flection formula. 


26. (a) Compute {oz ™ (log(z))™ dz. (Hint: x =e*.) 


(b) Prove the following result of Johann Bernoulli: 
1 
[ Pisin baat 
0 
27. (a) Using (9.6.28), verify that the Laurent expansion of ['(z) at z = 0 is 
1 
T(z) = —--y+ O(z) (9.6.117) 
z 


(b) Prove I’(1) = —7. 


28. Confirm that the following expressions all equal ¥: 


(a) VG =) . 


off = Toate 27 


I 
1 1 
] ane 

(g) ind ( =) 


rT 
M(ja=r+ = (9.6.118) 
(b) Prove that 
lee) 2 
[ e"[log(t))? at = 9? + (9.6.19) 
0 
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30. Prove that 


(oe) 


e™ log(t) dt = 4 (7 + 2log(2)) Vm (9.6.120) 
0 


31. Prove that (with ¢ given by (9.6.76)) for Rex > 1 


ce\r(a) = f 7 


(Hint: Expand (1 —e~*)~! in a geometric series. Note that this formula 
can be used as a basis for the analytic continuation of ¢; see Problem 3 
of Section 13.3 of Part 2B and Problem 5 of Section 14.7 of Part 2B.) 


fe-1 


ef —1 


dt (9.6.121) 


32. (a) By using e' = 0° )(—-t)"/n! and justifying change of integral and 
sum, prove Prym’s decomposition that in Rez > 0, 


* (ate eee ve 

T(z) = — ~'t?—* dt 9.6.122 
2) Sa . ( ) 

n=0 

(b) Show that the sum in (9.6.122) converges in all of C \ {0, —1, —2,...} 

and even at —m if the n = m term is dropped and that the integral 

defines an entire function, so (9.6.122) represents [ on all of C as a 

partial fraction expansion with remainder. 


33. Prove the formula of Saalschiitz [499] that for k = 0,1,2,... and —k-1 < 
Rez < k, one has 
k 


T(z) = [ — (< -»S- | dt (9.6.123) 


j=0 


(Hint: Induction in k and integration by parts in t7~! = gig i) 
34. Following Hadamard [231], define 


2 
ose bl ) 


F4@)= 


(a) Prove that F'(1) = 1. 


) 
(b) Prove that F(z +1) = zF(z)+1/T(1 — z) and conclude that for 
n= 12 POY =a) = = Th, 


c) Prove that F is an entire function. 


9.7. The Euler—Maclaurin Series and Stirling’s 
Approximation 


In this section, which is essentially on real, not complex, analysis, we study 
asymptotics of ['(z). The classical Stirling approximation for n! says that 
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Theorem 9.7.1 (Stirling’s Approximation). As n — oo, 
nn JInnrtee-n (9.7.1) 


in the sense that the ratio goes to 1. 


We'll prove this below as well as a vast generalization for gamma func- 
tions. We used this in our discussion of the law of the iterated logarithm in 
Section 7.2 of Part 1. Recall that the Bernoulli numbers, B,,, were discussed 
in Problem [1d] of Section and will be discussed further below. 


Theorem 9.7.2. As |z| > oo away from (—co,0), 


Cc 


log(T'(z)) ~ (z- 5) log(z) — z+ 5 log(27) 4 S° 2 
j=l 


Bo; 1 
2j —1) 225-1 


(9.7.2) 


as an asymptotic series. To be precise, for each N, if the sum is truncated 
at 7 = N, the difference is O(|z\~2N+)) uniformly in each sector {z | 
jarg(z)| <7 —6} with 6 >0. 


Remarks. 1. In both log(I'(z)) and log(z), the branch is taken with log(-) > 
0 for z > 0. 


2. The leading error term on the right in (97.1) is thus e7!/1!2”, 


3. In fact, this result holds in each region C \ {z = + ty | x < 0, |y| < 
|x|°} for any a > 0. And the leading order (i.e., up to 5 log(27)) holds if 
Re z — —oo, so long as |Im z| > oo no matter how slowly (see Problem [3). 
Moreover, we’ll have an “explicit” formula for the error after truncating 
at N. 


Our approach to these theorems in this section will be via the Euler— 
Maclaurin series. There is another approach later, using asymptotics of 
integrals. A Gaussian approximation (see Example 15.2.6 of Part 2B) will 
get (9.7.1). Knowing that, in Problem [19] of this section, you'll get an inte- 
gral representation, known as Binet’s formula, for log(I'(z))—(z—5) log(z)+ 
zZ- 5 log(27) whose asymptotics can be determined by the methods of Sec- 
tion 15.2 of Part 2B; see Problem 4 of that section. 

We begin with a proof of which we use in proving Theorem 
As suggests, Stirling’s approximation should be thought of as a rela- 
tion of logs, so says 


x log(j) = nlog(n) —n + 4 log(n) + log(V2z7) (9.7.3) 
j=l 
Since 


[ log(x) dx = nlog(n) —n+1 (9.7.4) 
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this is a relation of sums to integrals. One can even understand the $ log(n) 
since 


n+1 
| slo)ae~ ¥ a(n) + 9(n +1) (9.7.5) 
the integral should be near = log(j) + 5[log(1) +log(n)]. Thus, we focus 


on finding the errors in (9.7.5). 
If g is C! on [0,1], we start with 


1 
[ [(@ — 4)g(2)I’ dx = 4 (g(A) + 9(0)) (9.7.6) 


or 
I 


1 
2 (g(0) + g(1)) = [ vans [ iD ede (0.7.7) 


giving us an exact error in (9.7.5). By summing such formula (recall {x} is 
given in Section[L.ilas x — [z]): 


Theorem 9.7.3 (First-Order Euler—Maclaurin Series). If g is C' on [1,n], 
then 
n-1 


3 (9(1) + 9(n)) + 97 93) = [ a) av +f ({2} — 9)g/(x) dx (9.7.8) 


j=2 : 
This leads to 


Proposition 9.7.4. We have, as n — oo, 


CO (fyb — 1 
(log(n!) — [(n + $) log(n) — n]) = 14 / a a 2) dx 


1. feat, 
= ey (740) 


Remark. The integral in is only conditionally convergent. 


Proof. By (9.7.8) with g(x) = log(x) and (9.7.4), 


(9.7.9) 


lim 
noo 


nr (Ly) — 1 
log(n!) — [(n + 4) log(n) — n] = 14 / a E z) dx (9.7.11) 
Since 
1 ((e}—2) pt e-h) - 
/ . 2° dx [ aaa dx and , (x — 5) dz =0 
we have 


[OP e- fe nf male 
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= [ Ona) -g, (9.7.12) 
na 


“+ j)(j+ 9) 
RHS of =f ; " ie 
WAG bs 5 


This integrand is bounded by <[2)”, which is integrable at infinity, so the 
limit exists. 


dx (9.7.13) 


Proof of Theorem The last proposition says 


! 
C, = — (9.7.14) 


nt den 
obeys Cp, + Coo, a finite number, and the proof shows 


CEC 20. (9.7.15) 
Wallis’ formula, (5.7.80), can be rewritten 


; 2?" (n De 1 
lim 
noo (2n)!(2n + 1)! =—2 


(9.7.16) 


which says C2, = 2r. 


C, = e and e/V27 = 1.08, so by (9.7.15) over the full range of n, the 
Stirling approximation is off by no more than about 8%. That said, their 
ratio only goes to one with leading error like 1/12n. 


For later purposes, we note that we have proven that 


lim c | [ HENS 2) as| = log(V2r) (9.7.17) 


n> Co 


To go beyond first order, we’ll want to push ( are =e oe os ) 
(x — 4). If we find b2 so bh (x) = bi(x), then b2(1) =e by (x) dx = 
So if we integrate by parts, 


0. 


[rcs Waa [ mca 2) dx + bo(1)(q/(1) — 9/(0)) (9.7.18) 


then the boundary terms telescope when we sum over multiple intervals. 
Therefore, to continue this process, we want to arrange b2 so i, bo(x) dx = 0 
also. This determines bg and then, by induction, all b,. It turns out to be 
easiest to pick the generating functions for the b,(x) out of a hat, but one 
can “deduce” the choice if one wants. We note though that, clearly, b,(a) is 
a polynomial with leading term x”/n!. It is traditional to use B,, for monic 
polynomials, so b, (x) = B,(x)/n!. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


434 9. Zeros and Product Formulae 


Definition. The Bernoulli polynomials, Bn(ax), are defined by 


ert asd yn 
mig S> Bn (2) . (9.7.19) 
n=0 , 


Here are the basic properties: 


Proposition 9.7.5. (a) B, is a polynomial of degree n. 


(b) By, (2) = nBn-1(z) (9.7.20) 

(c) Bn(x) = x" + lower order (9.7.21) 
1 

(a) } Bua (9.7.22) 
0 

(ce) B,(0) is the nth Bernoulli number, By. In particular, B) = —3, 


Bogii = 0 fork > 1 (see (8.1.50)). 


Proof. (a) z(e?—1)71 =14+0°°_, Bmz2™ and e#* = S°°°_, (zx)"/nl, so the 
product is a sum of terms of the form (zx)"z” and the coefficient of z”~™” 
is a sum of x” with n < np. 


(b) Let F(x, z) denote the left side of (9.7.19). Then by a direct calculation, 
OF 
Ox 

which leads directly to Q) plus Bg = 0. 

(c) This follows inductively from Bo(x) = 1 and (9.7.20). 


(d) By a direct calculation, i F(a, z) dx =1, which implies (9.7.22). 


of (9.7.23) 


(e) F(0,z) is the generating function for the Bernoulli numbers. 


Theorem 9.7.6 (General Euler—-Maclaurin Series). For k = 1,2,..., let g 
be a C* function on [1,n]. Then 


n—-1 na Bil 
2 (g(1) +.9(n)) + Yo (i) = [ « a)ae+ > [gD (n) — g (1) 
j=l 
_1)k4+1 n 
+ fata (o) ar 
(9.7.24) 


Proof. The proof is by induction in k. k = 1 is (9.7.8). Given (9.7.20) for k, 
we write f;" and dz as ~ ve ... dx and write (Fae B,({x})g (x) dx 


Licensed to AMS. 


License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


9.7. Stirling’s Approximation 435 


as ie By (a)g(j + x) dx, and then 


a [ By(a)g" (j + 2) da 
J 


zi / d kf 
Tei) de Bryi(a)g? (j + x) dx 
(et aie / (b+) ret Br+il) , (Ky, Ore 
a ! 1 ies 
(e+ 1) Brzi(x)g" "(9 + 2) + (-1) (k +1) (eg + ij=9'g)) 
(9.7.25) 
If k + 1 is odd, then By+41(0) = 0, and so we get (9.7.24) for k +1. 
The following implies Theorem 
Theorem 9.7.7. For z € C \ (—co, 0] and any L, 
log(T'(2)) = (2 — 4) log(2) — 2 + 4 log(2m) 
(9.7.26) 


| 3 Buy 1 1 [ Ba({z}) 4. 
: £— (2-1) EE BL Jy (o+2)* 
Proof. We begin by claiming that it suffices to prove 
° B 
log(I'(z)) = (z — §) log(z) — z + § log(2m) — [ Pe) dx (9.7.27) 
0 


where, as in going from to (9.7.10), the integral is conditionally con- 
vergent and bounded by 


I Bi(fe})P 
i |x + 2||[z] + 4 +2| oo (9.7.28) 


; a p+1 
For once we have (9.7.27), we write the integral as a sum of Si J+? and 


integrate by parts repeatedly, as in the proof of Theorem[9.7.6] Since a (a+ 
z)~*4 = (2L)(2E+1)(2£+z) = 2L—2, this leads from for L to 
for (LZ + 1) (and a single integration by parts goes from to 
for = 1). 

Problem [i7] has an interesting proof of by Wielandt using his 
theorem. We start our proof of by writing (I, is given by (9.6.8)) 


T(z) = (=a) (9.7.29) 
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so with 
f(z) = log(z — 1+ 2) — log(z) (9.7.30) 
log(Pn(z)) = (z — 1) log(n) — SO f(3) (9.7.31) 
j=l 


We note the following properties of f: 
| f(z) da = (n+z-—1)log(n+ z—1) — nlog(n) — zlog(z) = (9.7.32) 
1 
1 1 
f'(z) = ———_ - = (9.7.33) 
n+z—-1 
5 f(1) = § log(z), $f(n) = 5 log(“* ==") >0 (9.7.34) 
Thus, by and (9.7.28), 


log(Pa(z)) =—2 f(n)+(z—}) log(2)+Ra(z)— : " Bi({a}) _——-;| i 


(9.7.35) 
where 
Ry(z) = (z — 1) log(n) — (n+ 2 — 1) log(n + z — 1) — nlog(n) 
= —(n+ z—1)[log(n + z — 1) — log(n)| 
= —(n+z-1) tog (1 — —*)] 
==(=1)4 o(<) (9.7.36) 
Thus, 


log(I'(z)) = (2 — 3) log(z) — z+ (+f a [- PGE) gy 


v xz+z-1 
(9.7.37) 


By (7.1%), this is @727). 
One defines the function p(z) on C \ (—co, 0] by 
T(z) = Vn 27 V2 e-% eh) (9.7.38) 
so that (9.7.27) becomes 


~° Bi{x}) 
= d 9.7.39 
way=— fo EP ae (9.7.39) 
In Problem [19] the reader will prove Binet’s formula: 
we 1 I DY, 249 at 
= 7 9.7.40 
we) = f(s - Fg )ers (9.7.40) 
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Notes and Historical Remarks. In 1730, in rapid order, Abraham 
de Moivre (1667-1754) found the leading n”+!/2e—" behavior of n! 
for large n; James Stirling (1692-1770) [544] found the 27, and then 
de Moivre provided a proof and the full asymptotic formula [135]. As ex- 
plained in Section 7.2 of Part 1, de Moivre worked on these asymptotics 
in connection with his discovery of the central limit theorem for the bino- 
mial distribution. For a review article on proofs of Stirling’s formula, see 
Dominici {148}. 


The calculation of the constant in Stirling’s formula comes one way or 
another from either Wallis’ formula, (5.7.80), or the closely related value 
of I'(4) (which, since it is essentially the Gaussian integral, can come from 
any method of computing that). The quickest way of getting the 27 in 
Stirling’s formula is to first compute [ (5) from the Euler duplication for- 
mula (['()? = m/sin(/2)), and then via the Legendre duplication formula, 
get the constant assuming Stirling’s formula holds up to the constant (see 
Problem [I). Another way to get the constant is to use Stirling’s formula 
in binomial coefficients and take the limit as n — oo in 0 G =o", 


However, this requires a priori knowledge of the Gaussian integral! 


As we noted, Stirling’s formula is accurate even when n = 1. Indeed, 
one can show that for n = 1,2,..., 
= = < log(n!) — (n+ 2) log(n) — n+ 2 log(2m) < > (9.7.41) 
Bernoulli numbers were introduced by Jakob Bernoulli (1654-1705) in 
his posthumously published Ars Conjectandi [43], who noticed that there 
was a regularity in the coefficients of the polynomials Q;(n) for yi jF (see 
Problem [4). The famous Japanese mathematician, Seki Takakazu (1642— 
1708) also discovered Bernoulli numbers independently at the same time. 
His work was published posthumously in 1712 [551], a year before Bernoulli’s 
publication. Since holds and limy 4. (°°, n~7“ = 1, we get 


(1) "Bap cae ~ avai (4 \ (9.7.42) 


by Stirling’s formula. 


Figure [9.7.1] shows B,(x) for 0 < « < 1 for n = 3,5,7,9 and for n = 
4,6,8,10. They have similar shapes for those two sets of values. 


The Bernoullis had many mathematicians in their family, most notably 
Jakob (1654-1705), Johann (1667-1748), and Daniel (1700-82). The family 
was Swiss, although several generations before had fled Belgium (during a 
time of persecution of Protestants) and Daniel was born in the Netherlands 
where Johann was teaching. Johann was Jakob’s younger brother and the fa- 
ther of Daniel, notable for his strong competitions with his brother and son. 
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0.05 & 


0.05 + 


—o0.10b 


Figure 9.7.1. B,(x);0<a<1,n=3,...,10. 


The brothers were involved in a controversy over the isoperimetric problem, 
and shortly before his death in 1705, Jakob was worried that Johann was 
after his chair at Basel which Johann got after his death. Most remarkably, 
Johann wrote his book on hydrodynamics after his son’s book on the same 
subject, but he predated it and claimed his son’s ideas in it were his own! 
VHopital published a book on calculus that brought him some fame, but 
the book was almost verbatim copies of lectures Johann had sent him as 
part of lessons, for which |’H6pital, a French nobleman, paid handsomely. 
In particular, what is called !’Hopital’s rule is due to Johann Bernoulli. 


Jakob’s contributions are the most notable, including Bernoulli num- 
bers and polynomials, fundamental work in probability theory (Bernoulli 
distribution), and early work on elliptic integrals. Johann gained fame for 
solving the catenary problem. Daniel is known for Bernoulli’s principle in 
hydrodynamics. 


The Euler—Maclaurin series was found around 1734 independently by 
Euler and Colin Maclaurin (1698-1746), a Scottish mathematician. Euler 
found it as part of his concerted work that also led to the product 
formula and the solution of the Basel problem. Indeed, he used the series 
to compute )>°_, 1/n? to twenty decimal places, presumably as part of 
his finding/checking that the sum was 77/6. Euler wrote to Stirling in 1736 
about his work and heard back in 1738 that Maclaurin had the same results. 
Maclaurin only published his results in 1742, as part of his landmark text, 
A Treatise on Fluxions [371], one of the first English language texts on 
calculus. 

Euler further developed his ideas in a 1755 book [180]; there are online 
excerpts in Englisti that amply demonstrate Euler’s fascination with values. 


Darboux found a generalization of the Euler—-Maclaurin series that 
has a further arbitrary function; see, for example, the discussion in [592 
Ch. VII]. 


Shttp://www.math.nmsu.edu/~davidp/institutionescalcdiff. pdf 
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An interesting insight to the form of Euler—Maclaurin series and nature 
of the B,’s can be seen by the following formal considerations. Let 


I; = / f'P (a) da (9.7.43) 
n-1 
=> Fh) (9.7.44) 
Then, since i. y! dy = (j +1)!, formally using f(k + y) = > j=0 FO (ke 


on [0,1], we see 
oe gut) = 


OO) = = pg?) 
=>, =a S- a508 (9.7.45) 
k=0 (=- 
where a is the upper-triangular Toeplitz matrix 
0, é<qg-1 
oF ca 1 ay (9.7.46) 
wim §25 


Upper-triangular Toeplitz matrices appeared already in Problem [22] of Sec- 
tion Their inverse is given in terms of numerical inverse power series. 
That is, (a;;,) has the inverse matrix, bj~, where 


Shad 
oe ee (9.7.47) 
ce-7, £29 


where )772 9 ge = 1/[ 0 2 /(j + 1)!]. But 


zd erat 
yy (j +1)! z 
which means that the c’s are the Bernoulli numbers divided by n! That is, 
we’ve shown, sd formally, that 


B 
50) — ra 7) 
k=0 
= [ f(a)dz+S¢ ct [rem - fea] (9.7.48) 
=i 


since I, = f*-)(n) — f*-Y(1) ifk > 1. Taking into account that By = —5 
and Bop,, = 0 if € > 1, we see that formally, 


1 (f(1) + f(n)) + a-[ fe Jae a [pe Yn) — fey 


(9.7.49) 
which is precisely the formal limit of (9.7.24)! 
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The Stirling expansion (9.7.2) is a good example of an asymptotic series. 
We’ll describe such a series at 0, although (9.7.2) is at infinity. If f isa 
function defined in a sector 


Q = {z| a < arg(z) < 8, 0< |z| <e} 
we say )7°° 9 dnz” is an asymptotic series for f if and only if, for all N, 


|f(z) - ys An2”| 


2% 


=0 (9.7.50) 
|z| 0 
zEQ 

It can happen that the series diverges for z 4 0 but (9.7.50) holds. Indeed, 

while not every power series is a convergent series, every one is asymptotic 


for some f so long as |G — a| < 27. We discuss these issues further in 
Section 15.1 of Part 2B. 


The definition (9.7.38) of u(z) as a tool in getting refined bounds in 
Stirling’s formula is due to Stieltjes in 1889. He proved that 


1 1 
ee if 
MZ) Sz Rez if Rez > 0 
Ialiy)| <5 fy eR 
WHS AaT wy 
7 6 [yl 
1 1 1 : 
z)| < = —~——— — ,, z= |zle’? €C\ (-~w,0 
WSs Saag ey 2a Pe eC\ 00.0 


The expansion of the error given in Problem [20] is from Gudermann [224] 
in 1845. 
Problems 
1. From ['(z + 1) = 2I'(z), deduce that for n = 1,2,... that 
nlT(n+ 4%) =2°7"(2n)!T (5) (9.7.51) 
and from this, show that if I(z) ~ Cz*71/%e-* as z € (0,00) goes to 
infinity, then C = V 27. 


Remarks. 1. is, of course, a special case of the Legendre dupli- 
cation formula, (9.6.26), which also implies C = V2r. 
2. The reader might need to first solve the puzzle that, while T(z) ~ 
V2n 27-Ve-*, we have I(z +1) ~ V2a 27+V/2e-7, not e~@tY, 

2. (a) From (9.6.91), prove that implies for « € (0,co) that 
log(I'(x)) ~ (a — 4) log(x) — x + § log(2r). 
(b) Prove directly that 


| ee eid =e PO (=) 
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and deduce (9 with 27 replaced by an unknown constant C. (Hint: 
log(n + z) + me — z) = 2log(n) + O(t?/n?).) 


. (a) Prove that the remainder term in (9.7.26) for Rez < 0, |Imz| > 1, is 


bounded by |Im z|~?/*?. 


(b) Prove that for any C,a, Lin C\{z=a+iy, x <0, ly| < Claz|“}, we 
have 


log(I(z)) = (z — 4)log(z) — z + 4 log(2n) 


L 
Bye 1 20-3 
| > Diab 2) pent tO”) 


(Hint: Go to much higher order than L in (9.7.26).) 
(c) If |Im z,| + 00, prove that uniformly in Re zp, 
log(I'(z)) — (zn — $) log(Zn) — zn > § log(27) 


Note. This includes, for example, z, = —n + ilog(n) not included in 


(b).) 


. (a) Prove that in terms of Bernoulli numbers, 


[k/2] 
1 i 
nktt k k+1-2 
y jf =o" ft oD si loc ,) Baen (9.7.52) 


(b) Prove that the Bernoulli polynomials obey 
Bn (1) — Bn(0) = dn (9.7.53) 
(c) Assuming that 
By (a +1) — By(x) = ka®} (9.7.54) 
for some k > 1, prove it for k +1. (Hint: Use (9.7.20) and (9.7.53).) 


(d) Conclude that (9.7.54) holds for all k > 1. 
(e) Prove that 


k+1 


Remarks. 1. Note that ( and show the coefficients of 
B,(x) are expressible in = mer (=) on eee Ms 


2. Part (a) can be obtained from the generating function for B,, but also 
from a terminating Euler—Maclaurin expansion. 


3. (9.7.55) can also be proven by looking at generating functions (i.e., if 
6x (n) is the difference, look at \772.9 2*dx(n)/!). 
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5. (a) Using generating functions, prove that for any n, 2x, y, 


n 


Bale +9) = (fu Bono (9.7.56) 


k=0 
(b) Prove (9.7.56) using Taylor series. 


6. (a) Define 
. : " Ba (a)e2"™ dy (9.7.57) 
For any n> 1 and me€Z, ae that (you'll need (9.7.53)) 
nBi_,(m) = (rim) BE(m) + bn (9.7.58) 


(b) Prove for n > 1 that B%(0) =0 and conclude for n > 1 that 


Bi(m) =— a o ’ ; (9.7.59) 

(c) For n > 1, prove that (for n=1, « ¢ Z) 
Bn({x}) = any aX sai : (9.7.60) 
Bul(2)) = (0 ag Do (0.7.61) 
Bon—1({x}) = (-1)” = os san) (9.7.62) 


Remarks. 1. For (c), you’ll need results on convergence of Fourier series; 
see Section 3.5 of Part 1. 


2. In particular, for n = 2@ and x = 0 proves (9.2.50) yet again. 
7. This problem will use the Euler—Maclaurin series for k = 2 to prove 
the Poisson summation formula, Theorem 6.6.10 of Part 1. We’ll prove 


it for f € S(R). One can go from that to less regular f’s by suitable 
approximation. 


(a) For ‘i € S(R), prove that 


n= f ee yao 3 Bo({x}) f(a) dx (9.7.63) 


n=—CcoO 


(b) Using (9.7.60), prove that 
oy 


[ Baltep i") = -omp [Frew ores 
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10. 


Licensed to AMS. 


=-20 Erte F(a) dar (9.7.65) 


mA0 ~ 
(c) Conclude that 
S> f(n) = (20)? S> F(2nn) (9.7.66) 


n=—CoO n=—Cco 


which is equivalent to the Poisson summation formula. 


Remark. The idea of the connection is from Butzer—Stens [83]. 


. Prove that . 
1 
-5 (;) a: a (9.7.67) 
n k 
k=1 
. For n > 1, prove that one has 


> (;) By(x) = Bn(x) + na" (9.7.68) 


k=0 
Remarks. 1. This generalizes (3.1.49). 


2. This is often written 


(oe) 


2e*” ze 
= S°F, (2) = vA 
2 = So nle)2 or 
(a) If E,, is given by (9.2.51), prove that 
En, = 2" En(5) (9.7.71) 
(b) Prove that 
E,,(1) = —En(0) + 26n0 (9.7.72) 


(c) Prove that {e@"+Dit\oo is an orthonormal basis for L?((0, 1], dx). 
(Hint: Multiplication by e'™” is unitary.) 


(d) Define E? (m) by 
1 
E?(m) = 7 g Ce err alae (9.7.73) 
0 


Prove that for n > 1, 
nEp_4(m) = (2m + 1)(ir)E}(m) (9.7.74) 
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(e) Prove that 


Eq(m) = (iz)(am +1) (9.7.75) 
(f) Prove that 
2(n!) 
b _ 
(g) For 0 < x <1, prove that 
Qn! ee e(2mtl)ine 
En (x) = (nyt my Qm+ tt (9.7.77) 


(h) Prove (9.2.52). 


Remark. Just as B,(x) extended from [0,1] to be periodic is C"~}, 
E,,(x) has to be extended to be antiperiodic (i.e., 2 > x +1 multiplies 
by —1) to be C”. 


11. Prove that 


m-l1 . mm 
; i _ i 
dim (5) =o oe 


j=l 
(see Spivey [532] ) 


12. Let F(x, z) be the left side of (9.7.19). 
(a) Prove that 


F(a =0, x) =1[F(4,z)+ F(0,2)| (9.7.79) 
(b) Prove that 
1 1 
Bu(4) ==B,(0) f - =| (9.7.80) 


13. (a) Use an Euler—-Maclaurin series with g(n) = n~! to prove, for each L, 
that there is a constant Cz; so 
i 


1 il 1 Bye ~2L-2 
2 alt se dite =a fl = 
1+ ge og(n) = Cyr + on Ps (Dn + O(n ) 


(b) Prove Cy; = y, the Euler—Mascheroni constant, and so deduce that 
for fixed LD, 


n L 
_ 1 1 Bop —2L—2 
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14. 


15. 
16. 


17. 
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This formula was used by Euler to compute y to fifteen decimal places. 
He took n = 10, but had to choose L carefully, since for n fixed the series 
diverges as L — ovo! 


Use the Euler—Maclaurin series to make several digit approximations for 


(a) 4 6) YS © +s 
n=1 n=1 


Prove that for n > 2, B,(1 — x) = (-1)"By(z). 
This problem will prove 


(—1)"-14"(4" — 1) Bon 
2n 


hei = (9.7.81) 


is a positive integer. 
(a) Let 


G(e,2) = 


sin z+ pCOee = 3 Tyla) on 

cos z — xsin z 

Prove that (1 + x?) 2 G(2, A= Z£G(c, Bye 

(b) Prove that T,41(x) = (1+ 27)T! (x) and To(x) = z. 

(c) Prove that T,(z) = ear tad where each i is an integer and 
2) 0), 2) 5,--- > 0 with = 2M, =--- =0. 

(d) Prove that T>,_1 given by (9.7.81) is T>,-1(0) and that this quantity 
is a nonnegative integer. (Hint: See Problem [LI] of Section [3.1}) 

This will provide Wielandt’s proof of (9.7.27). There is a partly alternate 
proof in the next problem. 


(a) With 7 given by the right side of (9.7.39), define 

T(z) = e"™To(z), To(z) = 27 %e-* 
Prove that |[(z)| and |e”*)| are bounded in the vertical strip {z | 1 < 
Rez < 2}. 
(b) Prove that 7 obeys the functional equation n(z) — n(z +1) = («+ 
5) log(1 + 4) —1. 
(c) Prove that P'(z + 1) = zI(z) and conclude, by Wielandt’s theorem 
(Proposition [9.6.3), that [(z) = c‘(z). 
( 


d) By taking z=1,2,... to infinity and using Stirling’s formula for n!, 
conclude I'(z) = (V27)~'T(z), that is, that (9.7.27) holds. 
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18. 


19. 
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This problem will prove that if 7 obeys 


nz) — nz +1) = (: 7 5) loe(1 = =) wh (9.7.82) 


n(z) 370 asz>ooonR 


for z € R sufficiently large, then for z real and large, we have n(z) = p(z), 
the function given by (9.7.38). Thus, if 7 is also analytic, we get this for 
all z in the region of analyticity. 


(a) Prove the functional equation for I'(z) implies that pu, given by 
(9.7.38), obeys 


nepai@tt= (< n 5) ies (1 ~) st (9.7.83) 


(b) Using (9.7.1) for n in (0,00) and n! is T(n + 1), show that p(z) > 0 
as z + oo along R on account of (9.7.1). 


(c) For z € (0,00), prove that p(z +n) —n(z+n) > 0 as n—- oo. 


(d) If n(z) — n(z +1) = w(z) — w(z +1), conclude p(z) — n(z) = w(e + 
n) —n(z+n) > 0, so u(z) = n(z) for z real and positive. 


(e) Use this observation to prove (9.7.39), and so (9.7.27). 
This will prove Binet’s formula, (9.7.40). 


(a) For x € (1,00), prove that one has the convergent series 


= n n—-1 —n 
u(x) — p(x +1) = 2 1) (; om) (9.7.84) 


(Hint: See (9.7.83).) 


(b) The goal of the rest of this problem is to prove that 7 given for 
Rez > 0 by 


i2)= F(t)e-*! dt (9.7.85) 


F(t) =[(e’-1)7' -t' + 5)t! (9.7.86) 


has 7(z) = u(z). By analyticity, it suffices to prove that n(x) = w(x) for 
€ (1,00). Prove that for all t € [0, 00), 


Gt) = F@)-—e) 


G(t) = | ae ; eH a : Ta (9.7.87) 
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(c) For all t € [0,00) and n = 0,1,2,..., prove that 
— EF 


—<—e 
k!— n! 
k=n 


: (9.7.88) 


(Hint: Taylor’s series with remainder.) 


(d) Let bp = (—1)"$(n — 1)[((n+1)!]~1. For ¢ real in (0,00), prove that 


148 
= bet | ee ve 
lew d Saat (9.7.89) 
and conclude that for x € (1,00), we have 
eS N 
[ lew — So byt? | edt < § (a@- 1-8 (9.7.90) 
0 n=1 


(e) For x € (1,00), prove that 


n(x) — (a +1) = S°( 1"( = je (9.7.91) 


(n + 1)(2n) 


n=1 
with a convergent power series. 


(f) Conclude that for x € (1,00), n(x) = u(x), and so Binet’s formula. 
(Hint: See Problem [18}) 


Remarks. 1. Binet’s formula is due to Binet in 1838. For alternate 
proofs, see Sasvari and Zheng et al. [602]. Jacques Philippe Marie 
Binet (1786-1856) is best known for his formula for the nth Fibonacci 


number vs 
oan 1 = ig 5 
fy = (v5) “(wt —w), Wy = 2 


also known as Binet’s formula. There is also another formula of Binet for 


p(z), namely, 
ioe) t t 

(2) =2 | ean (9.7.92) 
0 erm — ] 


2. We return to Binet’s formula to prove Theorem [9.7.2] from an analysis 
of the asymptotics of the integral in Problem 4 of Section 15.2 of Part 2B. 


(a) With p given by (9.7.39), prove that 
n 
. tl 1 
plz) — p(z+n+)= d+ + 5) log( 1+ =) — 1 


(b) For fixed z, prove that in C \ (—co, 0) 


1 1 1 
say ae 23 
(«++ 5)lo6(1+ ——) i] <0(=) 
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(c) Prove Gudermann’s series 


roma Cert eee | 


j=0 


converging uniformly on C \ (—co, 0]. 


9.8. Jensen’s Formula 


In the last three sections of this chapter, we study the issue of lots of zeros 
forcing the growth of a function. This section has a main tool; the next 
section, the consequences for functions on the disk; and in the final section, 
consequences for entire functions. In particular, we’ll answer the following 
two questions: 


(1) If f € 2(D) is bounded, what can one say about the zeros of f? 
(2) If f is entire and 


If (2)| < Cexp(D(z|*)) (9.8.1) 


what does that say about zeros? 


In each case, we’ll also have canonical forms for the products of the 
zeros. In the case of (9.8.1), we'll also analyze the nonproduct pieces in 
Section [9.10] In the disk, we’ll only turn to the behavior of the nonproduct 
pieces in Chapter 5 of Part 3. 


One can ask why one should expect the zeros to force growth—after all, f 
is small at zeros, so the intuition might be that they make f small, not large! 
One big hint is seen by polynomials. Their number of zeros determines their 
degree which determines the rate of growth at infinity. Another hint is that, 
for entire functions, more zeros means the need for higher-order Weierstrass 
factors and, of course, an individual E,,(z/z;) growth like exp(C|z|") near 
infinity. Of course, this growth might be shielded by other E,,(z/zz) or by 
an e”(2) term. One of our goals is to prove this can’t happen. The argument 
principle gives us a further hint. The more zeros in a disk, the more the 
argument varies for f(re’’) and the greater the cancellations in Le (ret?) @. 
Since this integral is f(0), sups|f(re’”)| will need to grow to overcome the 
cancellation. 


We’ll need to remove the zeros without changing the size of | f(re’”)| 
for some fixed r. Focus first on r = 1. We’d clearly like a function g with 
prescribed zeros and |g(e*”)| = 1. We studied such functions in Problem [J 
of Section [3.6] We’ll modify the building blocks used there by changing the 
phase. 
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Definition. Let w € D. The Blaschke factor, b(z,w), is defined as 


Zz if w =0 
b(z, w) = i fiyety etharaias (9.8.2) 
w 1—-wz? 


Remarks. 1. b(-,w) can be viewed either as an analytic function on D, a 
meromorphic one on C, or as a regular function on 


2. The extra phase |w|/w makes 6(-,w) discontinuous in w at w = 0 (e.g,, 
lim,yo b(Z, re”) = —ze~). This may seem like a strange choice, but to 
minimize |1—6(z, w)| for product considerations, it will be essential to make 
b(0, w) > 0 for w 4 0, which is what the |w|/w factor does. In most of this 
section, we could dispense with |w|/w, but since we need it late in this and 
in the next section, we put it in now. 


Notice that since 


w — e 7 w — e w — ee _ 
1 — we’? -|-5 5 = 
we have 
Jo(e?, w)| = 1 (9.8.3) 


Here’s one main tool we’ll need in the remainder of this chapter: 


Theorem 9.8.1 (Jensen’s Formula). Fir R > 0. Let f be analytic in a 
neighborhood of Dr(0) and not identically zero. Then f has finitely many 
zeros, {zh counting multiplicity, in Dr(0). If f(0) 40, then 


[PO vesiscne 2 = log| f (0 N+ bal | (9.8.4) 


Remarks. 1. There is a variant in case f(0) = 0. If f(z) = n(f)z” + 
O(2+") for n(f) 4 0, by applying to R™ f(z)/z"°, we get an analog 
of with log|f(0)| replaced by 

log|n(f)| + no log(R) (9.8.5) 


2. In particular, if f is a polynomial of degree N, this implies the integral 
is O(log|R|‘) as R — oo. Indeed, even the constant log(|f(0)|/TElzil) is 
right. 


3. Problem [3] provides an alternate proof. 


Proof. Analyticity implies finiteness of the number of zeros. By applying 
the argument below to g(z) = f(z/R). we lose nothing by supposing R = 1, 
which we do. We’ll also suppose that f is nonvanishing on OD. For if we 
prove the result for f,(z) = f(rz) with r € (1—«,1), we can get the result 
for f by taking a limit as r + 1. Here we use the fact that even if f vanishes 
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at some finite number of points on OD, jie log| f (re) | 2 is continuous as 
rt 1 (Problem [I). 


Let #2) 
z 
2) = — (9.8.6) 
Tes b(z, 2j) 
” £) 
[Tj=1125| 
g is analytic and nonvanishing in a neighborhood of D. Thus, by Theo- 


rem [2.6.1] log(g(z)) is analytic in a neighborhood of D and the Cauchy 
formula and log(|a|) = Relog(a) imply 


log|g(0)| = / log g(e)| 


By (8:3), | f(e%)| = |g(e%”)|, and then by @8.7), we have that (9.8:8) is 
(9.8.4). 


do 
ae (9.8.8) 


Of course, we not only have (9.8.8), we have the full-blown, complex 


Poisson formula of (5.3.2). If f(z) 4 0, we define g by (9.8.6). Then (5.3.2) 


says 
AO ausp 

log(g(z)) =w+ f GX log(la(e®)I) (9.8.9) 

where w = Imlog(g(0)) = Imlog(f(0)) =  arg(f(0)), since 


Im log(ITj4|2;1) = (0. Exponentiating and scaling to Dr(0), we get 


Theorem 9.8.2 (Poisson—Jensen Formula). Fiz R > 0. Let f be analytic 
in a neighborhood of Dr(0) and not identically zero. Then f has finitely 
many zeros, fey} peas in Dr(0). If f(0) £0, then for z € Dr(0), 


N a 
f (0) Z Bj Re + z i, 40 

= —— bf =, = —,—_ | R — 9.8.10 

1) roy LLC B) Cf earns OelRMIZE) (0820 

Ef f(0) =0, let za = 2 =-++ =a, =0 and 2; 40 forgj =k+1,...,N. Then 

(9.8.10) holds if Te b(z/R,2;/R) is replaced by z* iene b(z/R, z;/R) 
and if f(0)/|f(0)| is replaced by f)(0)/|f“(0)}. 

Proof. Given that e’”’ = f(0)/|f(0)|, this is immediate from (9.8.9). If 


f(0) = 0, the “corrected” formula is just (9.8.10) for the function h(z) = 
F(z)/2*. 


Notes and Historical Remarks. Jensen’s formula is normally attributed 
to Jensen in 1899, although it was stated and proven for polynomials 
already in 1827 by Jacobi [282]. As noted by Landau [842], Jacobi’s proof 
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works for general analytic functions. The Poisson—Jensen formula, including 
its name, is due to Nevanlinna who exploited it in his value distribution 
theory, which we discuss in Chapter 17 of Part 2B. 


Problems 
1. (a) Prove that for all e € OD and r € [0,1], 


5 |l—re®| > F|1-e?| (9.8.11) 


(b) Let g,(0) = log($|1—re’®|). Use the dominated convergence theorem 
to prove that 


dé dé 
li (0) — = 0) — 8.12 
im f (8) 5 = f 98) (9.8.12) 
(c) For any f analytic in a neighborhood of D and not identically zero, 
prove that 
» dO y., dO 
lim | 1 *)|— = 0) | — 8. 
im f log|f(re!)| 5 = f loslf(e!)| F (9.8.13) 


2. Find a version of Jensen’s formula, including the variant indicated in 
(9.8.5), that allows poles in Dp(0) also. 


3. This will provide an alternate proof of Jensen’s formula. Suppose 
f(0) # 0. 


(a) Let n(r) be the number of zeros in D,(0) of a function f(z) analytic 
in a neighborhood of D,(0). If f has no zeros on OD,,.(0), prove that 


d on o,, a0 
nro) =r | h lol f(re")| 


(Hint: Argument principle and (2.1.24).) 
(b) If {2} “., are the zeros of - in Drs (2), prove that 


¥bs( 75) = I me) dr (9.8.15) 


(c) Prove Jensen’s formula, (9.8.4). 


(9.8.14) 


T=1ro 


9.9. Blaschke Products 


In this section, we study analytic functions on D, especially uniformly 
bounded ones. We'll prove the following: 
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Theorem 9.9.1. Let f € H™(D), the analytic functions on D with 
sup-eplf(z)| < oo. Let {zn}°2, be the zeros of f counting multiplicity. 
Then 


co 


S (1 — |éal) < 00 (9.9.1) 


n=1 
Conversely, let {z,}°2, obey (9.9.1). Then there is a function f © H™(D) 
where zeros are precisely {Zn }°°1. 


(9.9.1) is called a Blaschke condition. We’ll actually prove that (9.9.1) 
holds under a lot weaker conditions than f € H®(D). Note that Jensen’s 
formula shows if k > 0 is chosen so that (f(z)/z*) is nonvanishing at 0, then 


= io), 40 lf) 
i, log| f (re’®)| = > log(r*) + toe( | =F | _) (9.9.2) 
log, (a) = max(+ log(z), 0) (9.9.3) 


Define 


Definition. A function f on D is said to lie in the Nevanlinna class, N, if 
and only if f is analytic and 


oy, a0 
sup [roesittre") oo (9.9.4) 


O<r<l1 


Remark. It can be shown (see Theorem 5.1.2 of Part 3) that the integral 
in is monotone in r. 


By (9.9.2), if holds, we have a finiteness in r also for log_ or 
\log| f(-)||. Here is half of Theorem [9.9.1 


Theorem 9.9.2. Let f € N. Then its zeros obey (9.9.1). 


Proof. Since we can replace f(z) by f(z)/z*, we can suppose f(0) 4 0. 
Then, by Jensen’s inequality, for any r < 1 and any k, 


20 ; dé 
YS toe( 2) + tosis < f toeistre'i 2 


J 
j<k 
27 : do 
< l ap ee 9.9.5 
< [logs it re) (9.9.5) 
So taking r f¢ 1, 
A yy, 0 
[[lai>r@lesn(— sup_f 108, 14(re%| 2) 
= 0<r<1 7 


Thus, []j24|2;| > 0, which implies (9.9.1) (Problem [). 
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For the opposite direction, we need a preliminary: 


Lemma 9.9.3. Let b(z,w) be given by (9.8.2). For any z,w € D, we have 
(1 — |w|). + |2}) 


|1 — b(z, w)| < (9.9.6) 
1—|a| 
Proof. We note that 
b(e%z, ew) = b(z, w) (9.9.7) 
so, without loss, we can suppose w € (0,1), in which case, 
— 1- 1 
1—b(z,w) =1- es (l= w)(1 + 2) (9.9.8) 
l—wz 1—wz 
from which is immediate. 
Theorem 9.9.4. Let {zj;}}2; be a sequence in D. Then 


lim y-+00 ee b(z,z;) converges uniformly on compacts. If (9.9.1) 
holds, the product is an absolutely convergent product and the limit 


Bos(242)) 21) = | | be ye,) (9.9.9) 
j=l 


called a Blaschke product, vanishes exactly at {2j}f2, (counting multiplic- 
ity). If (9.9.1) fails, the limit is identically zero. 


Proof. Suppose first that (9.9.1) holds. Then, by (9.9.6), 


Co oe) 


So [1 — a2, 29)| < El Sa = Jap) (9.9.10) 


1—|2| 
j=1 


converges uniformly on each {z | |z| < r < 1} so that the product is 
absolutely and uniformly convergent and has the requisite zeros by The- 
orem [9.1.3] 

If (9.9.1) fails, then lle 4 b(-, z;)} is uniformly bounded on D. So, by 
Montel’s theorem, it suffices to show that any limit point, call if F’, is 0. 


Suppose first that infinitely many z; are zero. Then for any m, eventually 
ele b(z, z;)| < |z|", so for all m, |F(z)| < |z|™, and thus, F = 0. 

If there are infinitely many nonzero z;’s converging to 0, since F'(z;) = 0, 
zero is not an isolated zero, so again F' = 0. 

If zero is not a limit point of the z;’s and no z; = 0, then ee b(2, 24) 
has no zero near z = 0. So, by Hurwitz’s theorem, either F'(0) 4 0 or F = 0. 
Since (9.9.1) fails, ee b(0, z;) = Teale — 0 by Problem[I] Thus, F' = 0. 

If finitely many z;’s are zero, say {z;,}{_,, and zero is not a limit point 


: N 
of {z;}, then for N > max(jx), [51 (2, 27) = e Thjen, j4j, O(2, 23) goes 
to zero by the prior case. Thus, in all cases, F = 0, so the limit is zero. 
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We'll study Bo extensively in Chapter 5 of Part 3. In particular, Bo 
has boundary values lim,+4 Boo(re®) for Lebesgue a.e. 6 and these boundary 
values have absolute value 1. 


Proof of Theorem By Theorem 99.9.2] if f ¢ H™(D), then 
holds. 

Conversely, if holds, then B,, given by is in H™(D) (since 
es b(z, z;)| < 1) and has the requisite zeros. 


Here is an interesting application of Theorem [9.9.1] Recall that the 
Weierstrass approximation theorem (see Theorem 2.4.1 of Part 1) says that 
the span of {x”}°°_, is dense in C([0,1]). But since any continuous function 


of x is also a continuous function of x27, so is {x?” no SO lots of sets of 


powers span C'([0,1]). Here is a result that follows from Theorem (the 
direction that follows from Jensen’s formula): 


Theorem 9.9.5 (Miintz—Szdsz Theorem). Let tj =0< ty <-+:+<ty <-> 
be a sequence of reals so that 


(oe) 


So Se (9.9.11) 
j=l 


Then {1,2 ,a,...} are a total subset of C((0,1)). 
Remarks. 1. By total, we mean finite linear combinations are dense. 


2. The converse is also true (and in the original papers; see, e.g., Rudin 
496) Sect. 15.25]). See also Problem {8} 


3. We emphasize the t; need not be integers. 


4. We'll need to know some facts from real analysis; namely, that if { f; ai 
do not span C((0,1]), then there is a linear functional on L € C((0,1)) 
with L(f;) =0 but with LZ not identically zero (Hahn—Banach theorem, see 
Theorem 5.5.5 of Part 1). We also need to know that the linear functions 
are of the form L(f) = i f(x) du(x) for a signed measure on [0,1] (Riesz— 
Markov theorem; see Theorem 4.8.8 of Part 1). 


Proof. Let jz be a signed measure on [0,1]. Define for Rew > 0, 
1 
F(w) =) ew oe) dyi(a) (9.9.12) 
0 


which, by Theorem [3.1.6] is analytic in {w | Rew > O}. 
Let T: D> {w | Rew > O}, 


T(2) 


_t=2 


es 9.9.13 
1l+z ( ) 
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with inverse map 


Tl meh 9.14 
(w) ie (9.9.14) 
Then since F’ is bounded by ||11||, 
g(z) = FT (2)) (9.9.15) 
lies in H™(D) 
Let 
25 = TUty) (9.9.16) 
then 
L- \z5 _ 2main(1,%;) = 2 min(1, ¢1) = 2t1 min(1, ¢) —1 (9.9.17) 


l+i; ~ tltyj+t Ith 7 


so (9.9.11) implies at 1 — |z;| = co. By TheoremG.9.1] g = 0, so F =0, 
so. (nm) = 0 tor m= {1, 2... }. 


Thus, given (9.9.11), 


fo du(a) = 0, all j including t; = 0 > /2 dla) =O. n= 0,1. 


(9.9.18) 
=> [fu = 0 


for all f since the Weierstrass theorem says {x"}°° 9 are total. Thus, by the 
Hahn-Banach theorem, {xi jzo Span C((0, 1)). 


Notes and Historical Remarks. The argument to go from Jensen’s 
inequality to bounds like is due to Carathéodory and Fejér [91]. 
Blaschke products were constructed by Wilhelm Blaschke (1885-1966) in 
1915 [53]. With this exception, almost all of Blaschke’s work was in geom- 
etry. He was Austrian having been raised in Graz where his father was a 
mathematics professor but Wilhelm spent the bulk of his career in Ham- 
burg. He is best known for his 1916 book, Kreis und Kugel (circle and ball) 
on isoperimetric problems. During the earlier years of the Hitler regime, he 
defended Jewish mathematicians, most notably Reidemeister, but he had a 
change of heart in 1936. 


While Blaschke was not as bad as Bieberbach or Teichmiiller, he was 
on the side of oppressors in the Nazi era, becoming a party member in the 
late 1930s. The story is told of Szeg6, who had a reputation of a gentle 
soul, teaching complex analysis at Stanford after the war using the term 
“products,” and when asked by a student why he didn’t call them “Blaschke 
products” like others, replying: “I will not speak that man’s name.” 
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The Miintz—Szasz theorem is named after their discovery of it in 1914-16 
398) |548}. 

The H in H® is for Hardy. Hardy spaces, that is, those functions 
analytic on D with 


. dé 
10\ |p 
su re —<@ow 
sou, [ul J 27 


and the Nevanlinna class will be heavily studied in Chapter 5 of Part 3. 


Blaschke products for matrix-valued functions are subtle because of com- 
mutativity issues. They are due to Potapov [457]; see Kozhan for a 
modern exposition. 


Problems 
1. Let 0 < a; <1. Prove that 


lo-e) (oe) [oe] 
[[ 2: > 9 SS (-loslz;l) < 00 S71 = [24|) < 00 
j=l j=1 j=l 


2. Let f be bounded and analytic in the right half-plane with f(n) = 0 for 
n=1,2,.... Prove that f = 0. 


3. Let {aj }92y C (0,1), {wy }F21 C OD. 
(a) Prove that 


(b) Prove that if °° ,|zn|*1 < 00, then if 


FE 
bp (z, (1 — x)w) = 


we have that jaa bm(z, (1 — #j)w;) converges and has zeros precisely at 


{(1—2n)wn}. 
(c) How do b, and 6 differ for n > 1? (Hint: Look at lim,1|bp(rw, (1 — 
x)w)|. Is [] bm bounded on D’?) 


Remark. In (c), you are not being asked to prove something for arbitrary 
choices of w and x, but for suitable examples. 


A. Let {fn}P2, be a sequence of analytic functions on with 

SUPn,zep| fn(z)| < oo. Let {z,}22, be a sequence of distinct points in 
with S°P°.4(1 — |z%|) < co. Suppose for each k, f,(z~) exists. Prove 
that for some function, f € Hx, fr > f uniformly on each D,(0) with 
r<l. 
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5. (a) Prove for w € D, z € C%, 


(1 — |w|)(1 + lal) 
1—0W(z,w)| < |z| dist(z—!, w) 


(b) Suppose {z;}72, C D obeys a Blaschke condition (9.9.1), and for some 
interval I C OD, infzez, ;=1,2,.../2; — z| > 0. Prove B.(z) has an analytic 
continuation across J and defines a function meromorphic on C \ (OD \ J) 
with poles at ig at 


6. In this problem and the next, we discuss results not directly related to 
Blaschke products but needed for an alternate approach to the Miintz— 
Szasz theorem. This problem will prove the Cauchy determinant formula 
that for {ai1,...,@n} and {bi,...,bn}, 2n complex numbers so that 
for all i,j : ai F aj, bi A bj, a; + b; A O (where the first two require 
i #7), we have 


1 
det ( 
aj + b; 


(a) Fix {aj}"4, oe eee and replace 6b, by z and _ let 
Rp(z341,.--,Qn,b1,...,bn-1) be the right side of (9.9.19), Prove 
that Rn(z) = O(3) at oo and that if p1,..., Pn are the residues of the 


Zz 


= 9.9.19 
[i.jat,....n (ai + 55) ( ) 


) — Th<icj<n(ai — 45) (bi — 25) 
1<%t, j<n 


poles at z = —ay1,...,—Gn, then 
a . 
R,(z) =). SL (9.9.20) 
—< aj +z 
j=l 
(b) Prove that 
Pn = Ry Ona Q1,+-+-+,An—-13 by, sia aeg bya2) (9.9.21) 


(c) Prove (9.9.19) inductively. 


7. Let 71,...,%n € H, a Hilbert space, be linearly independent. Their 
gramian (determinant) is 


GG. yy) = et nas ici sen) 


Given yj, y2, let G(a1, .-+52n3Y1; Y2) be the (n+1) x (n+1) determinant 
with (y1,2;) plus (y1,y2) added as an extra row on the bottom and 
(xj, Yy2) plus (yi, y2) as an extra column on the right. 


(a) Prove that for 71,...,@p, fixed, Gisa sesquilinear form in yj, yo. 
Define 


Ogi; 92) = G(a15 ++. 5 Fn3 Vis Yo) (/G(1,--+,2n) (9.9.22) 
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(b) Prove Q(yi,y2) = 0 if y: and/or y2 are linear combinations of 
T15+++,Un- 


(c) Let P be the projection onto the span of 71,...,2,. Prove that 


(1 — P)yll? = Qy,y) (9.9.23) 


. This problem will prove an L?-version of the Miintz-Szdsz theorem (Note 


that the requirement that to = 0 is missing in this L? version!). Fix real 
numbers —1 < 8s, < s2 <... with s, — oo. Let Qy be the L?((0, 1], dx) 
projection onto the orthogonal of the complement span of {x*) het 


(a) Let m EN, m 4 8; for any s;. Prove that 


(c™, 23) =(m+1+8;)* (9.9.24) 
(b) Prove that 
Im+1 \? 
i 


(c) Prove that for all m ¢ {s;}% 


ay x” is in the L?-closure of the span of 
the «*/ if and only if 


8;>0 “ 


(d) Prove that {x*/}5°, is complete in L*((-1,1],dx) if and only if 


(9.9.26) holds. 
(e) Prove a fortiori that if (9.9.26) fails, then {7% }9°) is not L°° ({0, 1], dx) 
complete. 


. This will provide an alternate proof of the rest of the Miintz-Szasz theo- 


rem. 
(a) Let {fj}52, be a family of C' functions on (0,1), so that g; = fj 
is in L?((0,1],dx) and {gj}fo1 are total in L*((0, 1], dz). sae oe 
{1} U {f)}521 are total in C'((o, 1]). (Hint: h(x) = h(0) 1+ fj h’(y) dy.) 
(b) Prove if 0 = to < ty <... and tn, — ov, then {24 a are a in 
C((0, 1]). 


Remark. Problem[§]is essentially Miintz’s original proof [398]. He had 
a more involved argument to go from L? to C (0, 1)) spanning sets. Prob- 
lem [9Jis Szdsz’ method to get to C({0,1]) [548}. 
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9.10. Entire Functions of Finite Order and the Hadamard 
Product Formula 


An entire function, f, is said to have finite order if for constants C,D and 
some positive real a, 


|f(z)| < Cexp(D|z|*) (9.10.1) 
Our main goal in this section is to prove a representation for such functions 


of the form os 
f(z) = PT] Em( =) (9.10.2) 
a 
j=l 7 


with a fixed m and P a polynomial. We want to relate m and deg(P) to 
the optimal a in (9.10.1). We begin by defining this optimal a. 
Definition. Let f be a nonconstant entire function. The order of f, p(f), 
is defined by 
log(log| f (Re’ 
aif) <timeup vup Bllosl FRE)! 
R00 0€[0,27) log(R) 

If p(f) is finite, we say f has finite order. 


It is not hard to see that holds for any a > p(f) and fails if 
a < p(f). It might or might not hold if a = p(f). It is also easy to see that 
one can replace sup|f(Re’’)| by averages (see Problem [I). Since f is not 
constant, limp_+o. supg| f (Re””)| = co, so 0 < p(f) < oo. If 0 < p(f) < 00, 
we define 


Definition. If 0 < p(f) < co, the type of f is defined by 
r(f) =limsup sup Rl log| f(Re?)| (9.10.4) 


r—+co  6€[0,27) 


(9.10.3) 


Notice 0 < r(f) < oo. If r(f) = 0, we say f has minimal type, if 
T(f) € (0,00), of normal type, and if tT = co, of maximal type. 


Except for some results in the Problems, we’ll say nothing more about 
type, except to note that sin(az) has order 1 and type a, that by Stirling’s 
formula, I'(z)~! has order 1 and maximal type (see Problem [I3), and that 
Problem has an “explicit” function of order 1 and minimal type. The 
problems (see Problems[2]and[3) have criteria for the order and type in terms 
of the Taylor coefficients; for example, if f(w) is given by (2.3.1), then 


o(f) = lim sup 8) 


st 9.10.5 
Pea) oo 


and, in particular, 


F(2)=>> Tani (9.10.6) 


has order p. 
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For a representation like (9.10.2) to converge, we need the zeros to obey 
en aie < oo. We thus define 


Definition. The exponent of convergence of the zeros of f is defined to be 


co 


yal =< oo} (9.10.7) 


o= int >0 
j=l 


where {2;}72, are the zeros of f other than 0, counting multiplicity. 


We are heading towards a proof that 
o(f) < of) (9.10.8) 


a compact way of expressing quantitatively that zeros force growth. It will 
help to have two enumerative functions for the zeros: 


n(r; f) = # of zeros of f in D,(0) (9.10.9) 


Ss 


N(r;3f) = [ AG mea OE (9.10.10) 


We note that if ro > 0 is picked so f has no zeros in D,,(0) \ {0}, then 


R 
S° lao f r* dn(r) (9.10.11) 


{illzj|<R} 


since dn is a point measure with pure points at |z;| and mass equal to the 
number of zeros with |z;| = r. If f(0) 4 0, we can take ro = 0. The following 
is elementary and left to Problem [4} 


Proposition 9.10.1. The following are equivalent for each a > 0: 


(1) So |zj|"* < 00 (9.10.12) 
j=l 

(2) [- r*~°n(r) dr < 00 (9.10.13) 

(3) [- r-l-*N(r) dr < 00 (9.10.14) 


We next rewrite Jensen’s formula: 


Proposition 9.10.2. Let f be an entire function with f(0) 40. Then for 
any r > 0, 


27 
7 [ log| f(re"*)| dO = log| f(0)| + N(rs f) (9.10.15) 
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Proof. Clearly, 


log( — a e (9.10.16) 
{z3] |z5| 8 
‘J 


So, given the definition of n and N, 


> toe( (9.10.17) 


lzj|<r 


and (9.10.15) is (9.8.4). 
Theorem 9.10.3. For any entire function, 


esas) (9.10.18) 


In particular, if m = |p(f)], the integral part of p(f), and {25} Fe ©, are the 
zeros of f away from z =0, 


TL »(=) (9.10.19) 


is an absolutely convergent product. 


Proof. Suppose first that f(0) 4 0. For « > 0, |f(z)| < Cexp(D|z|t2°), 
so 

LHS of (@:10.15) < log(C) + Dr?t2® 
Thus, by (9.10.15), 


(oe) 
a N(r; f)r7}-?-*dr < co (9.10.20) 
By Proposition [9.10.1] 
[oe] 
eh <0 (9.10.21) 
j=l 


which implies (9.10.18). 

If f(0) = 0, pick ¢ so g(z) = f(z)/z* is nonvanishing and finite at z = 0 
and note that p(g) = p(f) and o(g) = o(f). 

Since m+1> p(f) > o(f) if m = [p(f)], we have that 


oe) 


Sle <0 (9.10.22) 
j=l 
which, by (9.4.3), implies 
[oe 
sup )*|1— Em( =)| < 00 (9.10.23) 
lz|<r j= 1 oa] 


and yields the convergence of the product. 
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We need the following elementary fact left to Problem 5} 


Proposition 9.10.4. Let f,g be two entire functions of finite order. Then 
fg has finite order and 


e( fg) < max(p(f), e(g)) (9.10.24) 


Remark. Using the Hadamard product formula, one can prove equality 


holds in (9.10.24) if p(f) 4 p(g); see Problem [5} 


Given a sequence {z,}?72., in C* with |z,| > oo and exponent of conver- 
gence a, if m is an integer with m+1> 0, or both m+1=o and 


Mia’ =e (9.10.25) 
the product 
][ 2m (=) (9.10.26) 
2; 


converges. If we pick m to be the smallest integer for which ele <4 
oo, then (9.10.26) is called a canonical product and m is called its genus. 


Lemma 9.10.5. Let m> 1 and define 


“1 
Cm=1+5 >= (9.10.27) 
ja? 
Then, for |z| > 1, 
|Em(z)| < exp(Cm|z|") (9.10.28) 


Proof. Since |1 — z| < 1+ |z| < exp(|z|) and for |z| > 1 and 7 < m, 
|z|? < |z|'™, we have for |z| > 1, 


\Emm(z)| < exp( Is + (> : #)) 


j=l 
< exp(Cm|2|"") 


Proposition 9.10.6. Let g be a canonical product of genus m with exponent 
of convergence of zeros a. Then 


P(g) = o(9) (9.10.29) 


Proof. Since o < p for any function, we only need p(g) < o(g). By defi- 
nition of canonical product, we have that m < o < m+1. If |z| < 1, by 
(9.4.3), 

|\Em(z)| < 1+ |2|"** < exp(2|"*7) (9.10.30) 
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so, by the lemma, 
\z| m+1 \z| m 
Il <expl >> nl +Cmn >° (4) ) (9.10.31) 
leslzlel S74 lesl<lel 4 
Ifo =m+1, we have for |z| > |z;|, that |z/zj|" < |z/z,;|*1, so 
(oe) 
Jl] <exp(Gmlel™* Soles") =exp(Clel?) (0.10.32) 
j=l 
by (9.10.25). Thus, p <o. 


Ifo < m+1, pick o’ with m < o < o! < m+1. For |z| > [z;l, 
lefz4\" Ss lz/z4|”, and for |z| < |z;|, aia < |z/z5|”, so 


jo(2)| S exp Gnlel” So bal-*”) = exp(Clel”) (9.10.33) 


q=1 


Thus, p(g) < 0’. Since o’ is arbitrary in (o,m +1), we get p(g) < o(g). 
Remark. If m = 0, (9.10.28) and so (9.10.31) do not hold. In (9.10.31), 
replace (|z|/|z;|)” by log[1+|z|/|z;|]. Since 0 < 1/k < o’ and w > 1 implies 
1+w <exp((k)!/*w”), the proof goes through. 


We need one final preliminary before turning to the main result of this 


section: 
Lemma 9.10.7. For all m =0,1,2,..., 
lz| < § > |En(z)| > exp(—2|z|"") (9.10.34) 
|z| > 2 => |Em(z)| = exp(—2|z|) (9.10.35) 
Proof. If x € [0, 5], 
log(1 — x) 2g t -t 7 
=-1 + > 1 =-2 10. 
£ 2 oo = 2 4 8 102) 
Se) 
O0<2<5>1-¢>e" (9.10.37) 


Thus, 
lz] <3 > |Em(z)) 21-2" — (by @43)) 
> exp(—2|2|""") 


On the other hand, |z| > 2 > |1 — z| = |z| —1 > 1, while —|z| — i = 
aE fel pb GY) 2 A a 


|z/? |z|™ 
|z| > 2 = |Em(z)| = |1 — z|exp| —|z| ne 
2 m 


= exp(—2|z|") 
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Definition. Let f be an entire function of finite order and o(f) the exponent 
of convergence of the zeros. If o € Z and }°* ,|z;|~7 < 00, set m = o—1 and 
otherwise m = [a]. The associated canonical product, (9.10.26), is called 
the canonical product for f. 


We now turn to the main result of this section: 


Theorem 9.10.8 (Hadamard Product Formula). Let f be an entire function 
of finite order. Let p(f) be its order, o(f) the exponent of convergence of 
its zeros, € the order of the zero at z = 0 if any (otherwise € = 0), and m 
the genus in its canonical product. Then 


f(z) = roeT] en (=) (9.10.38) 


where P is a polynomial of degree q with 


q < [e(f)] (9.10.39) 
Moreover, 


p(f) = max(q, o(f)) (9.10.40) 


Remarks. 1. max(qg,m) is called the genus of f but this term has fallen 
into disuse. Normally, the genus is [p(f)], but it can happen that p(f) € Z 
and m = p(f) — 1 is the genus. 


2. Since q is an integer, if p(f) ¢ Z, it must be that o(f) = p(f). We'll 
discuss the consequences of this below. 


3. This is sometimes called the Hadamard factorization theorem. 


Proof. If ¢ 4 0, apply the theorem to f(z)/z* to get the general case, so 
without loss, we may suppose @ = 0. We set 


gz) = TL »(=) (9.10.41) 


Clearly, f(z)/g(z) is an entire, nonvanishing function, so of the form e?). 


The whole issue is proving that P is a polynomial of degree bounded by p(f). 
We’ll then see that (9.10.40) is easy. 


The key is getting a bound on |e” (2)| and the potential problem is related 
to zeros of g(z). Since zeros of g are cancelled by those of f, at first sight this 
wouldn’t seem to be a problem. But on second sight, borrowing part of f 
makes bounding f difficult. There is, however, a beautiful trick of Landau, 
using the maximum principle that finesses the problem! 
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Define for each R > 0, 
gr(z)= [] Em (=) (9.10.42) 


en 
|en|S2R 
he(a)= J] Em (=) (9.10.43) 
|zn|>2R ue 


On the circle |z| = R, hpy(z) has no nearby zeros, so bounding 1/hp(z) is 
easy. If |zn| > 2R and |z| = R, |z/zn| < 5. So by @1039), 


sup fin(e)|* < exp(2 S (ey) (9.10.44) 


=a Parse |2n| 


Alas, gr(z) can have lots of zeros on or near |z| = R, but f(z)/gr(z) is 
an entire function, so 


sup f@) < sup P(@) (9.10.45) 

jzi=R19R(Z)| ~ |z|=4R | 9R(Z) 
_ sup)-|=ar |f(2)| (0.10.46) 

inf),)=4R |gr(z)| _ 
Since f has order p, for any ¢ > 0, there are C., Dz with 
| f(z)| < De exp(Cz|z|PT*) (9.10.47) 
so, 

sup |f(z)| < De exp(4°t®C, RPT) (9.10.48) 


|z|=4R 
If |z,| < 2R and |z| = 4R, then |z|/|zn| > 2, so (9.10.35) implies that 


inf jan(2)| > exp (2 » (=) ) (9.10.49) 


z|=4R 
l2| |zn|<2R 


Putting together f/g = (f/gr)(1/hr), (9.10.44), (9.10.46), (9.10.48), 
and (9.10.49) yields 


P(2) eee ppte Rye 4R\™ 
sup |e* *’| < Dz exp |4e°™*C, RPT +2 _ —— ) S> — 


|z|=R len|>2R |2n] len|<2R |2n 
(9.10.50) 
Now pick o! with o = m+1 if m = o—1 (in which case, 07°, |2,|7™ 1 < 
oo), and otherwise m < a0 < o’ < m+ 1. Since m < o’ < m+1, we can 
replace m by o’ in the second sum (since 4R/|z,,| > 2) and we can replace 
m +1 by o’ in the first sum (since R/|z,| < 4) and, use yl? Se, 
to get that 
RHS of < D-exp(C(RPt*® + R”)) 
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By TheoremB.2.1] P is a polynomial of degree q, at most max(p+e,0o’). 
Taking € to zero, o’ to o, and using o < p, we get q < p. This yields 
(9.10.39). 

Finally, we turn to (9.10.40). Since o < p and q < [pl], we have 
max(q,o(f)) < p. On the other hand, p(e”) = q and p(g) = o (by Proposi- 
tion (9.10.6). Thus, by Proposition [9.10.4] p(f) < max(q,o(f)). 


There is one specialized case (but which arises in application; see Sec- 
tion 3.12 in Part 4), where one can improve (9.10.39): 


Theorem 9.10.9 (Refined Hadamard Product Formula). Let f be a func- 
tion of finite order with: 
(i) k=p(f) EZ: k>0 


(ii) T(f), the type, is 0 
(iii) o(f) =k and 


Slal* <2 (9.10.51) 
n=l 
Then (9.10.39) holds with m= k—1 and, moreover, 
q<k-1 (9.10.52) 
In particular, if k = 1 and f(0) £0, 
= z 
fe) =f0]] (1 = =) (9.10.53) 


j=l 
Remark. We already know that (9.10.51) and k € Z implies that m = k—-1. 
The new element is (9.10.52). 


Proof. As remarked, we need only prove (9.10.52). Since the type is 0, 
(9.10.47) can be replaced with 


|f(z)| < De exp(e|z|*) (9.10.54) 
so (9.10.50) becomes 


R\* 4R\*! 
sup |e?®)| < Dz exp (cath +2 > (=) +2 (=) ) 


|z|=R Zn 


|zn|>2R |zn|<2R 
(9.10.55) 
Fix N and in the final sum replace k—1 by & only ifn > N. The result is 
sup |e? < D, exp(cy R* + dy R*-!) (9.10.56) 


l2n|SR 


where 


N-1 oo 
dy =2 5° 4 an[-OY, ey = 4* + 2(4)* SO Jel * (9.10.57) 
n=1 n=N 
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While dy may go to co as N - ov, it is finite for N finite, and in using 
(9.3.2) irrelevant in estimating the O(z*) term in P. The result is 


P(z) = agz® + O(z*-) (9.10.58) 

where (taking R — co) 
lax| < 4en (9.10.59) 
Since cy — 0 as first « | 0 and then N —> om, we see ax = O, that is, 


deg(P) <k-1. 


Example 9.10.10. Here is yet another proof of the Euler product formula. 
Let 


sin(7/Zz) 
ge) ee 9.10.60 
fle) = SY (9.10.60) 
Since z — sin(7z)/mz is invariant under z + —z, it has only even terms in 
its Taylor series, so f is an entire function. Since 


1 
d 
sin(7w) -| — sin(zwt) dt 
fF sine 
1 
=nw [ cos(mwt) dt (9.10.61) 
0 


and, for all w € C, |cos(w)| < el”!, we see that 
If (2)| < em? (9.10.62) 
Thus, f has order $ and zeros exactly at {n?}°°,. Thus, by the Hadamard 


n=1° 


product formula (deg(P) < 5 = P is constant), 


f(z) = f() I (1 = =) (9.10.63) 


jas 


Since f(0) = 1, this is the Euler product formula. 


Finally, we want to show that Hadamard’s theorem implies the little 
Picard theorem for entire functions of finite order and (more than) the great 
Picard theorem for entire functions of nonintegral order. Of course, we’ll 
eventually prove this (in several ways) for all entire functions (and even 
functions only analytic near infinity), but those proofs are more involved. 


Theorem 9.10.11. Jf f is an entire, nonconstant function of finite order, 
f takes every value, with perhaps one exception. If p(f) ¢ Z or if p(f) =0 
and f is not a polynomial, f takes every value infinitely often. 


Remark. In Problem[I0] we’ll boost this argument to show the great Picard 
theorem for all entire functions of finite order. 
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Proof. If f(z) never takes the value a, by the Hadamard theorem, 

f(z) -—a=eP) (9.10.64) 
with P(z) a nonconstant polynomial. By the fundamental theorem of alge- 
bra, P(z) takes every value. In particular, for any b £ a, if b—a = |b—ale’”, 
then there are points, 2), with P(z,) = log|b—a|+ ip. In that case, we have 
that f(z») = b. Since there are infinitely many y with b — a = |b — ale” 
(differing by 27Z), f(z) = b infinitely often. 


If f(z) —a has only finitely many zeros, say 21,..., 2%, by the Hadamard 
theorem applied to (f(z) — a) 1 (z — zx), 


f(e)-a=[][@- 2)? (9.10.65) 


for a polynomial, P. If deg(P) = 0, p(f — a) = 0, and if deg(P) # 0, 
p(f —a) = deg(P) € Z. Since p(f) = p(f —a) (see Problem), p(f) € Z. It 
follows that if p(f) ¢ Z, then, for each a, f(z) —a has infinitely many zeros. 

If p(f) = 0 and (9.10.65) holds, then f is a polynomial, so if p(f) = 0 
and f is not a polynomial, each value must get taken infinitely often. 


Notes and Historical Remarks. Hadamard’s theorem is named after 
his partial result in (see below). Landau’s trick of breaking g into two 
products, estimating on circles of different size, and then using the maximum 
principle is from [340]. 


It should be emphasized that virtually any entire function that enters 
in applications is of finite order—indeed, almost always of order at most 1. 
Thus, the results of this section and the special situations in the problems 
(e.g., of real zeros) are extremely important. That said, it should be pointed 
out that Pélya has proven that compositions are “usually” not of finite 
order. He has proven that if f and g are entire and f(g(z)) is of finite order, 
then either f is a polynomial and g of finite order or f is of finite order and 
g is of order 0. 


The key to the proof of Hadamard’s theorem is to show that h(z) = 
log(f(z)/g(z)) is a polynomial. I am aware of two other widely used proofs 
besides the Landau trick. One (Problem|[8) uses a partial fraction decompo- 
sition of h’(z), and the other, a detailed analysis of zeros (Problem[9). Each 
has a slightly messy calculation. To my taste, the Landau proof is by far 
the most elegant and simple, with the partial fraction proof in second place. 
Remarkably, in the many texts that prove the Hadamard theorem, only one 
(Titchmarsh [556], from which I learned it) has the Landau proof, and five 
(Ash [24], Conway [120], Greene—Krantz Hahn-Epstein [232], and 
Segal [514]) the partial fraction proof. All the many others use the detailed 
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analysis. (There are a few other “one-off” proofs, e.g., Berenstein-Gay 
use potential and subharmonic function theory.) I’m hoping this is because 
the slicker proofs are not known, but there could be another reason. The 
detailed analysis is where brute force considerations lead one and some will 
prefer “straightforward” but grubby arguments to some “trick that happens 
to work.” It should also be mentioned that the ideas behind the detailed 
analysis, while not necessary to get Hadamard’s theorem, can be useful in 
other contexts. The moral is that multiplicities of style are an advantage! 


Jacques Hadamard (1865-1963) proved his theorem in 1892-93 (while 
he was a high school teacher) in part to understand Picard’s theorem and, in 
particular, found the application to prove that result for functions of finite 
order. It was also key in his celebrated proof four years later of the prime 
number theorem (done independently by de la Vallée Poussin, both based 
on work of Riemann). We prove the prime number theorem in Section 13.5 
of Part 2B. 


While the Weierstrass product formula was German, its refinement, as 
discussed in this section, is due to a group of French mathematicians. In 
1882, Laguerre singled out what we’d now call canonical products 
of genus 1 as entire functions that look like polynomials (see his theorem 
proven in Problem [11). Poincaré took up this subject almost 
immediately, defined genus n (actually, the early papers used the name 
genre rather than genus and related genus to the decrease of the coefficients 
of Taylor coefficients). 


Hadamard [230], in 1893, then studied these notions further. In par- 
ticular, he established a product formula for the Riemann zeta function (in 
modern terminology, he proved that the function €(s) of (13.3.20) of Part 2B 
is of genus zero), a fact which earned him a grand prix of the French acad- 
emy and established his reputation. He had the key relation but 
didn’t have the notion of exact exponent of convergence nor (9.10.40). 


Borel introduced the exponent of convergence and his book on the 
subject [67] had the full results including (9.10.40). Borel is the first to use 
the name “order” although he used that for the exponent of convergence 
and called what we call order, the “apparent order.” In the book, he also 
proved that the exponent of convergence for the zeros, o(f — a), is equal 
to p(f) for all but at most one value of a. For p(f) ¢ Z, our argument 
shows that, but the case p(f) € Z; is more subtle. We'll prove Borel’s 
theorem as Theorem 17.3.6 of Part 2B. Chapter 17 of Part 2B discusses 
much more subtle extensions. We note that Jensen’s formula was proven 
after Hadamard’s work. In later life, Hadamard regarded his not finding 
this result as a missed opportunity ! 
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Hadamard lived a long and eventful, sometimes tragic, life. His family 
moved to Paris when he was three and there suffered the effects of the siege 
of Paris in the 1870 Franco-Prussian war. Two of his sons were killed in the 
First World War and a third in the Second World War. He and his wife 
were of Jewish descent and he was very active in supporting Dreyfus in the 
struggle to get him freed and vindicated. He fled France for the U.S. at 
the beginning of the Second World War. Ironically, because of his left-wing 
politics and campaigning for world peace, he was almost denied re-entry to 
the U.S. for the 1950 International Congress of Mathematics. 


Hadamard was prolific mathematically over a long career, not only in 
complex analysis but also in the study of PDEs, matrix theory, and geome- 
try. Hadamard was a student of Picard and, in turn, Hadamard’s students 
include Fréchet, Lévy, and Weil (the last shared with Picard). There is an 
interesting mathematical biography of Hadamard [877]. 


Edmund Landau (1877-1938) was a German Jewish mathematician and 
student of Frobenius. On his father’s side, he was descended from the famous 
eighteenth-century rabbi, the Noda b’Yehuda (Yechezkel Landau). His fa- 
ther was from a minor banking family and his mother from a major banking 
family, so Landau had enormous inherited wealth. 


Landau spent most of his career in G6ttingen where he was Minkowski’s 
successor. He had a strong and arrogant personality; his published criticisms 
of the work of Blaschke and Bieberbach produced lifelong enemies. His arro- 
gance was probably a factor in a development that turned out to be tragid} 
He visited the newly founded Hebrew University in 1927 and accepted a 
professorship while there. Magnes, the founder and first chancellor, offered 
him the position of Rector, but Magnes hadn’t discussed this appointment 
with the other members of the triumvirate that ran things (the others from 
afar): Albert Einstein and Chaim Weizmann. The offer was withdrawn in 
the resulting power struggle. The cause was partly a fight over control of 
the university, but it is likely that Landau’s arrogance was a factor. In any 
event, Landau then resigned and returned to G6ttingen—in retrospect, an 
unwise decision for a prominent Jew. Landau was an early victim of the 
anti-Jewish feeling with a famous incident of a group of students, organized 
by Teichmiiller, barring attendance to a Landau lecture. Landau retired to 
Berlin and died in 1938. 


Landau was noted for his breadth of knowledge in analytic number the- 
ory. In 1903, he greatly simplified the Hadamard-de la Vallée Poussin proof 
of the prime number theorem and he wrote the first systematic text on an- 
alytic number theory. His writing and proofs were marked by elegance and 
clarity. 


°nttp://www.ma.huji.ac.il/~landau/landuniv.htm1 
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Problems 


1. This will show that sup, in (9.10.3) can be replaced by an average. Given 
an entire function, f, define 


oO ; 21 ; de 
M\)(r) = sup |f(re)], MPn) =f ir(re®)| 2 (9.10.66) 
0€[0,27) 0 20 


(a) Prove that M{)(r) < My” (r) for all r. 
(b) Let C = supg Pi/2(0) where P,(@) is the Poisson kernel a 
i.e., C = 3. Prove that for all r 
M\~)(r) < CM (2r) (9.10.67) 
Prove that p(f) given by obeys 
log[log M+ (R)| 
PSO eb toe CR) 


(9.10.68) 


2. (a) Suppose |f(z)| < De@l!* and f(z) = 37°29 anz". Prove that 
lim suplap|!/"n!/* < 00 (9.10.69) 
Noo 


(Hint: Optimize a Cauchy estimate.) 
(b) Fix c > 0 and p > 0. Consider the function 


fe=>, —_ Cie (9.10.70) 


n=0 
Prove f has order p. (Hint: Compute max,|[c¥r /y"/?] as a function of r.) 
(c) Prove that if (9.10.69) holds, then |f(z)| < D;exp(C.|z|°T*) for any 
2S 0, 
(d) Verify that if f(z) = 7°45 anz”, then p(f) is given by (9.10-5). 


Note. The function in (9.10.70) is a close relative to the function 
yg 2"/P(an + 1), which Mittag-Leffler noted has order a7". 


3. (a) Compute the type of the function in (9.10.70). 


b) Prove that if f(z) = °°, anz” has order p > 0, then its type is 
n=0 
given by 
7(f) = (ep)! lim sup nlap|?/” (9.10.71) 


4. (a) Prove (1) = (2) in Proposition[9.10.1] (Hint: Integration by parts in 
(9.10.11).) 


(b) Prove (2) = (3) in Proposition[9.10.1] (Hint: Write n(r)—n(0) an 
and integrate by parts.) 


I 
= 
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Suppose that f and g are entire functions of finite order. 


(a) Prove that p(fg) < max(p(f), e(g)) and p(f +g) < max(p(f), e(g)). 
(b) If p(f) > p(g), prove that p(f + 9) = p(f). 

(c) Find examples where p(fg) < max(p(f),pe(g)) and p(f +g) < 
max(p(f); p(g))- 

(d) Prove that o(f) < p(fg). 

(e) If p(fg) < p(f), prove first that o(f) < p(f) and then that p(f) € Z+ 
and that the e” in the Hadamard theorem has deg(P) = p(f). 


(f) If p(fg) < max(o(f), e(g)), prove that p(f) = p(g) € Z4 and deg( P+ 
P,) < deg(Py). In particular, if p(f) > p(g), then p( fg) = p(f). 


. Let {25 }Fo4 Cc C% so that o given by (9.10.7) is finite. Suppose m € Z 


has m > o. Prove that the order of the product in (9.10.19) (which is 
no longer a canonical product) is m. (Hint: Pick m’ = [o] and write 
jas Em(#) = eP() [jaa Em ( =,) where deg P = m and then use The- 


orem [9.10.8] and Problem [5{d).) ‘ 


- Let M,(f) = supjajcrl f(2)/: 


(a) Prove that M,(f’) < M,4i(f). 

(b) Prove that M,(f) < |f(0)| + rM,(f’). 

(c) Show that p(f) = p(f’). 

Remark. We mentioned in the Notes that genus was used earlier than 


order. One of the difficulties with genus was the relation of the genus of 
f and of f’. 


. This problem provides an alternate to the essence of the proof of the 


Hadamard factorization theorem. 


(a) By using the Poisson—Jensen formula (Theorem [9.8.2)), prove that if 
f is an entire function and p(f) <m-+1 with m € Z, then 


a 
dz™ ( #2) ) D> (2; _ zgymti (9.10.72) 


where {zi} Fea are the zeros of f including any possible zeros at z = 0. 


(b) Let g(z) = 2° I]. /2,0 Em(z/2;). Prove that 
q™ 
dz (50 ) ~ n> gaar rel (9.10.73) 


(c) Prove f/g = e? where P is a polynomial of degree at most m. 
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9. 


10. 
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This problem provides an alternate to the essence of the proof of the 
Hadamard factorization theorem, the one most commonly used in text- 
book presentations. It has much in common with the proof we gave, ex- 
cept that in place of Landau’s trick, it estimates [[]j_,(1—z/ z;)| + away 
from small circles about the z;. This proof supposes that m = [a] (and so 
doesn’t handle the special case where 0 = m — 1 and je l25|-7 < 00). 


(a) Prove that for any o < 0’, 


nr) < (S lal” In| (9.10.74) 
j=l 


(b) Prove that 
S> loglzj| < Corl” (9.10.75) 
lz3|<2|2| 
for any o’ > o. 


(c) Consider small circles of radius |z;|~"~! about z; removed from C, 
that is, let 


Q= c\U jzsi-™—1 (2) (9.10.76) 


On 2, prove that 


II 1}- = > exp(—(m + 2)Cy/|z|”) (9.10.77) 
|zs|<2lal : 
(d) With g given by (9.10.41), prove on 2 that 
lg(z)| > exp(—Do’|z|7) (9.10.78) 


for any o’ € (o,m+1). 


Remark. Follow the strategy of our proof but don’t move the circle 
|2| =F to |2| =A4R. 


(e) Prove there exists Ry — co so OD p, (0) C 2 for all k. (Hint: UFZ [zj- 
|z;|~™ 1, z; + |z;|"™ +] has finite total measure in R.) 


(f) Complete the proof of the Hadamard theorem. 


(a) Let g be analytic in {z | |z| > R} with |g(z)|/|z|% — 0 as |z| > oo. 
Prove that if P is a polynomial of degree N, there exists 6 so that for 
every w with |w| > b, there is a z with |z| > R and P(z) + 9(z) = w. 
(Hint: Rouché.) 

(b) Prove that if f is an entire function of integral order at least 1, then 
f takes every value with one possible exception infinitely often. (Hint: 


Use (9.10.65)).) 
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11. The purpose of this problem is for the reader to prove the following 
theorem of Laguerre : 


Theorem 9.10.12. Let f be an entire function of genus 0 or 1 (1.e., 


q<1,m< 1) with f(Z) = f(z) and with all its zeros on R. Then all the 
zeros of f’ are real and interlace those of f. 


(a) Prove Im f’/f > 0 on C4 and conclude that the zeros of f’ are also 
real. 


(b) Prove (f’/f)/ > 0 on R and f’/f has simple zeros and conclude that 
the zeros interlace. 


12. Assume that f(z) has genus zero so that 


for T(0-2) 


Compare f(z) with 
on Zz 
gz) = 2 II(: = =) 


and show that the maximum modulus maxj,)—,.|f(z)| is < the maximum 
modulus of g, and that the minimum modulus of f is > the minimum 
modulus of g. 


13. (a) Prove that f(z) = 1/I(z) has order 1. (Hint: Proposition [9.10.6]) 
(b) Prove that f(—(n + $)) = calla Qnty 
(c) Prove that f has maximal type. 

14. Let f(z) =[[2.(1+ nllogtnyy2)" 
(a) Prove that f has order 1. (Hint: Proposition [9.10.6}) 


(b) Prove for any ¢, there exist N and C so that |f(z)| < C(1+|z|)Nel*l, 
and conclude that f has minimal type. 
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Chapter 10 


Elliptic Functions 


Scarcely had my work seen the light of day, scarcely could its title have 
become known to scientists abroad, when I learned with as much astonish- 
ment as satisfaction that two young geometers, MM. Jacobi of Konigsberg 
and Abel of Christiania, had succeeded in their own individual work in 
considerably improving the theory of elliptic functions at its highest points. 


—Adrien-Marie Legendre (1752-1833) as quoted in 


Big Notions and Theorems: Elliptic Functions, Lattice, Jacobi's Theorem on Di- 
mension of Lattices, Basis, Minimal Basis, SL(2,Z), [(2), Fundamental Region, F, 
28 Liouville's Theorems, Abel's Theorem, Principal Part Theorem, Legendre Relation, 
Weierstrass o-function, Weierstrass ¢-function, Weierstrass g-function, Addition The- 
orem for g, Elliptic Integrals, Chord-Tangent Construction, Lemniscate Integral, Jacobi 
6-functions, Triple Product Formula, Jacobi Elliptic Functions: sn, cn, dn, q-ology, 
Elliptic Modular Function, J-invariant, Equivalence of Complex Tori 


This chapter discusses elliptic functions which are entire meromorphic 
functions that are doubly periodic, that is, 


Jet) =F) (10.0.1) 


for 7 = 1,2, where 71,72 are “independent” (which will mean 72/7 ¢ R). 
One can ask why we don’t look at doubly periodic analytic functions but, 
as we’ll see momentarily, the only such functions are constant. 


While this problem seems to be specialized, it turns out to have a broad 
impact because of its relevance to computation of integrals (elliptic inte- 
grals), to certain nonlinear ordinary differential equations including the one 
for the classical pendulum, to certain completely integrable systems, to cer- 
tain conformal maps (such as a rectangle to C+ in Example and an 
ellipse to D in Example indeed, we saw directly in Example [8.4.5 


A75 
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that the inverse function to the elliptic integral given by is doubly 
periodic), to number theory (see Section 13.1 of Part 2B), and to the study 
of certain algebraic curves (elliptic curves)—we will explore some of these 
below and, in depth, later in the chapter. That said, we emphasize that the 
material in this chapter is only used in the rest of the nonbonus parts of this 
book in one place—where we need the elliptic modular function, and we’ve 
constructed that by alternate means in Section |8.3]so that this chapter can 
be skipped. 


Mind you, I do not recommend that this chapter be skipped. A hundred 
years ago, elliptic functions were regarded as a central—maybe even the 
central—part of the analysis curriculum. Nowadays, it seems as if the alge- 
braic geometers and number theorists have claimed ownership of the subject 
(given, e.g., the connection of Wiles’ proof of the Fermat conjecture to ellip- 
tic curves, their interest is certainly understandable) and, on the other side, 
analysts tend to ignore the subject. This is part of the woeful trend of many 
analysts to dismiss special functions. But fashions are cyclical—in 1928, Fe- 
lix Klein complained, “When I was a student, abelian functions were, 
as an effect of the Jacobian tradition, considered the uncontested summit of 
mathematics, and each of us was ambitious to make progress in this field. 
And now? The younger generation hardly knows abelian functions”—and 
we can hope these particular special functions regain their rightful place in 
the analysis curriculum. 


In Section B.10] we studied periodic functions by showing (Theo- 
rem [3.10.2) that if f(z +7) = f(z), then there is g: CX — C, analytic, 
so that f(z) = g(e?"/7). This relied on the fact that a(z) = e?"/" is a 
covering map with z > z +7 the deck transformations. 

Similarly, in the current setup, if f obeys for f = 1,2 and Tra 
is the complex torus described in Example[?.1.3] then there is a meromorphic 
function g on J;,,7 SO 

f(z) = 9(a(z)) (10.0.2) 
where 7 mapping C to J,,,7, = C/L;,,7, is the canonical projection. For 
(10.0.1) implies that g defined by is well-defined and g is meromor- 
phic since 7 is locally an analytic bijection. 


This implies that the study of elliptic functions is the same as the study 
of meromorphic functions on tori. The torus is the second simplest compact 
Riemann surface, so we start in Section with a quick summary of the 
situation for the simplest such surface, ¢. Basically, for C, the only restric- 
tion on zeros and poles is that there are equal numbers. The surprise is that 
for the torus, there are additional restrictions. 


Section [10.2]is a preliminary for the study of tori—the structure of lat- 
tices £L;,,7,; see Figure Sections and are the central ones 
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in the chapter. Section will prove the basic theorems of Liouville and 
state Abel’s theorem, which will be reduced to the construction of certain 
analytic functions which are doubly periodic up to a linear exponential. 


Section on the Weierstrass elliptic functions, will construct the 
needed analytic functions as Weierstrass products and use them to both 
prove Abel’s theorem and to construct the Weierstrass g-function, an elliptic 
function with the remarkable property that 


(0'(z))? = 4(w(z) — €1)(@(z) — €2)((z) — es) (10.0.3) 


Here 1, €2,e3 are three special values of o(z) that depend on 7,72. This 
will link elliptic functions both to elliptic integrals and to cubic curves. 


Bonus Section will present Jacobi’s alternate approach based on 
© functions and the related sn and cn functions. Section [10.6] will define the 
elliptic modular function in terms of the values of €1, €2, e3 for 7, = 1, 7m =7T 
and prove its basic properties. This is the same function we constructed by 
other means in Section[8.3] Finally, Section will classify complex tori— 
that is, settle when 71, 72 and 7,, 72 generate tori which are biholomorphically 
equivalent. 

This chapter will only scratch the surface of the subject of elliptic func- 
tions, on which there are many complete books 
(236) [237), |273) [315] (322) (344) (378) [409] [473} [520) [5771 (589). In par- 
ticular, we’ll say almost nothing about their applications to number theory 
(however, see Section 13.1 of Part 2B). 


Notes and Historical Remarks. 


December 23, 1751 is “the birth day of the theory of elliptic functions.” 
—Jacobi as quoted in 


For purposes of presentation, the central theme in the chapter is the 
study of doubly periodic functions, but in terms of both history and interest 
in the results, this gives a slanted picture. Consider how one might view the 
trigonometric functions: 


(a) As periodic functions. If g(z) = cos(mz), then by Problem [I] of Sec- 
tion 8.10} every periodic function, f, has a unique expansion 


12) = Drang" +9'2) Yoong” (10.0.4) 
n=0 n=0 


discussing Euler’s beginning of work that led to his discovery of addition formulae for the 
lemniscate integral. 
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In that way, there will be an analog for the Weierstrass o-functions. We’ll 
see (Theorem [10.4.9) that every doubly periodic function, f, can be written 
uniquely as 


f(z) = II (2) — Wy i ¢'(z) I] (2) —Tk (10.0.5) 


and from the point of view of the study of doubly periodic functions per se, 
this is a way to understand the importance of , but just as is not 
the real reason one should care about cos(7z), is only part of why 
ga is important. 


(b) As the inverse of an integral. Consider the formula 


= ae 
[ Ae arcsin(z) (10.0.6) 
Suppose one discovered sin by noting the integral on the left of was 
the inverse of a periodic function and concluded this inverse function might 
be an object worth studying. Given how sin and cos entered in real history, 
this would seem fairly bizarre. But historically, the analog is exactly how 
elliptic functions were discovered! 


Just as the reason (10.0.6) works is that u(z) = sin(z) obeys u!(z)? = 
1—u(z)?, so the reason the Weierstrass ¢-function is connected to integrals 


of (,/Q(z))~! for Q, a cubic polynomial, is that g obeys 
g'(z)? = 4(@(z) — e1)((z) — e2)(@(2) — es) (10.0.7) 


for suitable {ej}3_y ; 


(c) As uniformization functions. Suppose we are interested in a qua- 
dratic curve {(w,z) € C? | w? + 22 = 1} and what the topology of its 
compactification (as described in Section is. If we note w = cos(¢), 
z = sin(¢) not only solves w? + z2 = 1, but also describes all solutions. 
In fact, if we add two points at infinity (since w + iz is missing the val- 
ues 0 and oo), we see the compactification is topologically a sphere. In 
the same way, because of (10.0.7), ¢ > (@'(¢), @(¢)) uniformizes the cubic 
w? + 4(e1 — z)(e2 — z)(e3 — z) = 0 and shows the compactification is a torus. 


(d) As arithmetic functions given addition formula. Suppose you are 
looking for Pythagorean triples, that is, integers p,g,r so p? + q? = r?. If 
we let x = p/r, y = q/r, this is equivalent to looking for rational solutions 
of x? + y? = 1 in the first quadrant. Draw a straight line between (—1,0) 
and (a, y) and you'll have a rational slope t = n/m where the geometry (see 
Figure [10.0.1) has t < 1, that is, n <_m. 
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Figure 10.0.1. Chord-tangent construction for a quadratic curve. 


Thus, y = t(2 + 1), so y? + 2? = 1 is the quadratic equation 
(1+?) +2P?2+P =1=0 (10.0.8) 


This has the obvious solution « = —1, so looking at the product of 
the roots, we see the other solution is x = (1 — ¢?)/(1 + #7), and then 
y = 2t/(1+1#?). Thus, solutions are 


p = (m? — n?)k, g= Qmn)k, r=(m?+n?)k (10.0.9) 


a well-known parametrization of the Pythagorean triples. This geometric 
construction is believed to go back to Diophantus. (The formulae appeared 
even earlier in Book 10 of Euclid’s Elements; Diophantus did his work about 
250 AD, Euclid about 300 BC.) The geometry of this situation shows that 
the key to this algebra is actually the double-angle formula for trigonometric 
functions 6 = 2y (in Figure (10.0.1), and is essentially sin(@) = 
2.cos(y) sin(y); cos(@) = cos?(y) — sin?(y). It explains why Jacobi called 
December 23, 1751, the day Euler started working on what led to addition 
formulae for elliptic integrals, the birthday of elliptic function theory. We’ll 
only touch on these addition formulae briefly in Section[{i0.4Jand not at all on 
other number theoretic aspects, but these calculations should illustrate one 
reason why there are number theoretic aspects of elliptic function theory. 


One of the early successes of elliptic function theory was Jacobi’s two- 
and four-squares theorems, discussed in Section 13.1 of Part 2B. Another was 
the proof of cubic and quartic reciprocity laws by Jacobi and Eisenstein (see 
Lemmermeyer [353]). Other significant nineteenth-century applications in- 
clude Hermite’s solution in 1858 of quintic equations in terms of elliptic 
functions (see King [307]) and the finding of several completely integrable 
systems, including geodesic flow on an ellipsoid by Jacobi, and nutation of 
tops, including the Kovaleskaya top (see Arnol’d and Bolsinov-Fomenko 
[61]). The last four chapters of have lots of applications of elliptic func- 
tions and integrals, including solutions of quintics. 


To get a feel for what elliptic functions have to do with solving quintics, 
we note, following Hermite, that «?—3x2+2a = 0 can be solved by finding 6 so 
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that sin @ = a and noting that, by triple-angle formulae, the solutions of the 
cubic are 2 sin((27;+6)/3) for 7 = 0,1,2. Quintics use Jacobi @ functions and 
elliptic modular functions in place of sin and arcsin. Klein developed 
a link of this approach to Galois theory by using the symmetry group of the 
icosahedron. 

In the end, as a first pass, we'll focus on double periodicity per se, but 
these Notes should give the reader some flavor of why the full theory is so 
much more and why it has led to multiple books. 


10.1. A Warmup: Meromorphic Functions on Cc 


Theorem[7.1.9]says that two meromorphic functions on a compact Riemann 
surface, S, are determined up to a multiplicative constant by their zeros 
and poles (including their orders) and are also determined up to an additive 
constant by their principal parts. So it is a natural question to ask what 
sets of zeros and poles and what principal parts can occur. 

One obvious restriction comes from Theorem [/.1.10}the total numbers 
of zeros and of poles (counting orders) must agree. The main result in this 
warmup section is that, for S = C, this is the only restriction. 

Recall that a rational function is a ratio of polynomials Q(z)/P(z), that 
we suppose has no common zero. The following has been implicit in some 
places earlier in this book: 


Theorem 10.1.1. Every meromorphic function on C is a rational function. 
The number of zeros and poles (counting orders) agree. 


Remark. Of course, the converse of the first sentence is also true and the 
last sentence follows from Theorem [/.1.10| but we provide a simple direct 
proof. 


Proof. Let f be the meromorphic function on C and ape the set of 
poles in C, counting orders. Let 
No 


P(z) = [[(@-»,) (10.1.1) 


j=l 
Then Q(z) = f(z)P(z) is an entire function on C. 
Since f is meromorphic at oo, near infinity, for some k, 
If(2)| < Clal* (10.1.2) 
so, |Q(z)| < C\z|*t%o and Q is a polynomial by TheoremB.1.9| Thus, f is 
rational. 


If f = Q/P is rational, the order of the zero or pole at infinity is deg(P)— 
deg(Q) (with pole orders counted as negative numbers and f nonvanishing 
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and regular at oo if this number is 0). Since deg(P) counts the sum of the 
orders of poles in C and deg(Q) of the zeros, we get the claimed equality on 
the total number of zeros and poles. 


Theorem 10.1.2. Let eae and {pi}e21 be finite sequences of points 
in © with pj # 2, for all j,k, and suppose Nz = Ny. Then there exists 
a rational function whose zeros (counting orders) is precisely teea er and 


N, 
poles {pj}™*,. 


Proof. By renumbering, we can suppose for some nf, n°) that z; = oo 
10) ey ea nS? +1 and ep oF for 7S NL, and similarly for the poles (by 
hypothesis, either ni = N, or n° = N, or both). 


No 
- TAs (z — 2) 


0 
TY (2 — pj) 
has the required poles and zeros in C and the order of its pole or zero 
at infinity is, by N, = N-., precisely the number of times oo occurs in 
the sets. 


(10.1.3) 


Theorem 10.1.3. Let {p; ne be a set of distinct points in C and (Pils 
potential principal parts of a pole at pj. Then there exists a meromorphic 
function, f, on C so that the poles and principal parts are precisely {oj}, 


and {P; he 


Remark. The principal part at co of a meromorphic function on C is the 
negative terms in the Taylor series in z~', so a polynomial in z with zero 
constant term. 


Proof. Let P;(z) = P;(1/z—p;) if p; 4 co and P;(z) if pj = oo. Take 


F(2) =>) Pi) (10.1.4) 


Since f(z) — P, is analytic at p;, f has the requisite principal parts. 


10.2. Lattices and SL(2, Z) 


Elliptic functions are left invariant by adding to their arguments elements 
of a subset £L = {t} C C of those t with f(z +t) = f(z) for all z. Clearly, 
if t1,t2 €£L >t, +te € Land -t € £. For f to be nonconstant, £ cannot 
have finite limit points. If t, > to, tn41 — tn — 0, so it suffices that 0 is 
not a limit point. This leads to the natural definition: 
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Definition. A lattice, £ C C, is a subset that obeys 

(i) t1,tg€L>h-t€ELl 

(ii) infrec, rz0l¢| > 0 
In other words, a lattice is a discrete additive subgroup. We’ll always sup- 
pose £ is nontrivial, that is, 2 has at least two (and so, an infinity of) 
points. 


This section, as a preliminary, will study lattices in C and their geometry. 
We’ll begin by defining bases showing the existence of what we’ll call minimal 
bases. We’ll see the set of all bases with Im72/7; > 0 for a lattice, L, is 
naturally a transitive homogeneous space for the group, SL(2,Z), and use 
the existence of minimal bases to find a fundamental domain for the action 
of SL(2,Z) on C1. There will be a subtle interplay between the group and 
the set of lattices. Finally, we'll study 5L > £ and an associated natural 
subgroup, ['(2), of SL(2, Z) and find a fundamental domain for it. 


We begin by showing that every lattice as a group is isomorphic to Z 
or Z?. 


Theorem 10.2.1. Let £ be a lattice in C and pick 


mE {EEL | |t|= sre |s|} (10.2.1) 


which is a nonempty set. Then, either 


(i) £ CR = {2ti |x € R} (10.2.2) 
in which case, 
Lain ={n4 | ne Z} (10.2.3) 
or 
(ii) £2 ¢ Rn 
in which case, if 
7] € {tEL\Ry | |t]= Pomel (10.2.4) 


which is nonempty, then 
L=2714+2Z% = {nit + N2T2 | ny E Z} (10.2.5) 
and anyt € L has a unique representation n1T + nat. 
Proof. Let R = infrec,+zo|t| > 0, by hypothesis. If the set (10.2.1) were 
empty, there must be t, € £ with |t,| > R but |t,| > R and then, by 


compactness, distinct tp, — to., which is forbidden since |t — s| > R for all 
t,sELlLwithtFs. 
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Suppose LC Rr. Then every t € L is of the form x7, with « € R. If 
x € Z, {x} =t—|zr]n € £ and 0 < |{x}74| < || = R, which is impossible. 
Thus, £C Zr. Clearly, Zr, C L, so holds. 

If £ ¢ Rr, let Ry be the inf in the set in (10.2.4). Since points in £ are 
a distance at least R apart if there are k points in £M Dap, (0), there are k 
disjoint disks of radius R/2 in Dor, 42/2, 80 k < ((2Ri + 5R)/(ZR))? < oo. 
Since there are finitely many points in £M D2R, \ Rm and there are some 
points (by definition of R1), there must be one of smallest norm, so the set 
in is nonempty. 

Since 72 ¢ Rr, 7, and 7 are a vector space basis for C as a vector space 
over R, so any t € £ can be written 


t = 21(t)m + xe(t)7 (10.2.6) 
Picking integers with |x;(t) — nj| < 4, we see 
s=t—nyt — Net. = yiT1 + YaT2 (10.2.7) 
with |y;| < 5. If yo #0, s€ £\Rr with 
Is] < §|mi] + 4 |72| < |r2| (10.2.8) 


(10.2.8) is obvious if y, = 0 and is true if yy # 0, since nonparallel vectors 
obey a strict triangle inequality. This is a contradiction, so yo = 0. But then, 
since as above, £M Rt = Zr, y; = 0. We conclude s = 0 so t € Zr, + Zr. 

Uniqueness of representation follows from the fact that 7, and 72 are 
linearly independent over R. 


We call £ one-dimensional if £ = Zr, and two-dimensional otherwise. 
Henceforth, we only consider the two-dimensional case. Two vectors, ¢1, te, 
in £, a two-dimensional lattice, are called a basis of £ if and only if 


L= {nity + note | nyyng € Z} (10.2.9) 


Since £L ¢ Rti, we have that Im(t2/t1) 4 0. Clearly, if (t1, t2) are a basis, so 
are (+t, +t2) for the four independent choices of +. We can partly remove 
this multiplicity by demanding Im(t2/t,;) > 0, which can be arranged if 
necessary by replacing tg by —tg. We’ll call such a basis an oriented basis 
and T = ta/ti, the ratio of the basis. If (71,72) is an oriented basis which 
obeys and (10.2.4), we call it a minimal basis. 

SL(2, Z) is the set of elements in SL(2, C) with integral coefficients. The 
inverse of such a matrix is again in SL(2, Z) by Cramer’s rule for the inverse. 
In addition, we note that if A € GL(2,Z) with A7! € GL(2,Z), det(A) = 
+1, since det(A) det(A~!) = 1 but both have to be integers. Any A € 
hom(C?), the 2 x 2 complex matrices, induces a map By: (ti, t2) > (81, 82) 
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on pairs of vectors by 
Ba(ti, to) = (aiiti + arate, aoit + agate) (10.2.10) 


Proposition 10.2.2. (a) B4 maps Lx L into Lx L for any A € hom(Z?), 
the 2 x 2 matrices with integral coefficients. 
(b) If t1,t2 ts an oriented basis for L, then Ba(ti,t2) = (51, 82) is an ori- 
ented basis if and only if A € SL(2,Z). 
(c) Given any two oriented bases of L, (ti, tz) and (s1, 52), there is a unique 
A€SL(2,Z) with 
Ba(th, ta) = (s1, S2) (10,2.17) 


Proof. (a) is obvious. 


(b) By definition of basis, if (¢1,t2) is a basis, then for any (s1,52) € £x CL 
can be written for A € hom(Z?). If s1,s2 is also a basis, then 
(ti, t2) = Bg(si,s2) where B also has integrable elements. Thus, BA = 1, 
so since det(A) det(B) € Z, det(A) = +1. But a simple calculation shows 
that 


im( =) Outs (10.2.12) 


lara + aro |? 
so if both bases are oriented, det(A) > 0, that is, A € SL(2,Z). Running 
these calculations backwards shows, conversely, that B4 for A € SL(2,Z) 
maps oriented bases to oriented bases. 


51 


(c) Since (51, s2) and (t, tg) are bases, there exist A, B with integral elements 
so that By(t1,t2) = (81,82) and Bg(s1,s2) = (t1,t2). Thus, AB = 1, so 
det(A) = £1 and (£0.2.12) implies det(A) > 0, so A € SL(2, Z). 


HA=(7 7) end 


22% + G21 


ga(z) = (10.2.13) 


122 + @41 
(which, in terms of f4 of Section [73] is fo with C = (94)A(93)~'), if 
(10.2.11) holds, and if + = te/t1, o = s2/s1, then 
o = ga(T) (10.2.14) 
Thus, SL(2,Z) acts on the set of all bases in such a way that the induced 
action on basis ratios is by FLTs, albeit a conjugate of the “usual” action. 


We want to ask what ratios arise for minimal bases. Define (see Fig- 


ure [10.2. 1) 
F™ = {zE Cy | |z| > 1, |Rez| < 5} (10.2.15) 
Cy = {ze Cy | |z) =1,0< Rez < 9} (10.2.16) 
C_={zeE Cx | |z|=1, -5 < Rez <0} (100,2.17) 
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ae 


Figure 10.2.1. The region F. 


Ex ={z€ Cy | |z| > 1, Rez = +45} (10.2.18) 
FHaF™uUCLUa, FSeFuC ue. (10.2.19) 


A special role is played by the single point in C, M €,, that is 


wo = 5+ NE (10.2.20) 


The lattice with 7 = 1, 7 = wo has a symmetry under rotations by 60°. 
Notice that wo is a sixth root of unity. A less special role involves the point 
in Ci MC_, that is, 7 = 7. The lattice with 7, = 1, m = 7 has a symmetry 
under 90° rotations. 
Theorem 10.2.3. Let A € SL(2,Z),7,0 € F with ga(T) =o. Then one of 
the following holds: 

(i) A=+1 
Grae =7 4S 205.40 
(iii) T =o =wo; A=+(%, +) or A=+(} 4) 


In all cases, T=. 


Proof. Since rt = g4-1(c), by interchanging 7 and o and replacing A by 
A7!, we can suppose Ima > Imr. In this equivalence, it is important to 
note that up to +1, the A in (ii) is its own inverse and the A’s in (iii) are 
each other’s inverse. Now, since det(A) = 1, 


a22T + a2] Imr 
o = ———_ , Ino 


SoS ee 10.2.21 
ay2T + A441 |ay2T + a41|? ( ) 
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so Ino > Im implies 
lart +a)? <1 (10.2.22) 


This implies |aj2| < 1/|Im7| < \/4/3 since the minimum value of Imr 
in F is at T = wo with Imt = \/3/4. Thus, aj2 = 0 or +1. So long as we 
multiply the possibilities for A by —1, we can suppose aj = 0 or ay2 = 1. 


Case 1: aj2 = 0. Then aj1a22 = det(A) = 1, so ayy = agg = +1 and, by 
(10.2.27), o =r +a. Since FN (F +n) =0 for n € Z\ {0}, we must have 
az1 = 0, that is, A= +1. So we have (i). 


Case 2: aj2 = 1, a4, #0. Then 


1 > |ai1 +Rer|? > (lar — 3)? (10.2.23) 
so ay, = +1 and so, |Imz|? < 1 — ; which implies 7 = wo since the only 
tT € F with Imr < ,/3/4 is wo. Thus, Ret = 5 and (10.2.23) implies 
ay, = —l. Thus, |aj2T + ay1| = lwo — 1] = 1 and Imo = Imr7, so o = wo 
also. Thus, 

a22W9 + a2] = wo (wo _ 1) = we =-1l (10;2:24) 
SO a2 = 0, a2] = —1, that is, A = (] 0) and 0 = T = w9, which is one of 


the possibilities of (iii). 


Case 3: aig = 1, a1, = 0. Then det(A) = 1 implies ag; = —1 and 
o=a9—-T I. implies |r| < 1, so since 7 € F, |r| = 1, so T € Cz 
and —r~! € C_. Only two pairs wy € C1, p— € C_ have py — p_ € Z. 
fy = W— = 7 and ag2 = 0 (which is when (ii) holds) or w4 = wo, a22 = 1 
and 1 —w 9! = wo, which is the other possibility where (iii) holds. 


Theorem 10.2.4. (a) For any minimal basis of a lattice, L, the ratio T lies 

in F. 

Every lattice has a minimal basis whose ratio lies in F. 

(c) If a lattice has two oriented bases whose ratios both lie in F, the ratios 
are the same. 

(d) If a basis has a ratio in F, then it is a minimal basis. 

Every T € F is the ratio of a minimal basis of some lattice. 


—>~ 
oP 


— 
& 


Remark. Problem [I] will explore the number of distinct minimal bases a 
lattice has. 


Proof. (a) Let 71,72 be a minimal basis with 72/7, = T. |t2| > |71| implies 
|r| > 1. Since it is oriented, Imt > 0. Since (7,72 + 71) is also a basis, 
|T2 ae T1| > |T2| > |1 a aks > |r|? =>1+2Rer>0=> |Ret| < 5: Thus, 
tT €{r| |r| >1, Im7 > 0, |Rez| < =, 


(b) Let (71,72) be a minimal basis with ratio 7. If 7 € E_, (1,72 +71) is an 
oriented basis and |72 + 7|/72 = |7 +1] = |7| since 7 € E_, so (71,72 +71) is 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


10.2. Lattices and SL(2, Z) 487 


a basis with ratio 1+7 € €,. If 7 € C_, (7, —71) is an oriented basis, which 
is also minimal (since |72| = |71|), and the ratio for (72,71) is —r~' € C4. 
Thus, if r € F \ F, there is also a minimal basis with ratio in F. 


(c) Let (t1,t2) and (s1, 82) both be bases whose ratios T,o lie in F. Then 
there is A € SL(2,C) so (81,52) = Ba(ti,te). Thus, o = ga(T), so by 
Theorem |10.2.3) o = T. 


(d) Let (t1,t2) be the basis with ratio 7 € F. By the construction in the 
proof of (b), there is another oriented basis with |t{| = |ti|, |¢5| = |te|, and 
ratio tT’ € F. By (b), there is a minimal basis (s1, $2) with ratio, o, in F. 
Thus, by (c), 7 = 0. Moreover, by Theorem [10.2.3] either the change of 
basis, A, is 1, or A is one of the two special cases where all four lattice 
vectors (t4,t4, $1, 52) have the same length. Thus, t’ and so t is minimal. 


(e) Lett € F. Let £L= {ny +not | n1,n2 € Z}. 1,7 € L are clearly a basis. 
Their ratio is in ¥, so it is a minimal basis. 


Definition. Let G be a group of analytic automorphisms of a region 2 C C. 
A fundamental domain, G, is a subset of 2 that contains exactly one point 
of each orbit of G, that is, for all z € Q, there is a unique w € G and some 
FeGso F(w) =z. 


Usually, one wants G to be connected and also that gint = G. 


Theorem 10.2.5. F is a fundamental domain for the action A t+ ga of 
SL(2,Z) on Cy. 


Remark. Since there is T € SL(2,Z) with f4 = gp,r-1 so the orbits 
{fa(Tw) | A € SL(2,C)} are the orbits {g4(w) | A € SL(2,C}, F is also a 
fundamental domain for the action A> fa. 


Proof. Let 7 € Cz. Let £ = {n, + nat | n1,n2 € Z}. L is a lattice with 
basis (1,7). By Theorem [10.2.4] it has a minimal basis with ratio, 7, in F 
so T = ga(c) for some A € SL(2,C). So each orbit contains a point in F. 
Uniqueness follows from Theorem [10.2.3] 


The relation of the lattice $£ = {42 | z € L} to £ will play an important 
role, especially in Section[L10.6] and related to this is the subgroup of SL(2, C) 


ro-{(0) 


called the principal conjugacy subgroup of level 2. As a test, the reader 
might guess the answer to the question of what its index is as a subgroup 
of SL(2, Z), that is, how many left cosets it has. We’ll answer it shortly. 

£ is asubgroup of index 4 in 5L—its four cosets are naturally labeled ee, 
eo, oe, and oo. For example, oe = {5 (nit + n2T2) | n, odd and nz even}. 


a, 0 odd; 8,7 even} (10.2.25) 
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If we pick a basis 71, T2 of £, SL(2,Z) acts on 5L by Ag: 5L > 5L by 
Aa(s iti + 5 net2) = ¥ m1 (ari7T1 + a127T2) + § N2(@21T1 + a2272) (10.2.26) 
then each A, takes ee to ee, that is, A4 maps £ to £, and so it maps cosets 
of £ in sL to (possibly distinct) cosets, that is, there isa map Ay: sL/L > 
sL/L by 7 
Aa() = (Aa) (10.2.27) 
Since 
Aa(5 nati + 5 net2) = 5 T1(a11m1 + agin2) + 5 T2(a12M1 + aggnz) (10.2.28) 


we see 44121 +a21N2 = nN, (mod 2), ag1n1+a22N2 = nz (mod 2) for all n1,n2 
if and only if all of ay, — 1, a2], a2], a22 — 1 are even, that is, A € ker(A,4) = 
{A | Aa({t]) = [é] for all t} if and only if A € I(2). Thus, SL(2,Z)/T(2) 
acts on 5L/ £ and this action is one-one. The image maps all map the coset 
[L] = ee to itself and permute the other three cosets 00, oe, and eo in some 
way. A = (9) leaves oo fixed but permutes oe and eo, while by (10.2.28), 
A = (14,4) maps 00 to eo, eo to oe, and oe to 00. These two elements of 
S3, the six-element permutation group on three objects, generate the whole 
group, so Ran(A,4) has six elements, that is, the index of I'(2) in SL(2,Z) 
is six. Thus, we’ve proven that: 


Theorem 10.2.6. I'(2) has index 6 in SL(2, Z). 

Now, let F be the set 

F = {z|-1<Rez<1;Imz>0; |z—2)>14,|z+3]/>4} (10.2.29) 
which we’ve seen in Section |[8.3} see Figure 8.3.1] 


Theorem 10.2.7. F is a fundamental region for the group 1'(2) under the 
action ga of T(2). 


Remark. In Section [8.3] we proved that F is a fundamental region for 
the group of FLTs which were products of an even number of reflections in 
|z — $| = 4, in Rez = 0, and in Rez = 1. In Problem] the reader will 
show this group is (2) and so provide another proof of this theorem. 


Proof. It’s proof by picture! 

Figure divides F in twelve regions, six shaded and six not. The 
two regions labeled | 1] and|7| form *. There are five elements, Co,...,Cg, 
in SL(2, Z), one from each nontrivial coset of SL(2, Z)/T'(2), that map region 
1] to |2}/6] and five different ones, Cg,...,Cj2, that map |7| to |8/, 11}. 
Set C, = C7 = 1. Given any z € C,, find B € SL(2,C) with gp(z) € F. If 
in region |1}, find the one of Cj,...,Cg so CjB € T(2). Then go,p(z) € F, 
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Figure 10.2.2. Using F to cover F. 


showing each orbit intersects F and the uniqueness of the element of SL(2, Z) 
and that only one of C;B € I(2) for 7 = 1,...,6 imply uniqueness. 


We haven’t worried about proving proper counting of boundary points. 
We leave that to Problem [4] 


Notes and Historical Remarks. The lattices associated with the sym- 
metry points 7 = wo and 7 = 7 have six-fold and four-fold rotational sym- 
metries. It is no coincidence that four and six occur and not, say, 10 or eight 
(because of r — —rT symmetry, only even orders occur). For in the 71,72 
basis, the implementation of the rotations lies in SL(2, Z), so their trace is 
in Z. But a rotation of angle at @ has trace 2.cos(0). Since cos(@) € [—1, 1], 
this ig im Zianly for 6 = 0,09 /3 = 1,..+,5), 77/2 G = 1,2,3), so only 
two-, three-, four-, six-fold symmetries occur. 

These same arguments imply that the only elements of SL(2,Z) that 
have a fixed point in Cx are of order two or three in PSL(2, Z) (as we’ve 
seen, elements of Aut(D) with a fixed point in D are elliptic, so that is true 
of C+). Note the special A’s in Theorem are order four and six and 
induce elements of PSL(2, Z) of order two and three. 


One consequence of the theorem that a lattice is spanned by a two- 
element basis is that if a function has three periods that are independent in 
that no nontrivial integral combination of them is zero, then f is constant 
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(see Problem 6). This result goes back to Jacobi at the dawn of the theory 
of doubly periodic functions. 


Problems 


1. 


Licensed to AMS. 


. This will lead you through a proof that T'(2) is generated by +(} 


Let £ be a lattice with minimal basis 71,72 where tT = 72/7 € F. 

(a) Prove that if 7 € F™*, then only (71,72) and (—71, —72) are minimal 
bases. 

(b) If 7 € Ex \ {wo}, prove there are exactly four minimal bases +(71, 72) 
and +(71, 72 — 71). 


(c) If 7 € Cy \ {wo}, prove there are exactly four minimal bases +(71, 72) 
and +(72, —71). 


(d) If t = wo, prove there are exactly twelve minimal bases (T1w4, Twit) 


and (rw, Towh*?) for 2=0,1,...,5. 


(ec) Prove that the number of minimal bases with ratio 7 is two if T 4 2, wo, 
four if 7 = 7, and six if T = wo. 


) 


2 
and (39). Let (25) € I(2) and let G be the subgroup generated by 
paste) and. (5): 

(a) Prove that if c= 0, then (¢5) eG. 
(b) Let X =T(2)\G. Prove that xe X andye€ Gs yre X. 


(c) Suppose X is nonempty and x = (2°) € X is chosen so that |c| is 
minimal among x € X, and among those x with this value of |c|, |a| is 
minimal. By considering 7+! x, prove that |a+2c| > |a| or |a| < |c|. Note 
that, by (a), |c| > 2, and by a odd, |a| > 1. By considering o*'z, prove 
that |c + 2a] > |c| or |c| < ja]. Get a contradiction and conclude that 
G =TI(2). 

(d) Prove that the group generated by even numbers of reflections in 
Rez =0, Rez =1, and |z — $| = 5 is T(2). 


a 


. Find explicit formulae for the SL(2, Z) matrices C1,..., Cig of the proof 


of Theorem 


. Prove that boundary points are properly counted so that each orbit in 


I\(2) contains exactly one point of F. (Hint: You'll need to treat wo and 
i differently from other points! Why?) 


. (a) If 71,72 is a basis of a lattice, £, prove that if 01,02 are any inde- 


pendent points in £ (in that for no (m,,m2) € Z? other than (0,0) is 
mo, + mg02 = 0), then 7; and 72 are rational linear combinations of 0; 
and oo. 
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(b) Prove for any 01,02,03 € L, there are integers m1,m2,m3 not all 
zero so that mja, + mga29 + m303 = 0. 


(c) If 01, 02,03 are three points in C independent over Z, prove that the 
integral combinations of 01,02,03 are dense in C. (This is a result of 
Jacobi.) 


10.3. Liouville’s Theorems, Abel’s Theorem, and Jacobi’s 
Construction 


In this section, we’ll prove a series of four theorems of Liouville that delineate 
what possibilities there are for elliptic functions and state, but only begin 
the proof of the basic existence theorems that say the necessary conditions 
found by Liouville are also sufficient. We'll reduce, following Jacobi, the 
existence theorems to the existence of a single nonelliptic function with 
suitable properties. Later, once in Section and once in Section [10.5) 
we'll construct the required function in two ways. We begin by stating 
Liouville’s theorems together. f will be nonconstant and have periods 71, 72 
with Im(72/71) > 0, een and {oj}j21 will be its zeros and poles in 


{en +ym |0S2<1,0<y<1} (10.3.1) 


counting multiplicity. (10.3.1) is called the fundamental cell or fundamental 
period parallelogram; see Figure [10.3.1 


0 


Figure 10.3.1. A fundamental cell. 


Theorem 10.3.1 (Liouville’s First Theorem). f has poles, that is, Np > 1. 
Theorem 10.3.2 (Liouville’s Second Theorem). 
Ny =N. (10.3.2) 


Theorem 10.3.3 (Liouville’s Third Theorem). The sum of the residues at 
the poles is zero, that is, 


Np 
S| Res(f;p;) =) (10.3.3) 
j=l 


Corollary 10.3.4. N, > 2 
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Proof. By the first theorem, N, > 1. If Np = 1, there is a single pole and 
it is first order, so its residue is nonzero. This contradicts (10.3.3). 


Theorem 10.3.5 (Liouville’s Fourth Theorem). We have 


Nz 
So (2 — By) € Lam (10.3.4) 


j=l 


Remarks. 1. The numbering first-fourth is not canonical. We presented 
them in logical order, although our proofs will be in a rather different order. 


2. We have, of course, seen the first and second theorems before—they are 
special cases of Theorems and but, following Liouville, we’ll 
give “direct” proofs that don’t use Liouville’s theorem on bounded analytic 
functions or the notion of degree. Corollary which, given what we 
know about degree, says deg(f) > 2 may be surprising at first sight, but it 
is obvious from general consideration. If deg(f) = 1, f is a bijection, so J;,,7 
and C would be analytically equivalent, but they aren’t even topologically 
homeomorphic! 


3. The most interesting results here are those that do not have analogs for 
C, namely, (10.3.3) and (10.3.4). 


Proofs of Liouville’s Four Theorems. We'll use contour integrals 
around the contour, I, shown in Figure [10.3.2] for 7, = 1, 7 = 7, that 
is, it goes counterclockwise around the boundary of the fundamental cell, 
0 to ™ to 7 +72 to Tm to 0. Because Im(t2/71) > 0, this contour is 
counterclockwise. We’ll suppose f has no zeros or poles on IT. If it does 
then, for small positive ¢, f(z + e(7 +72)) has no zeros or poles on T and 
apply the argument to it. 


If g is any doubly periodic function with no poles on I, ¢, g(z) dz = 0 
because the integrals over Ty and I's and over Ig and I'4 cancel. Thus, 


pie dz =0= f LY) (10.3.5) 


f(z) 


Figure 10.3.2. Contour for Liouville’s theorems. 
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By the residue calculus, the integral on the left is the left side of (10.3.3), 
proving the third theorem; and by the argument principle, the integral on 
the right is 27i(Nz— Np), proving the second theorem. 

The second theorem implies the first, for since f is nonconstant, f(z)—a 
has isolated zeros for any a, so N,(f—a) = Np(f—a) implies N, 4 0. Indeed, 
this argument shows that N,(f — a) is constant for all a, that is, reproves 
the constancy of degree. 


(10.3.4) is the most subtle. We consider 


ee eke 
Q= af Fa) d (10.3.6) 


On the one hand, by the fact that f’/f has poles exactly at the z; and p; 
with residues + (the order of zeros or poles) 


Q= S02 - p;) 
j 


There is no cancellation between [Ty and [3 and Tg and Ty; f’(z + 
T;)/f(z+7;) = f'(z)/f(z) but the z +7; doesn’t cancel z but leaves 7;, so 


T f'(z) TY fea) 
Omi Ip, Fa * Bri In, FO) 


Now, xs tr, f'/f dz is the change of the argument of f from 0 to 1. 
Since f(0) = f(1), f[f1] is a closed curve and the integral is its winding 
number about 0, that is, the integral is an integer, —n2. Similarly, the 
second integral in (10.3.7) is an integer, n1, so 


Q= dz (10.3.7) 


Q= nit + N27T2 (10.3.8) 


These theorems place two restrictions, namely, (10.3.2) and (10.3.4) on 
the zeros and poles, and one, namely, (10.3.3) on the principal parts. The 
next results say these are the only restrictions: 


Theorem 10.3.6 (Abel’s Theorem). Let Eee and een be two col- 
lections of points in the fundamental cell of a lattice Lj, 7, with z; A pr 
for all j,k. Then a necessary and sufficient condition for there to exist a 
doubly periodic function with period lattice L,, 7, with precisely those zeros 
and poles in the fundamental cell is that and hold. 


Theorem 10.3.7 (Principal Part Theorem). Let {j}j21 be a finite collec- 


tion of distinct points in the fundamental cell and {Pi(2) 1 a collection of 
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nonzero polynomials with P;(0) = 0. Then a necessary and sufficient con- 
dition for there to exist a doubly periodic function with period lattice Ly, 7 
with precisely these poles and principal part Pj(1/(z—p;)) at pj; is that 


S" Pi(0) =0 (10.3.9) 


Remarks. 1. It is not claimed that there couldn’t be a larger period lattice; 
indeed, if the zeros and poles are invariant under adding 7;/2, the period 
lattice will include £ bn dra" 
2. By Theorem [7.1.9] these functions are unique up to one overall constant. 
3. Of course, all the zeros and poles are {z; + igen and {p; + ee 
A. is just (10.3.3). 


5. We use Np in the second theorem because there, {pj} are distinct, 
that is, multiplicity is encoded in the deg(P;), not in the set of {pj}j2p 


6. The fact that N, > 2 is forced by Abel’s theorem, because if z,p are in 
the fundamental cell and z # p, then z—p¢ CL. 


How might one go about constructing such a set of functions? Suppose 
we could find a doubly periodic analytic function, g, with a single zero in 
the fundamental cell at z = 0. Of course, such functions do not exist! But 
ignore that for a moment. Then 


IL 9(@—%) 
f(z) = 
eo T1e2, 9(z — Pe) 


is doubly periodic and has precisely the right zeros and poles. Of course, 
that would be too good since it violates both (10.3.2) and (10.3.4)! 


For f to be doubly periodic, it isn’t necessary that g be doubly periodic. 
Suppose instead that 


(10.3.10) 


g(2+7;) =e 9(z) (10.3.11) 
for constants e*!, e°?. g(0) = 0 still forces g(t) = 0 for all t € £. Then f(z) 
will obey f(z +7;) = f(z) so long as N, = N-. For the constants cancel in 
the ratio. 


It isn’t quite obvious we can’t arrange (10.3.11). After all, 
g(z) = Cie” (10.3.12) 


does obey (10.3.11), but it doesn’t have the required zero. Again, it would 
be too good if this g existed since it could produce f’s, violating (10.3.4). In 
fact (see Problem [I), (10.3.12) are the only functions that obey (10.3.1). 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


10.3. Liouville, Abel, and Jacobi 495 


But we’ve made some progress. Suppose, instead, that for some 
1, AQ, W1,W2 © Cc. g obeys 


g(z+7;) = e%t”i* g(z) (LO Beis) 


If oe —p;) = 0, then, in fact, g given by (10.3.10) will be doubly 
periodic since, if (10.3.13) holds, 
Nz N z 
II 92+ =z) = eA Nz ej (Lna1 2) [| g(z — zp) (10.3.14) 
k=1 1 


2 


> 
ll 


But what can we do if N, = N, and pe —pj;) = to € £ but is not zero? 


Define 
Zz = 21 — to, 25 = 25, fg =2,...,N23 Dj = Pj, j=1,...,Nz 
(10.3.15) 
and g(z — 2;) has zeros precisely at {Z; + ae = {z;+ i since to € L. 
Thus, 
Nz x 
4 92 = 2; 
f(z) = T1j=1 9( — 23) (10.3.16) 


Nz 2 
[21 9 — Py) 
is doubly periodic with the right zeros and poles. We have thus proven: 


Theorem 10.3.8 (Jacobi’s Construction). If there exists an entire analytic 
function, g, obeying (10.3.13) for some ay, a2,w1,W2, and if the only zero 
of g in the unit cell is at z = 0, then solves the existence part of 
Abel’s theorem and proves that part of Theorem (10.3.6) 


Of course, Liouville’s theorems include the other half. 


We’ll construct the required g twice: in the next section as a Weierstrass 
product (calling g, 0) and in the section after that, using Jacobi’s theta 
functions (calling g, @). g is not unique (see Problem[5) and, indeed, the w’s 
for o and @ are different. 


As an extra bonus, the existence of g also proves Theorem 


Proof of Theorem if g exists. Let 

g'(z) 1 ad 
= : h —e ra 
, n(2) n—-1dz 


Then, since g(z) vanishes to first order at z = 0, hi(z) = 4++O(1) at z =0, 
and then, by induction, 


hn1(z),  m=2,3,... (10.3.17) 


hn(z) = = + O(1) (10.3.18) 


since (h1(z) — 4) is analytic at z = 0. 
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Moreover, by (10.3.13), 
hi(z+7;) = hi(z) +4,;, hy (et) =hyl2) 222 (10.3.19) 


where the second equation holds by induction. Write 


Lk 
P@j= > tae" (10.3.20) 
m=1 
By (0.3.18), 
F(z) = > Ghmbtn(z — Zz) (10.3.21) 
km 


has the requisite principal parts. 
Since (10.3.9) says that 5°, a,1 = 0, we have that 


S > ayihe(2 hg Zr) = So ani he(2 = Zk) + 75 So ax 
ke ke k 
= > apihe(z = Zp) 
ke 


so f is doubly periodic. 


The doubly periodic functions, f, for £;,,,, that one constructs from g 
either have second derivatives (e.g., hy = (g’/g)') or since deg(f) > 2, a 
total of four g’s. But one can construct doubly periodic functions from only 
two g’s but with periods, 71 and 272. Since the fundamental cell is now twice 
as big, in that cell, one has two zeros and two poles. The functions will be 
antiperiodic when only 72 is added, so in the fundamental cell for £,, 27, 
there will be zeros at 0,7) and poles at zo, 29 +79. For this to obey 
for Lr, 27, we will need 22 € L,,,27,, so we'll take zo = 7/2. Thus, we 
want a ratio g(z)/g(z + 71/2) with a phase adjustment. We’ll suppose 


g(—2) = —g(z) (10.3.22) 


By Problems [3]and [5] this can always be arranged if any g obeying (10.3.13) 
exists. When (0.3.22) holds, we have that (Problem 8) 


g(z + Ti) = — es (2475/2) g(z) (10,3.23) 
Here is the result: 


Theorem 10.3.9. Let g obey (10.3.13) and (10.3.22). Define for 7 = 1,2, 
9; (z) = gwitl g (: + 2) (10.3.24) 
Then with 7; = 73-; for j =1,2, the function 


fila) = 92) (10.3.25) 
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has poles in 7;/2+L, and zeros in L, and obeys 
fleta)=fh@, H(e+7)=-h©) (10.3.26) 


Proof. Problem [6] proves (10.3.26). 


One way of understanding the phase in (10.3.24) is to plug z — 7;/2 for 


z in(10.3.23) to see 
a(: i 2) on4it = a(: - 2) (10.3.27) 


93 (z) = a(: + 2)a(: = 2) (10.3.28) 


Oe 
: z+ F)glz- F) 
is the proper choice (using a shift like in (0.3.16) to arrange }); 2; —p; = 0) 
to get an elliptic function with poles at 37; + £, and zeros at L,. 


sO 


and 


Theorem is not only interesting from an abstract point of view, 
but will be used for our construction of the Jacobi elliptic functions 
sn(z),cn(z), dn(z) in Section {10.5} In that regard, we note that 71,72 can be 
replaced by any basis 51, 82 with Im(s2/s1) > 0 (since that is all we use for 
T2/T, and g obeys for 71,72 if and only if it obeys it for s1,s2 with 
different a;,w,;). In particular, if 


93(z) = e 1 tw2)2/2q (- ae nin) (10.3.29) 
then 
fa(z) = a (10.3.30) 
has 
fs (: reas 2) =fs(z), f(z +71) = -fa(z) (10.3.31) 


since (71,71 + 72) is also a basis. 


Notes and Historical Remarks. While Liouville’s results are natural as 
part of a pedagogic presentation, they not only have much less mathematical 
depth than the work of Abel, Jacobi, and Weierstrass, but had much less 
historical significance. Indeed, as explained in the Notes to Section[B.1]| while 
Liouville discussed this work already in 1844 (almost twenty years after the 
work of Abel and Jacobi), it was only published in 1880 [64]. 


Abel and his contemporaries would certainly not recognize what we (and 
others) call Abel’s theorem. Abel was studying elliptic integrals, notably the 
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lemniscate integral ia — y*)-V 2 dy = u and made the critical observation 
that the inverse function F'(u) = x was, as a function of a complex variable, 
doubly periodic [2]. More generally, he looked at ie R(z,w) dz where R 
is a rational function and (z,w) obeys a polynomial equation P(z,w) = 0. 
These are now called abelian integrals (some authors require deg(P) > 4 
while others include elliptic integrals among the Abelian integrals). Unlike 
the elliptic case, this integral may not define a one-one multivalued map of 
x to u so there is not an inverse function, but the integral is still multiple 
valued with periods. Abelian integrals provide existence results on what are 
essentially meromorphic functions on certain Riemann surfaces, so the name 
Abel’s theorem to the more general result (see Section [L1.6) is appropriate, 
albeit the form and language we use here is much more modern. 


In his major work on elliptic functions [280], Jacobi constructed elliptic 
functions as ratios of products of certain nonelliptic functions which obey 
(10.3.13), so the name we give Theorem is appropriate. Jacobi’s 
construction is described in bonus Section [10.5] The Notes to that section 
and to Section say more about the historical context of the work of 
Abel and Jacobi, and the Notes to Section include a capsule biography 
of Jacobi. 


Functions obeying are sometimes called theta functions. We’ll 
reserve that name for what is often called Jacobi’s theta function after the 
functions Jacobi used in his later work (a slight variant on his first theta 
functions). We will sometimes refer to “general theta functions” for func- 
tions obeying (10.3.13). The term quasi-elliptic (or even quasi-periodic, a 
terrible name, given its use for something very different; see Section 6.6 of 
Part 4) is sometimes used for functions obeying (10.3.13)) or ones like hy of 
that are doubly periodic up to some simple “error term.” 


The term Legendre relations (see Problem[2) is based on the special case 
he proved in his work on elliptic functions [351]; see Problem [13] of 
Section They were generalized to the general doubly periodic case by 
Weierstrass in his first work on elliptic integrals and are sometimes 
called the Legendre—Weierstrass relations. 


Niels Henrik Abel (1802-29) was a Norwegian mathematician whose life 
was so melodramatic that were it a Hollywood movie, it would be dismissed 
as too tragic to be true! Among other aspects, his father, like Euler’s, a 
minister, and family were adversely impacted by fallout from the Napoleonic 
wars (specifically, a side conflict between England and Denmark), his final 
illness was precipitated by a trip through the snow to his fiancée, and the 
letter informing him that he finally had a position as a professor arrived 
two days after his death (like that of Riemann) from a lung ailment, in 
his case, consumption. A year after he was unable to find employment, he 
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not only had that offer, but a posthumous grand prize (jointly with Jacobi) 
from the French Academy. Earlier, Cauchy lost a manuscript that Abel 
had submitted to the French Academy. (Galois also had a manuscript lost 
through a combination of actions by Cauchy and Fourier!) See 
for more on Abel’s life. 


Abel’s first great work showed the impossibility of solving quintics in 
terms of radicals, and eventually led to the notion of group—‘“abelian 
groups” comes from this work. His celebrated mémoire on elliptic func- 
tions, as we’ve noted, found the double periodicity and, in more general 
contexts, abelian integrals, abelian functions, and abelian periods. Livio 
has an interesting biography in his book. Pesic describes Abel’s 
proof for the insolvability of the quintic by radicals. 


Joseph Liouville (1809-82) was a French mathematician who was ac- 
tive in the political turmoil around 1848, including an elective office. His 
contributions include not only his results on elliptic functions but also the 
construction of the first transcendental numbers (e.g., )°?-, 10-"', some- 
times called Liouville’s constant; see Problem 6 of Section 5.4 of Part 1), 
important contributions to mechanics (his result on constancy of phase space 
volumes and on completely integrable systems including the introduction of 
action-angle variables), and his work with Sturm on ordinary differential 
equations and their eigenfunction expansions (see Section 3.2 of Part 4) and 
the Liouville-Green approximation (see Section 15.5 of Part 2B). He is also 
noteworthy for appreciating and publicizing Galois’ work ten years after 
Galois’ death. Liouville served as a member of the moderate republican 
majority of the National Assembly in 1848 but was defeated for reelection 
because he was too moderate for the electorate after the revolution of that 
year. Liitzen has a biography of Liouville. 


Liouville was a mentor to Charles Hermite (1822-1901) who (see Bel- 
hoste [40] ) seems to have been the first to make systematic use of the Cauchy 
integral theorem in the study of elliptic functions. 


Problems 
1. Suppose g is an entire function that obeys (10.3.11). 
(a) Prove that g/g is doubly periodic. 


(b) Prove that g'/g is constant. (Hint: Since g has no poles, what do you 
know about the residues of g’/g?) 


(c) Prove g has the form (10.3.12). 


2. Suppose that g obeys (10.3.13) and has a single zero in the unit cell. 
By considering $(g'/g) dz around a Liouville contour, prove the Legendre 
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relation (see also Problem [13] of Section [10.5) 
WT. — WoT, = 271 (10.3.32) 


3. Let g be entire and obey (10.83.18). 


Licensed to AMS. 


(a) Prove that 
gz — 1j) = elirr-e7g(2) (10.3.33) 


(b) Let h(z) = g(z)/g(—z). Prove that 
h(z + 7) = e274 “i h(z) (10.3.34) 
(c) If g(—z) = —g(z), prove that 
g(z+7;) = — ei (2475/2) g(z) (10.3.35) 


(Hint: Prove first holds where — is a priori +1 and then look 
at z= —7;/2.) 

(d) Returning to general g, suppose the only zeros of g occur at z € CL. 
Prove that h(z) = g(z)/g(—z) obeys h(z) = e’* for some b, and then 
that g(z) = e~°?/2g(z) has g(—z) = +9(<), and that if the zeros are also 
simple, that g(—z) = —g(z). (Hint: Prove that h is entire and doubly 
periodic.) 


. Let g,g obey (10.3.13), be entire, and both have only simple zeros and 


exactly at z € £. Prove that g(z) = e@ +’*+¢q(z) for some a,b,c. (Hint: 
Prove that if h = g/g, then (h’/h)” is doubly periodic.) 


. Let g obey (103.13). Let g(z) = e%° +6 +g(z). 


(a) Prove g also obeys a formula like (10.3.13) with 
iy = ay + ar? + br; (10.3.36) 
Wj =Wy+ 2aT; (10.3.37) 
(b) Prove if there is an entire g that obeys (10.3.15), there is always a 
second g with g(—z) = —g(z), wi = 0, and we = —2ni/7. 


(c) Prove that a ,a2 can be picked (they are each only determined 
mod 277) so that 


Q1T2 — A271 = 5 (we — W1)TT2 + im(T2 — T1) (10.3.38) 


. Let g be an entire function obeying (£0.3.13) and g(z) = —g(—z) so 


(10.3.35) holds. Fix a,b € C and define 
9ap(2) = eP*g(z +a) (10.3.39) 
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(a) Prove that 


0+) = es es24+79/2) g. 4 (z) (10.3.40) 
(b) Let 
g(2) 
hao(z) = 10.3.41 
b(2) ae ( ) 
Prove that 
hap(z + 73) = 7 #947) ag 4(z) (10.3.42) 
(c) Pick a = 7/2, b = —w1/2. Prove that 
hape + T1) = hagl2); hap(z + T2) = =Neil2) (10.3.43) 


(Hint: Use Problem [2}) 


7. Fix pi,...,pe in the fundamental cell. Let V(pi,...,pe;m1,...,ne) for 
n; = 1 be the vector space of all elliptic functions whose only poles are 
at {pj ear with order at most nj; at p;. Prove that 


£ 
dim(V (pi,...,Pe;71,---,Me)) = Ps Th (10.3.44) 
j=l 


(Hint: Don’t forget to include the constant functions. (10.3.44) is the 
Riemann-—Roch theorem for genus 1.) 


10.4. Weierstrass Elliptic Functions 


We'll begin this section by finding a g that completes the proof of Abel’s 
theorem begun in the last section. The function g has to obey and 
have a zero at z = 0 and so at all z € £. Since this is the only zero in the 
fundamental cell, the points in £ are the only zeros in C. We know from 
Chapter [9] how to construct functions with prescribed zeros as products of 
Weierstrass factors (see the definition of E,,(z) in (9.4.2). Such factors don’t 
automatically obey (£0.3.13), but if H2 works (and it does), the quadratic 
exponential and the fact that the difference of a quadratic and its translate is 
linear is suggestive that will hold. So we’ll begin with implementing 
this idea—to define the Weierstrass o-function, and so implement a general 
formula for elliptic functions in terms of o and its translates. 


Then we'll study the g-function, the simplest doubly periodic function 


formed from o via ; 
/ 
e=-(2) (10.4.1) 
o 


This g-function will be the star of this section and, in many ways, the 
chapter—we’ll reformulate the form of general elliptic functions in terms of 
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g and ’, prove a cubic differential equation for , and so relate g to elliptic 
integrals and to elliptic curves, and state general addition formulae for g. 

Two preliminary remarks on the choice of periods: The first involves 
scaling. If A € C and 


TI = AT; TQ = AT2 (10.4.2) 
and f and g are functions on C related by 
f(z) = g(z) (10.4.3) 
then 
f(z+7) = 9(Az +75) (10.4.4) 


so (10.4.3) sets up a one-one correspondence between elliptic functions f 
with periods 7; and g with periods 7;._ We will often pick 1 = 7; that 
is, after dropping the tilde, we’ll consider the case where the periods are 1 
and rt € C1. We note that in specific situations, one wants to multiply by 
constants in (10.4.4). For example, the g-function is normalized by o(z) = 
1/z? + O(1) near z = 0, so making 7;-dependence explicit, what we have is 


(2 | 7172) = A*e(Az | AT1 AT?) (10.4.5) 


with an extra )?. 


The other remark concerns the convention about how one labels the ba- 
sis of the period lattices. We will take 7, and 72 as the basis for the period 
lattice. There is another convention that uses 27, and 272 (or 2w,;) for the 
basis. A variant uses 27; and 273 (and defines 72 = 7; + 73). This basis 
is chosen because en is important, so where we use 57; below, those 
using the other convention can use 7;. Historically, the 27; convention was 
almost universally used a hundred years ago. The overwhelming majority of 
recent general complex analysis texts use our convention (exceptions include 
Markushevich and Segal [514]), but books specializing on elliptic func- 
tions are split, with the 27; convention in a slight majority. I’ve no doubt 
many of their authors, thinking of the traditions of their specialty, rail about 
the barbarians who use our 7; convention. In any event, the reader should 
be aware of the differing conventions. 


Since our basic function is going to be zero on £, we need to know about 
the index of convergence of these zeros: 


Lemma 10.4.1. We have that 
a(|77| + |72|?)(nt + 03) < |naty + nate|? < (|7i|? + |721?)(nj +5) (10.4.6) 

where 

Im(r?) T) 


Lele 7 


(10.4.7) 
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Remark. The upper bound also comes from the Cauchy—Schwarz inequal- 
ity. 
Proof. Let 7 = 1, 7m=7. Let A= (nex 72 )- Then 


nr 
|niti + noT2|? = mm)a(™) (10.4.8) 
2 


Tr(A) = 1+ |r|?, det(A) = |Imr|?. Since both are positive, A is positive, 
so the two eigenvalues, A_ < Ay, obey Ay < Tr(A) and A_ = det(A)/A+ > 
|Im 7|?/Tr(A). 

We thus have if T, = 1, T] =7. Since everything scales quadrat- 
ically under 7, > one T2 — AT2, we get the result in general. 


Proposition 10.4.2. For any two-dimensional lattice, £L, we have that 


le xcs (10.4.9) 


teLl\{0} 
if and only if a > 2. 


Remark. See Problems [I] and [2] for alternate proofs. 
Proof. For a = 2, we have by (10.4.6) that 


s leec 'S (nt + n3)~ 


teL\{0} (n1,n2)40 


> 8C 3 3 (Qnz)* 


ny=1 no=1 


CO 
=3sc > 5m 


nye 


CO 


proving divergence if a < 2. 
For a > 2, again using (10.4.6), 


S- H-<c s Crea. ae 


teL\{0} (n1,n2)40 


< 10> moet 4C by (Qnyng)~%/? 


n=1 ny n2>1 


lo) ee) 2 
< 4C Son +46( Soe?) 
n=1 n=1 


< © 


by the integral test. We used here that n? + n32 > 2nino. 
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We define the Eisenstein series, S,(L), for k > 3 by 
So] > a? (10.4.10) 
teELl\{0} 
For k odd, S;, = 0, since then (—t)~* = —(t)~*. So we'll mainly look at k 
even. When £ = {n+ mT}n mez, we write S;(7). 


By Proposition [10.4.2] we cannot use E,, but we can use Ey. We thus 
define the Weierstrass sigma-function, 


(Z| tim) —2 II (2) (10.4.11) 
tL, 7y\{0} 


where E2 is the Weierstrass factor E2(z) = (1—z)e+**/2). By the estimate 
(9.4.3), we get the first sentence in 


Theorem 10.4.3. The product in (10.4.11) converges uniformly and abso- 
lutely on compacts of C to an entire function of order 2. We have that 


o(—z | 172) = —a(z | 7172) (10.4.12) 
Moreover, for suitable w1, wa, 
o(z+7; | 172) = e412 47/%o(z | 7 72) (10.4.13) 
Also, 
a0) = 0, (0) = (10.4.14) 


Proof. As noted, (9.4.3) implies convergence and analyticity. (10.4.12) fol- 
lows from E2(—z/—t) = Eo(z/t) and —L \ {0} = £\ {0}. Since F2(0) = 
we have (10.4.14). 

We turn to (10.4.13). Fix 7 = 1 or 2. For t € L, we let 


Ex( FF) /Ea(z/t), #0, -7y 
Giz) = B,(24 We? t=0 
(z+ 13) [Ba(e/ =), ta 
Since 1 — (z+ 7;)/(¢+7;) = [t/(t + 7;)](1 — z/t), we see each g(z) = 
exp(second degree polynomial). By the absolute convergence of the prod- 
uct, which lets us rearrange terms, 


. - a =|[ g:(Z) = exp(second degree polynomial) (10.4.15) 
te£ 


The point, of course, is to prove that the quadratic terms cancel, and one 
can do this by controlling the boundary terms in the sum (see Problem [3), 
but instead we’ll use a trick. 
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Let ¢, the Weierstrass zeta-function, be given by 


C(z) = (10.4.16) 


(Warning: This has nothing to do with the Riemann zeta-function. We'll 
only use this Weierstrass ¢ in this section and the next.) Since the derivative 
of a quadratic polynomial is linear, (10.4.15) implies for some §;,w;, 


C(z+7;) — ¢(z) = Bjz +0, (10.4.17) 


Since o is odd, o’ is even, so 


¢(—z) = —¢(z) (10.4.18) 
Taking z = —37;/2 in (10.417) and using (10.418) implies 
(475) +68 7) = 88 7) +4; (10.4.19) 
Comparing this to (10.4.17) for z = 57; implies 
(—§ 14) Bj + wy = (5 7) Bj +0 (10.4.20) 
so 8; = 0, that is 
C(z + 73) = C(z) + 0; (10.4.21) 
This implies 
o(z +74) = o(z)elos ts?) (10.4.2) 


By (0-412) and (103.22) = (103.23), we get (OT13). 


The proofs of Theorems [10.3.6] and are thus complete. Let us be 
explicit about the form of the first: 


Theorem 10.4.4. Let ee and {ps be collections of points in the 
fundamental cell so that z; # py for all j,k and 


Nz 
Sola piel (10.4.23) 


j=l 
Let z;,p; be chosen so that z; — 2Z;, pj —p; € L and 


Nz 


S-(& — bj) =0 (10.4.24) 


j=l 
Then - 
Hj a(z = 23) 


N, a 
rai a(z — pj) 


F(z) = (10.4.25) 


is an elliptic function whose zeros are {aj +L} and poles are {pj + LN). 
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Since, using f/f = (log fY’, Bh(2/w)/Ba(w/2) = (2—w)1+1/w+2/u, 
we see, by ae 9.2.7], that 


z 
)=i+ S° (= — +245) (10.4.26) 
weLl\{0} 


Expanding 1/(z — w) = — 0°25 2"/w"t!, we see that ¢(z) has a Laurent 
expansion about z = 0 given by 


1 [oe) 
)=4-Y Sallam) (10.4.27) 


We now define the Weierstrass o-function by 


g(z | 7172) = . | 71 72) (10.4.28) 
=5+ > feae a -< (10.4.29) 
weLl\{0} 


One often wants to consider 7; = 1, so we use 
p(z| 7) = e(z | 17) (10.4.30) 
By the lattice scaling (10.4.5), which is easy to verify, 
z 


reiaan= n0(= 


77 


2) (10.4.31) 


7 
We give the first set of its properties: 
Theorem 10.4.5. (a) ¢ is an elliptic function with periods 7,72, that is, 
(2 +7; | 7172) = e(z | 7172) (10.4.32) 
g is jointly analytic in z,71,72 in {(z,71,72) | z Lam, 1 FOF 
T2, Im(T2/71) > O}. 
(b) @ is even, that is, 
g(—z | 7172) = fz | 7172) (10.4.33) 


More generally, for any t € L, 


t 
9) (2) = o(: = 5) (10.4.34) 
obeys 
9(t)(—2Z) = ey (z) (10.4.35) 
(c) e(z) has the Laurent expansion about zero 

1 [oe] 
ez | T1172) = at D (26+ 1)Sre42(Lr m2 (10.4.36) 

(=1 
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(d) o(z) has degree two. For any zo in the fundamental cell other than 
STI, $72, $73 where 
m3 =T1+72 (10.4.37) 


o(z) — 9(z0) has a simple zero, and the only other solution of g(z) = 
0(zo) in the fundamental cell is z = 73 — zo, that is, 


z € unit cell, (z) = 9(20) & z = 20 or T3 — 20 (10.4.38) 
The only zeros of g'(z) in the unit cell are at 57; j =1,2,3. Define 
er=@(571), 2 = (573),  €3 = (57) 


(e) 9 obeys the following nonlinear differential equations: 


g' (z)” = 4(@(z) — e1)((z) — €2)(@(z) — es) (10.4.39) 
= 4p°(z) — g2@(z) — gs (10.4.40) 
Go = O054 Cn ee) G3 = 14056 Lai ze) (10.4.41) 


Remarks. 1. It is unfortunate that the close to standard convention takes 
e3 to be the value at 572 and e2 at the centroid. This is the reason that 
some authors use 7,,73 for the basis and save 79 for their 5(T + 73). 


2. (10.4.39) and (10.4.40) imply, of course, 


ej teg +e. =0 (10.4.42) 
—A(e,e2 +eje3 + €2€3) = gQ2 (10.4.43) 
4e1e2€3 = 93 (10.4.44) 


3. By taking higher derivatives, we can get relations linear in the highest 

derivative and polynomial in the lower ones. Canceling g’ from both sides 
of (10.4.40) implies 

g'(z)= 697(z) = 92 (10.4.45) 

1 ) (10.4.46) 


4. z— 73 — 2 maps the interior, but not the edge, of the fundamental cell 
to itself (e.g., the analog for the bottom edge is 7 — zo). Thus, (10.4.38)) is, 
strictly speaking, only true on the interior. 


5. Figure [10.4.1]shows a contour plot of |(z)| for go = 4, g3 = 0 (m1 = —itT2 
approximately 8). 


Proof. (a) In (10.4.17), we proved 3; = 0, so ¢’ is doubly periodic. Joint 
analyticity is immediate from the joint analyticity of Eo(z/(n171 + naT2)) 
for each n1, 2 and the uniform convergence. 
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== 2 0 2 4 


Figure 10.4.1. Contour plot of the Weierstrass g-function for T = 1. 


(b) (£0.4.33) is immediate from (10.4.18). That then implies 
t 
9)(—2) = (5 = :) 


(: ae ) (10.4.47) 


where uses periodicity of . 
(c) is immediate from (10.4.27). 


(d) For each a € C, since g — a has a single double pole and no other poles 
in the unit cell, o — a has either two simple zeros or one double zero (by 
Theorem [10.3.2). Since o'7) is even, (7; — z) = (2), so if z is not such 
that 2z) € L, that is, if 2 ¢ $L, (7; — 2) = @(Z0), and we must have 
two simple zeros if a = (zo). By the evenness of gi), the derivative of 
vanishes at 7; (j = 1,2,3), so there are double values at those points. 


(e) Both sides of (10.4.42) have a sixth-order pole at z = 0, have double 
Zeros at 57; (7 = 1,2,3), so by the uniqueness result, they are multiples of 


each other. 
By (0.4.36), 
2 
ge! (z) = —=3 + 6S4z + 205627 + O(z°) (10.4.48) 
z 
while, by (0.4.36), 
3 1 9S4 2 
p'(2) = + sy F 1556 + O(z") (10.4.49) 


so the constant in (10.4.39) must be 4. 
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By (10.4.48) and (10.4.49), 


4 248 4 368. 
g!(z)? — 4p%(z) = = a 80,56 (3+ opt + 60S) + O12) 


z& 
= —60540(z) = 140S6 = —920(z) = 93 


thus, the difference of the two sides of is entire, doubly periodic, 
and 0 at z = 0, so 0. 


Here’s a corollary that shows that o uniformizes certain elliptic curves: 


Corollary 10.4.6. Let 71,72 be given and let go,g3 be given by (10.4.41). 
Let C be the Riemann surface of pairs (¢,w) € C? so 


w* = 463 — got — gs (10.4.50) 
with a single point added at co. Map the torus Jy,,7, to C? U {oo} by 


U(z) = (9(z), @'(2)) (10.4.51) 
Then U is an analytic byection of Fr,7, onto C. 


Remark. The way we defined uniformization in Section to get uni- 
formization we define Y/ on all of C, which is the universal cover of 7. 


Proof. The map is clearly analytic and it is onto C by (10.4.40). It is one- 
one since, by (d) of the theorem, (zo) = g(z1) implies either z] = zo or 
21 = 73 — 29. Since g’ is odd about inversion in 573, 9'(73 — 20) = —@"(z0). 
So ¢'(z0) # (21) if zo # z since the only points in the unit cell where ’ 
is O (or co) are in $£, and for such point, 21 € 2 + L. 

To see the map is onto, let (¢,w) € C. First, find a zo so (zo) = ¢, 
which we can do since g takes every value. By the fact that (¢,w) solve 
(0.4.50), we see that g'(zo) = tw, so if z1 = 73 — 2, either U/(zo) = (¢,w) 
or U(z1) = (C,w). 


We say a function, f(z), obeys an addition formula if f(z + w) is an 
algebraic function of f(z) and f(w). For example, if f(z) = sin(z), 


sin(z + w) = sin(z) cos(w) + sin(w) cos(z) 
= sin(z),/1—sin?(w) + sin(w) 1/1 — sin?(z) 


provides the necessary formula. The g-function also obeys such an addition 
formula. The key will be that, in the language of the map UW, U(z), U(w), 
and U(—z — w) lie on a straight line. 
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Theorem 10.4.7 (Addition Formula for g). Let z,w be in the unit cell of 
the periodic lattice, L, for o(z) = e(z | 172). Suppose that z,w,z+wEé Ll 
and z#w. Then 


Nox) — ol lw 2 
p(z + w) = —~(z) — p(w) + ; (= — a) (10.4.52) 


Remarks. 1. Since g/(u) = \/4e(u)3 — goe(u) — gs, this gives e(z + w) as 
an algebraic function of (z) and o(w), so (10.4.52) is called the addition 
formula for ¢. 


2. The intermediate formula (10.4.59)) below is sometimes called the addition 


formula. 
3. See Problem [4] for another proof. 


4. The conditions, z,w,z+w ¢ L, say that none of o(z), p(w), o(—z — w) 
are infinite. Suitably interpreted, one can often regard as true even 
when one of the values of ¢ is infinite. For example, if z,w¢L,z+weELl 
means ¢(z) = e(w), so both sides of are infinite. 


5. By taking a limit as w > z, we obtain the duplication formula for z ¢ 5L, 


" 2 
p(2z) = —2(z) + (52) (10.4.53) 


In terms of the geometry of our proof, where (L0.4.52) involves chords to 
the curve associated to o, (10.4.53) involves tangents; see Figure [10.4.2 


Figure 10.4.2. Chord-tangent construction for a cubic curve. 
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Proof. Let (61,01) = (0(2),6'(2)), (G,w2) = (p(w), @/(w)). There is a 
straight line through these points in C? of the form 


w=mcot+b (10.4.54) 
As usual, the slope m is given by 


_ wi —u.  g'(z)— p(w) 
~~ a-G — e(z)— e(w) 
This won’t work if o(z) = e(w), but that only happens if z = w or z+w € L, 
which we are supposing doesn’t occur. 


m 


(10.4.55) 


Consider the function 


f(u) = g'(u) — me(u) — b (10.4.56) 

This has a third-order pole at u = O and zeros at u = z and u = w. By 

Theorem [10.3.6] its third zero must be at a point 7 with 7+ z+w € ZL, that 
is, 7 =—-—z—-—w. 

Thus, 

(3 = p(-z — w) = p(z + w) (10.4.57) 

w3 = p'(—z— w) = -p(z + w) (10.4.58) 

also lies on the line (10.4.54), which we can summarize by the vanishing of 
the determinant 


9(2) 9" (z) 1 
(w) g' (w) 1|=0 (10.4.59) 
p(ztw) —p'(z+w) 1 


From the relation of o’ and ¢ and the definition of f, 


(f(u) + mp(u) + b)? = 49° (u) — go@(u) — gs (10.4.60) 
By the fact that f vanishes at u = z,w,—z— w, we see that 
(m¢ +b)? = 4¢8 — go — gs (10.4.61) 


has C1, G2, ¢3 as its three roots. That means that 


4(G — C1) (6 -— G) (6 — G3) = 408 — mC? — (g2 + 2mb)¢ — (93 +b?) (10.4.62) 
Identifying ¢? terms, 


2 


GQ+atGa= _ (10.4.63) 


which is (10.4.52). 


(10.4.25) shows any elliptic function can be written as a ratio of products 
of translates of o. But a itself is not elliptic. However, if F' is both elliptic 
and even, one can use ratios of translates of ¢. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


512 10. Elliptic Functions 


Theorem 10.4.8. If F is an entire meromorphic function and F' obeys 
Fett) =Fla), g= 1,2; F(z) = F(-z) (10.4.64) 
Then there exist c, a1,...,@n, and bj,...,bm in C so that 
= TTj=1(@(¢ | 7172) — as) 
Tri ((2 | t172) — bx) 
Remarks. 1. This is an analog of the result in Problem [I] of Section 3.10 


2. Unlike (10.4.25), we do not require n = m. The equality in (10.4.25) was 
forced by total degree. Here, that is enforced by the fact that ¢ is elliptic. 


F(z) 


(10.4.65) 


Proof. Since F is even, the order of any pole or zero at 0 is even. But also, 


F(-z + ) = F(z = 2) = F(z + 2) (10.4.6) 


so F is even about 7;/2 and about (71 + 72)/2, so these are also even order. 
Otherwise, zeros and poles come in pairs, since if z; + £ are zeros, so is 
—z;+Z£ and —2j+LA2aj4+CL if 2; a sl. 

This means that the nonzero zeros and poles can each be broken in 
two sets, that is, there exist {2;}71, {Pj}JL in the fundamental cell so 
{2} 4 U {— 25} Foy are all the zeros away from z = 0, counting multiplicity 
(for half periods, we take only half the order in the 2;). 

It follows that with a; = 9(2;), b; = 9(p;), then F and the right side 
of have the same zeros and poles, except perhaps for z = 0, so 
the ratio is an elliptic function with no zeros and poles, except perhaps 
at £. But this ratio can’t have both zeros and poles at zero, so the ratio is 
constant. 


Theorem 10.4.9. Any elliptic function, F', can be written 
F(z) = Fi(z) + @'(z) Faz) (10.4.67) 
where F; are elliptic and even, and so F is a rational function of 9 and g’. 


Remark. Only first orders of g’ are needed because (g’)? is a polynomial 
in g, and so (g')~! = @'/(g')? is o' times a rational function of ~. Thus, 
gy, 0’ generate the field of elliptic functions subject to the single relation 
(10.4.40). 


Proof. Let F.(z) = $(F(z)+F(—z)), Fo(z) = $(F(z)-—F(—z)). Obviously, 
F. (respectively, F,) is even (respectively, odd) and F = F. + Fy. Clearly, 
F) = F,/!' is even as a ratio of odd functions, so (0.4.67) holds with 
Fy = Fe. 
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The differential equation also lets us express certain integrals, which are 
certain elliptic integrals, in terms of the inverse function to o just as arcsin 
can be used to integrate via 


eer 
0 1—y? 
Theorem 10.4.10. Let g(u | 172) be a Weierstrass g-function with asso- 


ciated parameters g1,g2, etc. Suppose 


a d 
u= a (10.4.69) 


ao V4y? — goy — 93 


Let ug solve o(up) = ao. Then 
e(u+uo) =a (10.4.70) 


Remarks. 1. What seems at first a defect in this is actually a virtue. 
Namely, the integral in (10.4.69) has a branch cut, so the integral is a mul- 
tivalued function of a. But (0.4.70) has multiple solutions. If uo solves 
(10.4.70), so does ug + t for any t € £L. Of course, arcsin(-) is also mul- 
tivalued. Abel’s great discovery is that the inverse function to the elliptic 
integral (10.4.69) is doubly periodic. 
2. Formally, if y = g(x), then 
dy dy gl (x) dx 
= 7 — 7 = dx 
V4y3 = gy—93 0 (@) wa) 
so the integral is ta a dx, sou = g(a) — g~*(ag) and a = e(ut 
g'(ag)), which is (10.470). 


= arcsin(z) (10.4.68) 


Proof. We'll suppose ap # e; for 7 = 1,2,3, or ag = oo, so the integrand 
is nonsingular for @ near a. Once one has the formula in that case, one 
even gets it for ag = e; or ag = ov, either by taking limits or by using the 
additive structure of integrals. We'll also prove it only for @ near ap and 
appeal to analytic continuation to get the general case. 


Let I(a) denote the integral. Clearly, I(q@) is analytic for a near ag and 
I'(ag) # 0, so I is a local bijection and there is local inverse. For u small, 


define 
g(u) = I(g(u+ uo)) (10.4.71) 
Clearly, g(0) = 0. By the chain rule, 
g' (u) = I'(@(u + uo)) (wu + uo) (10.4.72) 


Since I'(a) = (4a3—goa—gs)~/?, (0.4.72) and (0.4.40) imply that g'(u) = 
1. It follows that g(w) = u. Thus, I is a local inverse of @(- + ug), so since 
I is a local bijection, g(- + uo) is a local inverse of J, that is, (10.4.70) 
holds. 
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Of course, when studying integrals, we are not normally given 71,72, but 
rather go, g3, so the natural question that arises concerns existence. Not all 
(g2, 93) can occur since the roots of (g — e1)(~ — e2)(~ — e3) are distinct. 
The condition for the roots of the cubic 4y? — g2y — g3 to be distinct is that 
the discriminant 


A@r)=92 =27G2 (10.4.73) 
be nonzero. The reader will check (see Problem [7] that 
A = 16(e1 — e2)*(e2 — e3)°(ey — e3)" (10.4.74) 


There is a simple scaling relation that reduces the problem of finding 
two variables 71,72 in terms of two variables go, g3 to a single function. We 
note that if Q(y, 92,93) = y° — g2y — gs, then 


Q (Hy, Hg2, 193) = H°Q(Y, G2, 93) (10.4.75) 


This is connected to the scaling relation (10.4.5) with p= \?. We are thus 
interested in the scale invariant quantity (often multiplied by 1728; see the 
Notes to Section (10.6) 
= 93 
A: 2) == 
93 — 2793 


Tracking through the scaling, (104.75) and (10.4.5), shows J is only a func- 
tion of T = 72/7, so there is a single function, the J-invariant 


(10.4.76) 


I(r) = (1,7) (10.4.77) 


The problem of studying the range of J is the same as confirming all 
nondegenerate cubics (i.e., distinct roots) arise for some (71, T2); this is called 
the modular problem since T = 72/7, is called the modulus for the elliptic 
integral. Given the similarity of names, the reader must suspect a connection 
to the elliptic modular function of Section [8.3] and we will see there is. This 
set of ideas is the subject of Section 


This completes the main discussion of . We want to end with a brief 
indication of two further topics, one involving \/g(z) — ej, something of 
relevance in Section [10.5] and one involving writing g as a sum of csc?, 


relevant to Section [10.6 


For the next discussion, for notational convenience, it will be helpful to 


write 
=a = Tay i= 
: . : (10.4.78) 
Wy = WI, We = W1 + W9, W3 = W2 
so a obeys 
a(2+h)= — ei (2475/2) 5 (2) (10.4.79) 
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Define the associated o-functions, o;(z), 7 = 1,2,3, by 
o(z + 575) 

o;(z) = - 
o(375) 


These are essentially the functions g; of (10.3.24) for g = o multiplied by 
the constant o($7;)~' so that 


el? (10.4.80) 


o3(0) =1 (10.4.81) 
By (10.3.28), 
aj(z)? _ o(z + 3F))o(z — 574) 
a(z)? > o(z)20(47;)? (10.4.82) 


and by (0.3.26), this function is elliptic with periods 71,7. The function 
has double poles at £ and double zeros at ST; +Z£, and so does (z) — e;, 
so they must agree up to a multiplicative constant. Since o’(0) = 1 and 


(10.4.81) holds, near 0, 


nite) - - 4s o(4) (10.4.83) 


so the constant is 1, that is, we have proven the first part of 


Theorem 10.4.11. In terms of associated o-functions, we have 


a a5) a z)—e; 
(a) (42) = (2) — (10.4.84) 


Thus, \/o(z) — e; is an entire function periodic under adding 7; and an- 
tiperiodic upon adding T, for k # 7. 


o1(z)o2(z)o3(z) 

b) g'(z) =—-2 10.4.85 
(b) (2) Hai (10.4.85) 
Remark. We already know g(z) — e; has only double poles and double 
zeros, so it has a square root which is entire, which it is easy to see, and 
must be periodic or antiperiodic under adding 7. What the explicit formula 


—(z) —e; = oa (10.4.86) 


shows is that it is antiperiodic in 7, k # j, and periodic in 7;. 


Proof. (a) As noted, we proved (0.4.84). The (anti)-periodicity result 
follows from Theorem That theorem only proves (anti)-periodicity 
for two of the 7;, but since the other is a sum or difference of this T, and 7;, 
we get antiperiodicity for it. 


(b) Both sides of (10.4.85) are elliptic (since two o;(z)/o(z) are antiperiodic 
and the other one periodic under adding any 7%) and they have the same 
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zeros and poles, so they agree up to a multiplicative constant. Since both 
sides are —2/z° + O(1/z?) at 0, the constant is 1. 


Finally, we note that since 7°24. (z+ w—n)~? is 1?/sin?(z+w), one 
can rewrite the double sums in (10.4.29) as single sums of sin~?(-). It is 
convenient to write the formula for 7 = 1, 7% =T. 


Theorem 10.4.12. For z ¢ L,, 
, 


2 
T T 2 1 1 
= 10.4.87 
oz |7) > lm (10.4.87) 


sin? (rz) mz—mnr) sin?(mar 


Proof. g is an absolutely convergent sum over m and n of (z—n—mr)~? — 
(n+ mr)~? without the second term for n = m = 0. We fix m and sum 
over n. Since, for m fixed, the sums of the two terms are separately conver- 


gent in n, we can use (9.2.22) to do those sums to obtain (10.4.87) if we use 
yp lle = 7/6: 


(10.4.87) allows one to compute asymptotics of e;(1,7) — eg(1,7) as 
Imt — oo, with Rev fixed. See Problem We'll also use (10.4.87) in 
Section 13.1 of Part 2B. 


Notes and Historical Remarks. 


It is well known that the reluctance of Gauss to publish his discoveries 
was due to the rejection of his Disquisitiones arithmeticae by the French 
Academy, the rejection being accompanied by a sneer which, as Rouse 
Ball has said, would have been unjustifiable even if the work had been as 
worthless as the referees believed. It is the irony of fate that, but for this 
sneer, the Traite des fonctions elliptiques, the work of a Frenchman, might 
have assumed a different and vastly more valuable form, and Legendre 
might have been spared the pain of realizing that many years of his life had 
been practically wasted, had the method of inversion come to be published 
when Legendre’s age was fifty instead of seventy-six. 


—G. N. Watson 


Let’s begin with a summary of the history of elliptic functions, except 
for theta functions (which are discussed in the next section). Major de- 
velopments in the prehistory include Wallis’ first encounter with an elliptic 
integral in 1655, when he tried to compute the arclength of an ellipse and got 
an answer that involved (in modern notation) i J — kx?) /(1 — 2?) dr 
for 0 < k < 1 (see Problem [9). This was the first example of an elliptic 
integral—the name came from the ellipse whose arclength it was measuring. 
In 1694, Jakob Bernoulli computed the arclength of the lemniscate (given 
by (a? + y?)? = a2? — y”) as 4 fo dx//1— «4, a famous example called the 
lemniscate integral (see Problem[i0). He conjectured that this could not be 
expressed in terms of direct or inverse trigonometric functions. A final piece 
of the prehistory is Fagnano’s 1718 paper [184] on the partial lemniscate 
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integral f, dy/\/1— y*, which included what we now regard as special cases 
of the addition formula. 


The major developments prior to the birth of the theory of elliptic func- 
tions in the hands of Abel and Jacobi in the period 1825-35 are due to 
three giants: Euler, Legendre, and Gauss. We have already alluded to Eu- 
ler’s work on addition formulas. Beginning in 1786, Adrien-Marie Legendre 
(1752-1833) spent a significant part of his efforts on what he named elliptic 
functions—what we now call elliptic integrals, rather than their inverses, 
which is what we call elliptic functions. In the 1820s, he produced a major 
multivolume compendium [851]: Volume 1 in 1825 and Volume 2 in 1826. 
Shortly before his death, he published some addenda reacting to the new 
developments of Abel and Jacobi which he championed. His encyclopedic 
work was made largely obsolete by these new developments. 


The two key ideas that were necessary for the new developments were 
to look at the inverse function and to realize this function is doubly peri- 
odic. These ideas were first found by Carl Friedrich Gauss (1777-1855) in 
work that appeared in his notebooks beginning in 1796 (see the Notes to 
Section 14.4 of Part 2B for a capsule biography). But as with the cases 
of Cauchy’s theorem, hyperbolic geometry, and the prime number theorem, 
Gauss did not publish this work. It has been conjectured that Gauss’ 
reticence was due to the poor reception his Disquisitiones Arithmeticae re- 
ceived from the French Academy and Legendre in particular. As noted by 
Watson and others, it is ironic that if Legendre had not caused Gauss to 
be reluctant to publish, he might have been spared realizing after twenty- 
five years that his masterwork, written after Gauss’s discovery, was largely 
obsolete. 


It was Abel and Jacobi who independently published the key discoveries 
(it is clear that Jacobi was already working on these things when Abel sent 
him his work, but Jacobi may have gotten some hints on what to do—in any 
event, Jacobi always admitted that Abel was first). We’ll discuss Jacobi’s 
work on theta functions in the next section. For more on the history of the 
work of Abel and Jacobi, see Bottazzini-Gray and Markushevich [373]. 
As Bottazzini-Gray emphasize, it is a surprising fact that contour integrals 
and Cauchy’s theorem play no role in the initial work of Abel and Jacobi. 


Given that, in many ways, the main elements of the theory were settled 
in the initial 1825-35 period, it is remarkable that Weierstrass’ work many 
years later revolutionized the subject. It should be mentioned that earlier, 
in 1847 [163], Gotthold Eisenstein (1823-52) defined what is essentially 
the g-function. He did not make the Weierstrass subtraction but rather 
looked at 7° (0°. (2 — n — mr)~?) which is convergent in that 
the sum over n for each fixed m is absolutely convergent and the resulting 
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sums then converge absolutely! (The reader will check this, for z = 0 with 
the (n,m) = (0,0) term dropped, in Problem [11). Weierstrass, with his 
concern about convergence issues, always complained about this approach. 
Weil has championed Eisenstein’s cause. Like Abel, Eisenstein died 
in his twenties from consumption. The Eisenstein series is named after 
this work. 


Weierstrass began lecturing on his o and P functions as early as 1862. 
Only in 1881 did his student Schwarz convince him that a collection of 
formulas and theorems on this approach would be useful and Schwarz edited 
such a booklet appearing in 1883 in German and in French translation. 


The idea of using elliptic functions to uniformize cubic curves is due 
to Clebsch [118]. Geometrically, the addition theorem associated to Py = 
(41,1), Pa = (C2,w2) on a cubic, a new point, P3 = (¢3,w3), by taking 
the chord through P, and P» and seeing its third point, Py, of intersection 
and then flipping the sign of w3. The flip means that iteration is possible, 
yielding additional points. This procedure gives a group operation to the 
points on the cubic which is, of course, just using the map U of to 
move the natural addition on the torus to C (as seen by the u,w > u+w 
rule); see Figure [10.4.2 


If C is a rational curve, that is, g2,g3 are in Q, and if (G1,w1), (C2, we) 
are rational, then the line will have rational coefficients and the third point 
will also be rational, so this produces new rational solutions from existing 
ones and is related to the Pythagorean triple construction mentioned in 
the Notes at the start of the chapter. This procedure is called the chord- 
tangent construction (the tangent case finds a second point from a single 
point) and, as a way to generate integral solutions, goes back to Diophantus 
almost eighteen-hundred years ago (later developments are due to Fermat 
and Newton). See Stillwell for more of the history and Husemoller 
for more on the subject. One major result in this subject is a the- 
orem of Mordell that the subgroup of all rational solutions of a ra- 
tional cubic is finitely generated. For a textbook presentation of this theo- 
rem and other elements of the number theory associated to elliptic curves, 


see |522). 


Problems 


1. (a) Let {zg}ger be a collection of points in the plane all nonzero, with 
N(R) = #{6 | |za| < R} finite for all R. Prove that 


R 
SS lal *=h oN(R) +f as *—'N(s) ds (10.4.88) 
{Bllza|<R} o 
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and that 


(oe) 
S |zg/ ~“< 0 [ s-°-1N(s) ds < co (10.4.89) 
B 0 


(b) Prove Betti’s result that if minger|zg| > 0 and min,zg|zy — 
ze| = r > 0, then for all a > 2, Do|¢g|"* < oo. (Hint: Prove that 
N(R) < (R+1)2/r?. 

(c) For Im(t2/71) > 0, {zg} = {niti + nate}, prove N(R) > cR? and 
conclude that alzal? = 00. 


2. In Lary, let S_, = {nim + 272 | max(|n1|, |n2|) = k}. 
(a) Prove that #(S;) = 8k. 
(b) Let S; = {x71 + xe72 | max(|x1|,|x2]) = 1, xj € R} and let my = 


max 


max 15! | s € 9}. Prove that ming,|s| > km_ and maxg, < km4. 


(c) Conclude that )7)40, reclt|"* < co if and only if a > 2. 


3. In terms of the notation of Problem [2] let T), = Wy By 
(a) Prove that for 7 = 1,2, T,A(T, + 7j) C Se U Sk41. 
(b) For 7 = 1,2, prove that if 

aoe De 
tel, +7; tET;, 
t40 t#0 


then |A;(j)| > 0 as k > oo. 
(c) Conclude that the constants 8; in (10.4.17) are zero. 


4. This will provide another proof of the addition formula for ¢. 
(a) Prove that 


p(z) — p(w) = a a)o2(w) (10.4.90) 
(b) Prove that 
9’ (z) ese: : 
Ra =pG eee (10.4.91) 


(c) Prove that 


1 g!(z) — g'(w) 
2 9(z) — p(w) 


= C(z+w) —¢(z) — C(w) (10.4.92) 
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(d) Prove that 
p"(z) = 6(z)* — 5 ge (10.4.93) 


(e) By differentiating (10.4.92) and using (10.4.93), prove (0.4.52). 


. If 27 + zg + 23 = 0, prove that 


[¢(z1) + ¢(z2) + ¢(2s)]? + (21) + ¢'(z2) + C' (zs) = 0 


. Prove that (j and & are the other two of 1, 2,3) 


(9(z) — e1)(@(z + 5 i) — €1) = (ej — ei) (ex — €1) 
(Hint: Look at the zeros and poles of the left side and then evaluate it 
at 57;-) 
Note. See Problem [15] of Section [10.5] for a related result. 


. This problem will prove that A defined by (10.4.73) obeys (10.4.74). Let 


f(z) = 423 — goz — g3 = 4(z — e1)(z — €2)(z — €3). 
(a) Prove that for j,k,é distinct among 1,2,3 that f’(e;) = 4(e; — ex) 
(€; — ex). 
(b) Prove that 
16(e1—e2)?(e2 — €3)"(e1 — 3)? 
= —7f'(e1)f (e2)f'(es) 
= —j (12e] — go)(12e5 — ga)(12€3 — gs) (10.4.94) 
(c) Using (10.4.42) and (10.4.43), prove that 
ert+ezt+ e = S 
ejes + e5e3 + eje3 = 4 (ej + ep +3) 
_ 8 
16 
(d) Using (0.4.94), part (c), and (10.4.44), prove (10.4.74). 
. For 0 < Ret < 2 as Imt > o, prove that (7 = 1, 7% =7T) 
2a? —27 Imr 
n ; 
Q5— tere" . Oe) (10.4.96) 
n 
a oe ere’ LOE) (10.4.97) 
Mr) = 2@—* = 16c!7 + O(e 377) (10.4.98) 
€1 — €3 


(Hint: See (10.4.87)).) 
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9. 


10. 


11. 


12. 


13. 
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If y = f(x) is a Ct curve, the arclength of the curve from a to # is 


[2 J/T+ (G/d2y? de. Let 0 < 6b < a and 0 < 6 <a. Prove that the 
arclength of the ellipse x?/a? + y?/b? = 1 from x = 0 to x = 6 (and 
y > 0) is (with k? = 1 — b?/a?) 


” a? 
Rea | ae 
1—u2 


This is an elliptic integral of the second kind; see the discussion in the 
Notes to Section [10.5 

A lemniscate has the form (x? + y?)? = (a? — y?). 

(a) Show, in polar coordinates, the lemniscate is r? = cos(20). 

(b) In polar coordinates, arclength is given by i? [r? + (dr /d0)?]!/? do. 
Show that the total arclength of the lemniscate is 4 Ie! * dO fis 

(c) Prove d6/dr = r/V/1 — r4, so the total arclength is 4 fo dr//1—r4. 


(d) Prove that this total length is 6( where £ is the Euler beta 
function. 


(ec) Prove that this total length is [(;)?/V2r. 


304) 


(a) Let Imz > 0 and let Qm = .-°2_..(n — mr)~?. Prove that |Qm| < 


nNn=—CoO 


4e—mimr /(1 — e~2mImr) | (Hint: See (10.4.87).) 
(b) Conclude that 7,49 Qm is absolutely convergent. 


(c) Let Ql) = ~~ _ 3 (n—mr)-* for any k > 2. Prove that 1Q®| = 


Cye-™G™7) for any k and Im7v > 1. 
(d) Let ¢Q@k) = Saw for kh = 125s, “Prove. that 
limy—+oo S2x(1, ty) = 2¢(2k) for any k = 2,3,.... 


Because of (d) of Problem one defines the normalized Eisen- 
stein series Eox%(7),72) = Sox(T1,72)/2¢(2k). Prove that J(r) = 
E4(1,7)3/(E4(1,7)? — E6(1,7)?). (Hint: You need the values of ¢(4) 
and ¢(6) in Problem [4] of Section 9.21) 


(a) Let 7 = iyo with yo > 0. Prove that g(z | 7) is real when Imz = $7 
or Rez = } for n,m € Z. (Hint: First prove it form = 0, then using 
covariance under z —> iz, for n = 0, and then using conjugate covariance 
and translation invariance, for m = 1 and n = 1.) 


(b) Let Q={x+iy|0<a< 3,0<y< 4yo} so ¢ is real on AQ \ {0}. 
Prove that ¢ is one-one to R on 8. \ {0}. 

(c) Prove for limzj9 o(%,7) — 00, limyo (éy,7) = —oo and show g is 
strictly monotone decreasing as one goes counterclockwise around an ) 
{0} and that e; > e2 > eg. 
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(d) Prove that ¢ is a bijection of Q to C. This provides another solution 
to Example 


(e) Prove that ¢ is a bijection of {x + iy|0<a<1,0<y< $y} to 
C \ (—co, eg] U [e1, 00). 

(f) Let 0 <r <1 and let 7 — 277/log(r—'). Prove that g(log(w) /log(r)) 
maps A, conformally to C \ (—oo, e3] U [e2, e1]. 


10.5. Bonus Section: Jacobi Elliptic Functions 


Having seen Weierstrass elliptic functions, we turn to another class of both 
historical and practical significance and, in particular, emphasize a remark- 
able formula (the triple product identity) that is useful in analysis and in 
number theory. In fact, we’ll discuss two rather distinct families of func- 
tions: the Jacobi theta functions and the Jacobi sn, cn, dn functions. Jacobi 
used the theta functions to understand the others, but we’ll be able to use 
the Weierstrass o-function in its stead—we’ll leave the connections between 
the two to the Problems, so the two halves of this section are almost dis- 
connected! 

The theta functions will be a replacement for o, providing an alternate 
tool to complete the proof of the existence part of Abel’s theorem. The Ja- 
cobi elliptic functions, sn, etc., arise as inverses of particularly simple elliptic 
integrals involving square roots of quartic rather than cubic polynomials; for 
example, sn(x, k) obeys 


(tk) dt 
= [ TUPI P (10.5.1) 


so for k = 0, it is just sin(a#). As you can imagine, in many applications it is 
integrals like this that enter. It should also be recalled that in Example[8.4.5} 
we saw that sn(z,k) provides a conformal map of a rectangle to Cx. 


We begin with the 6-function, an analog of the o-function in that it will 
obey (10.3.13). We’ll suppose that 7, = 1, 7% = 7 with Imr > 0. For reasons 
that will eventually be clear, we want to place zeros at 5 + 5T + £ rather 
than £. We’ll also shift to calling the variable w, using z for something else. 
We'll call the resulting function 6 (it will eventually be 63). The starting 
idea will be to make 6 periodic under w > w + 1, that is, we expect 


O(w+1|7)=O(w|7), Ow+er|r)= eo 2(W+ 3 O(w |7) (10.5.2) 
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We've built two things into this formula. We expect @ to have the same 
relation between w; and a; as o does since that comes from a natural sym- 
metry, but since a is odd and we guess that @ will be even, there is no minus 
sign. Secondly, we used the Legendre relation when w; = 0,7 =1 
to conclude wg = —27i. Of course, this is only an expectation that we will 
need to prove. 


Since @ is periodic, Theorem|3.10.3/applies, and we can write 6 as a func- 
tion of z = e?"”” where this new function is analytic in C*. The condition 
about w + w+7 is now a multiplicative one, z > ze?™". The fact that 7/2 
often appears suggests the right parameter is 


gee" (10.5.3) 

The condition Im7t > 0 is equivalent to 
0< lq <1 (10.5.4) 

Thus, we want a function O(z | q) and 
6(w |r) = O(c? | gq =e”) (10.5.5) 


For 6(w) to be zero if w = 5 + 57(2n + 1), we need © to be zero if 
z= er = (—1)q?""!. Thus, a first guess for © might be []°° (1 + 
q?"-!z) which has zeros at the right places. Since |g| < 1, the product 
Th, + ¢"~ 12) is fine since 7°°_,|q?"-1z| < oo. But as n > —00, "1 
blows up and no kind of Weierstrass trick will help. However, q?”~!z = —1 
if and only if g'~2"z~! = —1 and as |n| increases with n < 0, |q'~?"| goes 
to zero. Of course, 1+ q'~?"z7! is singular at z = 0, but © is only required 
to be analytic on C*. Indeed, with zeros at g~2"-)) with n > ov, it has to 
be singular at 0. This leads to the following definition: 

[o-e) 
(214) =][a-e@ ate tag ete} (10.5.6) 
n=1 
The preliminary factor [[°°, (1 — ¢q?”) is an overall constant—irrelevant 
to the next few theorems, but important later when we identify the Laurent 
expansion for 8. Because of the three factors, this is called the triple product. 
Here are the main properties of O, short of the Laurent expansion to come 


below in Theorem [10.5.4] (see (10.5.20)). 


Theorem 10.5.1. (a) For qg © D, O(z | ¢g) defined by (10.5.6) is an abso- 
lutely and uniformly convergent product for z in compact subsets of C%, 
and the limit is jointly analytic in (z,q) in C* x 
(b) For q £0, 


Q(zq? | g) = (zq)*O(z | a) (10.5.7) 
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(c) For ¢ £0, O(z | q) = 0 if and only if z = —q*', —q*8, -q*°,... and 
these zeros are all simple. 


Proof. (a), (c) For |q| <Q <1 andr <|z| <r! withr <1, 


CoO 
Yee + PM lel +1) < (Q4 2) Se 
n=1 


proving uniform and absolute convergence of the products. Analyticity fol- 
lows from the Weierstrass convergence theorem and the zero condition comes 
2n—-1, —_—lor gag ie 


O(z | q) 
Tred =a") 


from q 


=(A+az)Q+¢'z)...][A+az")1 +2)... 
(10.5.8) 

If z is replaced by q?z, the first product in [...] is [(1 + q?z)...] while the 

second is [(1 + g~!z~1)(1 + qz7!)...], so 

O(zq@|q)_1ltqtz? _ 1 


= = 10.5.9 
O(z | ¢) 1+ qz qz ( ) 


(b) 


proving (10.5.7). 
We now define 8 on C x Cz by 
6(w | 7) = O(e?™™ | e™"7) (10.5.10) 


The following is a direct translation of the last theorem if we note that when 
z= eu. q= ar. then 


—2ri(w+s7) 
y] 


(zq)' =e zg? = e2t(wt7) (10.5.11) 
the expected prefactor in (10.5.2) under the result of w > w+ rT. 


Theorem 10.5.2. 6 defined by defines an entire function of 
(w,7)€ Cx Cy and 

(a) @ obeys (10.5.2). 

(b) Owl rT) =0Sw=5+57T+m+4+nrt formne Z. 

(c) A(—w | 7) = Aw | 7) 


Proof. As noted, (a) is just e?7(’+) = e?"” and (10.5.7). To get (b), note 
that w= 5+57T+m+nt & 2 =e?" = (—-1)¢?"*1. (c) is immediate from 
the formula (10.5.6), which implies @(z~' | q) = O(z | q). 


Thus, 
g(w) = O(w—-5-57|7) (10.5.12) 
has the properties required in Theorem [10.3.8] and allows a new proof of 
the existence parts of Abel’s theorem and of the principal part theorem. Of 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


10.5. Jacobi Elliptic Functions 525 


course, by Problem [4] of Section [10.3] 6 and o2 have a simple relation (see 
Problem [I). 

Before leaving 0 and ©, we prove a striking formula that, because it 
relates a Laurent series to the triple product (10.5.6), is called the triple 
product formula. As with the gamma function, a key role is played by 
uniqueness implied by a functional equation. 


Theorem 10.5.3. Fix q € * and let g be analytic in a neighborhood of 


Agq-1- Suppose that 
(i) If |z|=q7+, then 
g(q°z) = (az)*9(z) (10.5.13) 
(ii) g(—¢) =0 (10.5.14) 
Then g has an analytic continuation to C* and 
g(z) = CO(z | gq) (10.5.15) 


for some constant C. 


Remark. We emphasize that, a priori, g is allowed to have zeros at points 
in A, ,-1 other than z = —q, q_'. That it does not is explained in ProblemP] 


Proof. The functional equation holds by analyticity for ||z| — q~+| < e for 
some small ¢. Thus, if we use to define g(z) for z € A,s_,, we get 
an analytic continuation to a neighborhood of Aj3q and repeating this to 
all of C*. Moreover, then holds by analyticity on all of C%. The 


functional equation also implies g(z) = 0 for z € {—q?"t!}°°_... Let 
g(2) 
h(z) = = 10.5.16 
= Bei) at 


By the functional equation for g and O, h obeys 
h(q?z) = h(z) (10.5.17) 


Moreover, since g vanishes where © does and O has only first-order zeros, 
h is analytic in all of C*. In particular, 


sup |h(z)| =C < oo (10.5.18) 
zeA, 4-1 
But then, by (T0517, 
sup |h(z)| =C (10.5.19) 
zECx 


so the singularity at 0 is removable and, by Liouville’s theorem, h is a 
constant. 
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Theorem 10.5.4. For any z € CX, q ED, 


O(z|q)= 3 gq” 2” (10.5.20) 


n=— CoO 


Remark. It is for this to be true that we took [[°2,(1—¢?") in defining 0. 


Proof. Let Q(z | q) denote the right side of (105.20). We’ll show first that 
© obeys the hypotheses of Theorem and then compute the constant. 


Fix q € D. Note first that since |g” |1/" = |q|" + 0, by the Cauchy 
radius formula, )>?° gr z” converges and defines a function analytic in z 


in all of C, and similarly, pea grt in C*, so O is analytic in C* (we 
note though that for z 4 0 fixed, by the Fabry gap theorem, O has a natural 
boundary at |q| = 1). Next, 


~ 2 
O(q7z|q) = > q” +2n 2 


CE ee aes (10.5.21) 


n=—CO 


= (qz) 1O(z | q) (10.5.22) 


by changing n + 1 > n in the summation. 


Moreover, 


O(-q | 4) 


II 
iM 
1 
a 
A 
3 
Q 
3 
N 
+ 


=> epee (10.5.23) 


m=—CcoO 


= —O0(-q | @) (10.5.24) 
so O(—q | q) =0. In (105.23), we noted that if n = —1 — m, then 
n?+n=n(n4+1) =(-1—m)(—m) =m(m+1) (10.5.25) 
Thus, by Theorem [10.5.3] 
Q(z | q) = C,O(z | a) (10.5.26) 


and we need to prove that C, = 1. This is a subtle fact with no really simple 
proof, so there are many alternatives (see Problem[YJand the Notes for other 
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proofs). We evaluate O and O at z=—1 and at z =i. Clearly, 


O(-1]4)= Do (-D"a", (-1|@)= Il’ l=) ag") 
—_ ™ (10.5.27) 
[[a-”) =][a-¢") [[a-?"") (10.5.28) 
n=1 n=1 n=1 


Since (—i)" = —(i)~” for n odd, the odd n terms in © cancel. Thus, 


Oia) = S> (-1)"¢™, = |Ja- g"—*) (10.5.29) 


n=—0o n=1 


since 
(1 _ ey a ig Wl _ ig?) = (1 _ g")\(1 ai go) (10.5.30) 


so that rearranging absolutely convergent products, 


][@-¢ Mate") = [[a-e& [Ja-¢ a+r”) 
n=1 n=1 n=1 
=|Ja-d@)a-a") (10.5.31) 
n=1 
Comparing (10.5.27) and (10.5.29) shows 
Ailq =S(-11 44), OG |g =O(-1] a4) (10.5.32) 
so that 
Cy =Cyq (10.5.33) 
On the other hand, 
lim Q(z | q) =1=lim O(z|q) => lim C, =1 (10.5.34) 
q- 0 q-0 q-0 
so, iterating (10.5.31), 
Cq = Cy = Coe = Cys = ++ = 1 (10.5.35) 


We will apply O(1,q) to number theory in Section 13.2 of Part 2B and 
say something about general g-ology in the Notes. 


Just as there are four a’s, there are four 6’s defined by (63 is our 6): 
63(w | rT) = O(e2"” | gq = e™"7) (10.5.36) 
04(w | 7) =03;(wt+4|7) = @(—e?"” | q) (10.5.37) 
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61(w | 7) = —ig’/4e7"03(w + $ + 5T | rT) = -ig!/4e™™” @(—ge 


62(w | 7) = O1(w + 4 | 7) = q'/*e™ O(ge?"™ | g) 


These have both product forms and sums; the sums are: 


61(w | 7) =2 > girt2)°(-1)" sin((2n + 1)7rw) 


O2(w | 7) =2 ae gta) cos((2n + 1)rw) 


63(w|7)=1+2 s q” cos(27nw) 


n=1 


O4(w |r) =14+ 201 ye q’”™ cos(27nw) 


271w | q) 
(10.5.38) 


(10.5.39) 


(10.5.40) 
(10.5.41) 
(10.5.42) 


(10.5.43) 


In Problems [I{b) and] the reader will confirm these last four formulae 
and show that if o = o9, then up to a quadratic exponential, 0; and 0;41 
agree. The choice of indices on o and @ varies among authors, and some 
authors replace 7w by w in their definition of @ (so their 7 is 7, not 1). We 
will use o to express the relation of sn, cn, dn below to theta-type functions, 
leaving the (original) connection to Jacobi theta functions to the Problems. 


Before leaving the subject of theta functions, we want to note a remark- 
able symmetry that has applications to number theory (Riemann’s original 
proof of the functional equation for the zeta function and, as discussed in 
Section 13.1 of Part 2B, to counting representations as sums of squares): 


Theorem 10.5.5. Define for Im7 > 0 andwe€C, 


O(w | T) 3 erin? T e2tiwn 


n=— CoO 


~ O(z = e2miw | q= gry 


(o|-2)- Verner 


In particular, taking w = 0, 7 = ia, if 


Then 


then 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


(10.5.44) 


(10.5.45) 


(10.5.46) 


(10.5.47) 


(10.5.48) 
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Proof. (10.5.46) for 7 = ix with x € (0,00) was proven in Part 1, both as 
Example 6.6.11 and in Problem 11 of Section 6.9. Since @(w | 7) is analytic 
in 7 for 7 € Cy, we get (10.5.46) for all 7 € Cy. 


* * * * * 


We turn now to the Jacobi elliptic functions and associated elliptic in- 
tegrals. It has the advantage of depending on a single parameter k in the 
integral whereas (10.4.69) depends on two go, g3 (which, in turn, do depend 
on only a single 7 plus scaling). In this theory, other basic parameters are 
k’, K, and K’ given by 


(VP =1-F (10.5.49) 


(10.5.50) 


: dt 
a I Ja @)0 — BP) 


ae G dt 
K =| Ta an (10.5.51) 


The reader will show (Problem [4) that sn(-,k) has periods 4K and 
2iK'. This was also done earlier in Example [8.4.5] The second period is 
Jacobi’s (and Abel’s) great discovery. These functions are mainly used when 
0 < k? <1, so also 0 < (k’)? < 1 and, of course, K > 0, K’ > 0. Below we 
assume 0 < k? < 1. We’ll show in the next section (see Theorem [10.6.6) that 
for any such k, there is a unique 7 on the positive imaginary axis solving 


(10.5.55) below, and in that case, 
€1 > €2 > €3 (10.5.52) 
(see also Problem [13] of Section [10.4] for (10.5.52)). Theorem [10.5.6]is stated 


for this case, although once one has it, one can analytically continue sn, etc. 
by using the formulae of this theorem as definitions for all k. The integral 
formulae are valid with suitable branch choices in the square root. 


The other functions that arise are cn(x), dn(x) given by 
sn*(x) + cn?(x) = 1 (110,5.53) 
dn?(x) + k’sn?(x) = 1 (10.5.54) 
cn and dn are determined by requiring them to be analytic near 0 with 
value at x = 0 with dn(0) = cn(0) = 1. That they extend to entire functions 


follows from Theorem [10.5.6} Essentially, the required double zeros of 1 — 
sn*(x) or 1 — k*sn?(x) come from the double zeros of (z) — e;. 


Figures [10.5.1] (10.5.2) and [10.5.3] plot the Jacobi elliptic functions. 


Here is the key relation of the Jacobi elliptic functions to o and a;. We'll 
prove this and leave the relation to 0 and other connections to the Problems. 
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Figure 10.5.1. sn(z,k) and sin(x) (scaled to have the same x-axis pe- 
riod) for k? = 2. sn is solid; sin dashed. 


Figure 10.5.2. sn(x,k) (solid), cn(x,k) (dotted), dn(x, k) (dashed) for 


24 
Pas 


| ae 


>» @ «€ 


—3 2 -1 0 1 2 3 


Figure 10.5.3. Contour plot of |sn(«+iy, k)| for k = 4. This illustrates 
the double periodicity. 
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Theorem 10.5.6. Given k in (0,1), let r € i(0,00) be determined by 


e2(T) — e3(T) 


Ba . 
nes e1(T) — e3(T) 


(10.5.55) 


where e;(T) are the values of g(- | 7) on the half-lattice which obey e1 > e2 > 
e3. Let 


w= Jee (10.5.56) 
Then 
Se ee sree (10.5.57) 
cn(x, k) = me (10.5.58) 
dn(x,k) = cai (10.5.59) 
en - re oe (10.5.60) 


Proof. We start with (10.4.69) by picking ap = ov, and since g(u) = e(—u), 
flipping signs to get 


=a (10.5.61) 


[oe] 
d 
u= | Ys ou) 
a V4y3 — gy — 93 
In (10.5.1), we change variables to s? = 6, t? = z to get (since dz = 2tdt = 
2\/z dt) 


= [ a 8 =sn(z) (10.5.62) 
0 2/2(1 — z)(1 — kz) 
The square root in (10.5.61) has zeros at y = e1,e€2,e3, while the one 
in (10.5.62), at z = 1, k~?, oo. This suggests we pick a fractional linear 
transformation that takes e; to 1, e3 to oo, and eg to k~?, that is, 


aa (10.5.63) 
¥Y— €3 
does the right thing to e; and eg. If we pick 7 so that (10.5.55) holds, then 
(10.5.63) moves the zeros to the right place. 


By (10.5.63) with y given by (10.5.56), 


2 
1— 
yYy-e€3 >= al , y-eu= 7 ( a (10.5.64) 
Zz Zz 
1—k*z g 
ise = 
y-e2 =p a i= 2B dy (10.5.65) 
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Thus, 
V4y3 = gay — 93 = 2v/(y — e1)(y — €2)(y — €3) 
3 (10.5.66) 
= fe — 2) — 2) 
Ze 
. d 1 a 
i E (10.5.67) 


J4y>—goy—93 BP 2x/2(1— 2) — Fz) 


Taking into account the change of variables in limits and the inversion 
of limits, (10.5.61), (10.5.62), and (10.5.67) translate to 


= = 2 a _ 10.5.68 
a=olu),  B=snz? & u=2, p= (105.68) 


or 
sn(2) = ———> (10.5.69) 
p(x/ pu) — eg 

Given (10.4.86) for 7 = 3, this translates to (10.5.57). This plus (10.5.53) 
plus (10.4.86) for 7 = 1 and 3 implies (10.5.58), and similarly, (10.5.69) plus 
(10.5.54) plus (10.5.55) plus (10.4.86) for 7 = 2 and 3 implies (10.5.59). 

K is determined by sn() = 1 which, given (5) = e; and (10.5.56), 
yields the first equation in (10.5.60). 

Making the k- and r-dependence explicit, we see if 7(k) solves (0.5.55), 
then 


K(k) = 3 Vei(r(k)) — e3(r(k)) (10.5.70) 
If k? obeys (1.5.55), then k’* = (eg — e1)/(e3 — e1). Thus 7(k’) obeys 
e2(7(k’)) — e3(r(K')) _ ea(7(k)) — e1(7(k)) 


e1(r(k’)) — e3(r(k)) — e3(7(k)) — e1(7(k)) 
Using e; + e2 + e3 = 0, it is easy to see this is equivalent to 
er(r(k’)) _ ea(7(k)) 
e3(r(k’)) — e1(7(k)) 
Thus, we need to interchange the two lattice generators and replace one by 


the negative. Using the invariance of e; /ex under scaling 7 and 72, this 
implies 


r(k') = —r(k)“} (10.5.71) 
Restoring the second element of the basis, 
ey(—7_') =e, (1, -7~1) = e3(7 4,1) 
= 7%e3(1,7) = 77e3(7) (10.5.72) 


where we used the scale covariance (10.4.5) with A = r. There is a similar 
formula for e3. 
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Figure 10.5.4. K(k):0<k<1. 


Thus, and imply 
K! = K(k!) = 4 ei(=7- 1B) — a= 1B) 
= 5 V77(e3(r) — e1(7)) 
= ~itK(k) (10.5.73) 


verifying the second half of (10.5.60). Since 7 € Cy with Rev = 0 and 
e3 < e1, the argument of the final square root is positive. We take —i in 


(10.5.73) to arrange that K’ > 0. 


Figure shows K(k) for 0 < k < 1. Note that limz)o K(k) = 1/2 
and there is a logarithmic divergence at k = 1. 


Notes and Historical Remarks. Bernoulli considered the sums 
pet a” and yar a+) and Euler has several results on such 
sums (and even a variant of triple product identity) and considered the 6- 
like product [[°2.,(1—2"z)~'. Gauss’ unpublished works on the lemniscate 
integral contain objects we would now recognize as @ functions, both as 
products and sums. He found this in part by looking at the arithmetic- 
geometric mean (start with ao, bo, form adn41,bn41 inductively by an41 = 
5 (An + bn), bn41 = Vanbn; they have a common limit called the arithmetic 
geometric mean), which he related to the lemniscate integral and wrote in 
terms of theta functions. Cox discusses both this mean and the history. 


It was Jacobi, though, who first fully presented @ functions in his funda- 
mental work in 1829 on elliptic functions [281]. The four-fold 0; is from his 
1835 paper [283]. For more on the history, see Hellegouarch Ch. 5]. 
For a recent book on theta functions, see Farkas—Kra [187]. 

As we have seen, 0 and @ obey a variety of remarkable relations. As 
Hellegouarch remarks: 


The originator of the famous wisecrack about the five operations 
in arithmetic—addition, subtraction, multiplication, division and 
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modular functions—would appear to have been the mathematician 
M. Eichler. As we will see, the fifth and last “operations” are 
actually functions, which have so incredibly many symmetries that 
one may really wonder how they can possibly exist. 


Theta functions, as generalized by Riemann to higher dimensions 
((10.5.20) is replaced by O(Z) = S7,,<7. exp(—(7i, Afi))z]! ... 22” for a suit- 
able positive define matrix A) are the basis for the study of meromorphic 
functions on higher-genus Riemann surfaces and have many other applica- 


tions. See 446) and Section 


The reader should be warned that while our definitions of 0; are very 
common, there are many, many other normalizations of functions called 
“theta” —as remarked in the Wikipedia articl4| on “Jacobi theta-functions 
(notational variations)” (yes, there is an entire article on that subject!): 
“The warning in Abramowitz and Stegun, ‘There is a bewildering variety 
of notations ...in consulting books caution should be exercised,’ may be 
viewed as an understatement.” 


The triple product formula appeared in Jacobi’s 1829 book and 
it is often called the Jacobi triple product theorem, but there are the usual 
suspects on the prehistory. Gauss also knew it and a special case appeared 
in Euler. point out that it follows from what they call the q-binomial 
theorem found by Rothe in 1811 (see Problem [6). They also interpret 
the triple product formula as an Euler duplication formula for g-Gamma 
functions. 


Carl Gustav Jacob Jacobi (1804-51) was, like Landau later, the son of a 
Jewish banker based in Berlin, although, unlike Landau, he had to convert 
to Christianity to be eligible for academic appointment, and due to economic 
turmoil in Germany, he lost his family inheritance. In his later years, unable 
to teach because of ill health (diabetes), he depended on a royal stipend. In 
1851, at age only 47, he suffered first from influenza and then smallpox and 
passed away. 


He is best known for his work on elliptic functions, but also for continued 
fractions (and the related Jacobi matrices), determinant theory (Jacobians), 
mechanics (Hamilton-Jacobi equations), number theory (much of it based 
on his work on elliptic functions), special functions (Jacobi polynomials), 
and differential geometry (variational equations for geodesics). 


The mention of g-binomial and g-Gamma function points out that @ func- 
tions are a part of what is sometimes called q-ology. While the formulae work 


*nttp://en.wikipedia.org/wiki/Jacobi_theta_functions_(notational_variations) 
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for q € D, the intuition comes from q € (0,1). The q-integral is defined by 


[ ” f (2) dae = So f(ag")(aq" — aq"*) (10.5.74) 
n=0 
the q-difference 
(Agf)(x) = ae (10.5.75) 


and the q-factorial and g-binomial coefficient 


fi l=¢0=¢)..0=¢") (10.5.76) 


al = aa (10.5.77) 


The point is that one uses geometrically spaced values and defines objects 
that, as gq > 1, approach their standard form (the reader should check this 
for the four g-objects just defined). Analogy to q = 1 gives one remark- 
able identities and relations. There are g-Gamma and q-beta functions, 
q-orthogonal polynomials, and a q-ology interpretation of the triple product 
formula. Ch. 10] is a good introduction to q-ology. 


As noted, there are many other evaluations of what we called Cg. See 
Andrews for two analytic calculations and Cheema [113], Wright 
[595], and Ch. 11] for combinatorial proofs. Simon Sec. 1.6] has 
an interesting proof based on setting up a family of orthogonal polynomi- 
als on the unit circle (Rodgers—Szegé polynomials) and analyzing them in 
terms of g-binomial coefficients. Szeg6’s theorem for this set of polynomials 
evaluates C4. 


For suitable values of parameters, 9 obeys a heat equation. To get rid 
of annoying 7’s, define 


x 


a it _ — —n7t_ ina 
(0.0) = (= =) = S ¢™e (10.5.78) 


n=—CO 


and note that H obeys the heat equation for x = R, t > 0, 


9 (e,t) = 2 He,t) (10.5.79) 
aE aga ” 
Indeed, it is the fundamental solution as periodic functions in x with H(- | 


t=0) =cola): 

At first, some are puzzled about why there are four 6’s, four o’s, and 
three Jacobi elliptic. Why not just use a single function and ratios and 
translates? But, after all, we use not only sin but also cos and tan and .... 
In fact, there are standardly not three Jacobi functions but twelve! Going 
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back to Glaisher [209], they have easy-to-remember symbols, for example, 
cd(x) = cn(x)/dn(a#). And they actually enter in integrals, for example, 


1 
r= | (ia) Fiery ea 
cd(x) 

See Armitage—Eberlein Ch. 2] for a summary. There are, of course, 
dozens of formulae for sums of arguments, algebraic relations, and integrals. 
The Problems have a selection of some of them. 

R(z) 
P(z) 
and R is a rational function, are called elliptic integral. Legendre reduced 
such integrals to normal forms. As we did in the proof of Theorem 
for the special case (10.5.61), one can use fractional linear transformations 
and quadratic change of variable to reduce to the special case P(z) = [(1 — 
z*)(1 — k?z?)]. By further use of integration by parts and that for this case 
of P, if R(z) = zf(z), we have a perfect derivative, Legendre reduced to 


three normal forms: 
/ vI-Rz 
———<$————— A 5 
vie 


Integrals of the form [ dz, where P is a polynomial of degree 3 or 4 


dz 
/ JU — 22) (1 — k222) ” 
dz 
/ (22 — b)\/(1 — 22) (1 — kz?) 
called, respectively, elliptic integrals of the first kind, second kind, and third 
kind. Hancock [236} [237] from 1910 and 1917 are the standard “modern” 
references on elliptic integrals. Section 11.1 of Beals—Wong [32] has a text- 


book presentation of Legendre’s theorem that all elliptic integrals can be 
reduced to the three in (10.5.80). 


(10.5.80) 


Problems 
1. (a) Prove that 


— wy 22/271 val (2) 1 1 
o(z) =e # (0) (10.5.81) 
(b) Prove that for 7 = 1, 2,3, 
} _ wy 27/27, 9541 (z) 1 2 
o;(2) =e 8,11(0) (10.5.82) 


2. One of the surprises in Theorem[L0.5.3]is that one doesn’t assume a priori 
that z = —q is the only zero in A, ,-1. This problem will take the mystery 


out of that. 
(a) If f obeys and f(z) = g'(z)/g(z), prove that f(q?z) = 
f(z) -—2z71. 
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(b) Use the argument principle to show that if g obeys (10.5.14), then g 
has exactly one zero in any A,2q,q with g nonvanishing on OD,2,q. 


3. Given the definitions of 0;(z) in (10.5.36)—(10.5.39), prove that (10.5.41)— 
(10.5.43) are valid. 


4. Given (10.5.57), prove that 
sn(a + 2K,k) = —sn(z, k), sn(a + 2iK’, k) = sn(z,k) (10.5.83) 


What are the analogous periodicities of cn and dn? 


5. Prove the g-binomial coefficients given by (10.5.77) /(10.5.76) obey 


Peele eae te bal, 


6. This problem will lead the reader through a proof of the g-binomial the- 
orem, that for |q| < 1, |z| <1, andae€C, 


s (45 Q)n k _ (424 d)o0 (10.5.84) 
<4 (GO)n (25. Goo 
where (including for n = oo) 
=I 1—aq!) (10.5.85) 


(a) Let F(z) be the right-hand side of (10.5.84). Prove that F is analytic 
for q,a@ fixed and z € D. Write F(z) = 77o.g bnz”. 


(b) Prove that (1 — z) F(z) = (1 — az)F(qz). 

(c) Prove that bj = 1 and b, = [(1 — aq”~!)/(1 — q”)]bn_1 and conclude 
that bn = (a; ¢)n/(4 In). 

(d) Prove Rothe’s formula that 


‘. H (—1)kgk(R-D/2 zk = (2:9) y (10.5.86) 


k=0 


(Hint: Take a = q~%.) 


7. This will deduce the Jacobi triple product formula from Rothe’s formula. 
Take z € C*. 


(a) Prove that 


(2q7"34)an = (12g MOY? (G/23 )n(23 On (10.5.87) 
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(b) Take N = 2n in (10.5.86), replace z by zq~", and use (10.5.87) to 
prove that 


(GD on(-D Pgh? V2 
(g/anlea= de (95 @)n+K(G @)n—k 


k=—-n 


(c) Take n — co to obtain 


co 


(25 Q)oo(4/23 Doo(G Doo = > (—1)Rgh D2 zk (10.5.88) 


k=—0o 


(d) Replace q by q? and z by —qz to get 


(—923 ¢)o0(—4/25 9" )o0(G?3 7) = So gz” (10.5.89) 


n=— Co 


and verify that this is just the triple product formula (10.5.20). 


. For q € D, prove that 


(a) SS a =[Ja-o)a4+e" 
n=—0oo n=1 

(b+) SO (-1"@" = TJ a-¢)a-¢r'y 
n=—0o n=1 

(c) > ie? _ [[a _ q”) 
n=—0o n=1 
 n(m4$1)/2 2 | 1-@ 


(Hint: Use the triple product formula. For (c), replace q by q?/? and 
z = —q'/?, and for (d), replace q by q'/? and take z = q!/?.) 


. Let g(x) = Jo f(y) dqy and let Ay be given by (10.5.75). Prove that 


(Aqg)(x) = f(a). 


(a) Prove that for 0 < k < 1, y € (—7/2,7/2), we have, by a change of 
variables, that 


e du) _ rr dy 
0 1 — k? sin? (a) 0 J/(1 — k#y?)(1 — y?) 


This is another way that elliptic integrals and functions arise. 
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(b) Prove that 


m/2 du) 
K(k) = Ds 
(f) [ Fa (10.5.90) 


(c) Fix k € (0,1). For x € (-K, K), define p(x) € (—7/2, 7/2) to be the 


unique solution of 
p(x) du 
oe | 
0 1 — k? sin? (w) 
Prove that 


sn(z,k) = sin(y(x)), cn(x, k) = cos(y(x)) (10.5.91) 


(d) Prove that 


= 1/1 — Fsin?((2)) = dn(e, k) (10.5.92) 
and from that, prove that 
d 

ie sn(a) = cn(z) dn(z) (10.5.93) 
£ 

(e) Prove that ae = —$k? sin(2y) so that 7 = 2y for k suitable solves 


the pendulum differential equation = = —w’ sin(n). (Hint: Apply 4 to 
d : 
($2)? = 1-k? sin?(y).) 


Remark. The function y defined by sn(z,k) = sin(y()) is sometimes 
called the Jacobi amplitude function, written am(z,k) as in sn(az,k) = 
sin(am(z, k)). 


(a) Using the product formula for 0, prove that 


@(1 | gq) O(-1| q) = nc Sq ayy (10.5.94) 
(b) Prove that 7 
Q(1 | ¢) O(-1| @) (4 | 4) -2TI 1—q" (10.5.95) 
(c) Prove that : 
e'(-q|qg) =a" Tle a a (10.5.96) 


(d) Define four constants that are in (£0.5.81) and (10.5.82), 
C=O) pao 84 6, = 6;,(0) (10.5.97) 
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where 6; is related to © by (L0.5.36)—(10.5.39). Prove that 


6 = 7020304 


(10.5.98) 


This problem will establish the main formulae that write the Jacobi ellip- 
tic functions in terms of {6; (w) }j—1 and the constants of (10.5.97). You 


need Theorem [10.5.6] (10.5.81) /(£0.5.82), and (10.5.98). 


(a) Prove that 
(arma = fo 


Aj41 1 (z) 
and conclude that 
O 9;41(5) 
aay Aj41 61(5) 
so that 
004 2 = 2 
al ar and p= Ve; — €3 = 163 


(b) Similarly, prove that 
Vez — €3 = 763 
(c) Using (a) + (b), prove that 
62 + 02 = 62 
(d) Prove using the product formulae. 
(e) Prove that 


2 2 
_ _ % T 72 


ee / pa maou / pe ee ase 2 
B= op k @ K 5 83» K 5 83 
(f) Prove that 
1 0; (w) k! 62(w) 
iy) = —— 2Kw) =4/— 
sn(2Kkw) Ebi) cn(2kw) i Ba(w)’ 
O3(w) 
2Kw) = Vk! 
dn(2Kw) = Vk! me 
(g) Prove that 
sn(k’) =1 


(10.5.99) 


(10.5.100) 


(10.5.101) 


(10.5.102) 


(10.5.103) 


(10.5.104) 


This problem will verify the original relation that Legendre proved that 
is equivalent to what we’ve called the Legendre relation (see (10.3.32)), 
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although it looks quite different. The complete elliptic integrals of the 
second kind are 


ee 1 RP 
E(k) = [ 1 — k? sin*() dp = 7 eo (10.5.105) 
k) 


If FE = E(k) and E’ = E(k’), then the Legendre relations that you'll 
prove say that 
HR 2K KR = . (10.5.106) 
(a) Prove that 
K 
E a (dn)? (x) dx (10.5.107) 
0 


(Hint: Use (105.91), (10.5.92), and (10.5.104).) 


(b) Prove that 
1/2 bo ee 
E= [ feo (== | dy 10.5.108 
“ 0 ey) — e3 ( ) 


(Hint: Use (10.5.59) and (10.4.84)).) 
(c) Prove that 


k 1p 
E=—- - | (y(y + T) — e3) dy (10.5.109) 
2 pwJo 
(Hint: Use Problem [6] of Section (10.41) 
(d) Prove that (w; is given in (£0.4.13)) 
a (10.5.110) 
Lb 
(Hint: Use (10.4.25) and (10.4.28).) 


(e) Similarly, prove that 


pe ese) (10.5.111) 
Lb 
(f) Prove the Legendre relation (10.5.106). (Hint: Use (10.5.60) and 
14. With K given by (005.50), E by (00.5.105), and k’ by (105.49), prove 
that 
dE E(k)—K(k) dk E(k) — (k’)? K(k) 
— = k)= 10.5.112 
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15. Let 0<k <1. This problem will prove for x real, 


Ff ik’ 
n( «+ — 
. D 

a fact used in Examples [8.4.5] and 


(a) Using (10.5.60) and (£0.5.69), prove that 
sn(K)=1,  sn(K+ik’) =k"! (10.5.114) 


=p? (10.5.113) 


(b) Using (10.5.60) and (10.5.69), prove that sn(z+iK’) and sn(z) have 
zeros and poles reversed and conclude that 


sn(z)sn(z +iK’) =k} (10.5.115) 
(Hint: First prove the product is constant and then evaluate it at z = K.) 
(c) Prove (10.5.113). (Hint: sn is real on R so sn(Z) = sn(z).) 


Note. See Problem [7] of Section [10.4] for a related result. 


10.6. The Elliptic Modular Function 


This section will study the function 


Mr) = e2(T) _ €3(T) 

e1(7) — e3(7) 

called the elliptic modular function. From the point of view of this chapter, 

this will allow the solution of elliptic integral inversion problems, specifically 

the questions of what values of k? in can occur and what go, g3 in 

can occur as we vary T or 71,72. From this standpoint, the main 
results of this section are: 

(1) A is a bijection of {iy | 0 < y < co} = K and (0,1), and for 7 € 
K, e1(T) > e2(7) > e3(7). This was used in the last section and, in 
particular, says that all classical elliptic integrals of the form (10.5.1) 
fall within the purview of Theorem [10.5.6] 

(2) \ maps C, to C\ {0, 1}, is locally one-one, and its restriction to F, the 
fundamental domain for I'(2), is a bijection to C \ {0,1}. (Note that 
this bijection is continuous, but its inverse is not in the topology as a 
subset of C; if we think of F = C \T(2) with the quotient topology, it 
is.) Thus, the extension of Theorem [10.5.6] to complex k? handles all 
cases k? # 0,1. Of course, the elliptic integrals for k = 0,1 are trivially 
doable without recourse to elliptic functions (k = 0 is arcsin and k = 1 
is arctanh). 

(3) For every g2, 93, with A # 0, there is a 7), 72 in C* xC%, with 2/71 ¢ R, 
so that go(71, 72) = g2, 93(71, 72) = g3 (again, if A = 0, the integral is 
doable in terms of inverse trigonometric functions). The map Tt + J(rT) 


(10.6.1) 
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is a bijection of F and C, although not a local bijection at some points 
in OF, that is, J: Cy > C is not everywhere a local bijection. 


From a perspective that goes beyond elliptic functions: 
A(T) —4 
jie. 
OT lay 
is a Riemann map of {t | 0 < Ret < 1; |r— 5| > 5} to D, so an interesting 
example in an atlas of conformal maps. See Example[8.4.9} 
(2) A: Cy 4 C\ {0,1} is onto, a local bijection, and A(z) = w if and only 
if there exists y € ['(2) so that z = y(w). This will implement the 


function needed for the proofs of Picard’s theorems (see Section [10.3). 
It is the third construction of this map (see Sections [8.3] and [8.5). 


Recall what we learned in Problem [8] of Section [10.4] 
Mr) = 16e""7 + O(e 371) (10.6.3) 


as Imt — oo with Ret € [0,2] (we’ll see shortly, uniformly in all real 7) 
and, in particular, 


(10.6.2) 


A(T) +0 as Imt — oo (10.6.4) 


Moreover, again by Problem|8] of Section [10.4] for Im7 large, once we know 
e;(T) are real on i(0, 00), we have 


e1 > €2 > €3 (10.6.5) 


and by continuity and (10.6.7) below, this holds for all 7 € i(0,00); see also 
Problem [13] of Section [10.4] 


Finally, since g(z) — e; has only one (double) zero in the fundamental 
cell, 


ial # €2 fx €3 x al (10.6.6) 


We begin this section’s analysis with the covariance properties of \ under 
the action of SL(2,Z). 


Theorem 10.6.1. (a) If (%5) €T(2), then 
(2 + *) = \(r) (10.6.7) 


crt +d 
(b) (-2) AG) (10.6.8) 
(c) A(r +1) = —A(7)(1 — A(7))7 (10.6.9) 


Proof. (a) If 7m = d+ cr, 72 =b+ ar, then 7 = (a7 + b)/(c7 + d) = 7o/71 
is the r for the new lattice. Not only does this preserve £;,-, and so ¢(z), 
but if a,d are odd and b,c even, (7/2) = (4s), (71/2) = (7/2) since 
#/2— 5, 72/2 7/2 € Ly,,. Thus, e; (71,72) = e;(1,7) and 2 is unchanged. 
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(b) If 7 = 7, 7 = —1, then 7 = —1/r and ey is unchanged (since $(71 + 
+7) =—-1€L£1,,), but e; and eg are interchanged. Thus, 


a(-2) OND 2a 


e3(T) — e1(T) 


(c) Similarly, 7, = 1, 7 =1+7 has 7=1+47 and e, is unchanged, but e2 
and e3 are interchanged. Thus, 


Sea r 


A(1+7) = 


e€, — €2 1-A 


We said the action of all of SL(2, Z), but SL(2, Z)/T(2), has six elements 
not two. However, using cycle notation (see the Notes), the two permuta- 
tions we look at, namely, (13) and (23), generate the whole group, so the full 
action is easy to obtain, summarized in the following table (see Problem []): 


1 (123) (132) (12) | (13) (23) 
# |r| -V@+)) | -1-1/r|7/Gt7) | -1/r | ttl 
X(T) A (1 = Ay t=) 71 it —X(1 = )71 


Theorem 10.6.2. (a) is real if T is contained in OF* = {7 | Ret =0 or 
Ret =1 or |r— 5) =a} NCy. 

(b) A 0 uniformly in Ret as Imt > ov. 

(c) A > 1 (respectively, co) as T — 0 (respectively, 1) in C+ with arg(r) 
(respectively, arg(r — 1)) in (€,m—€) for anye > 0. 

(d) For allt € Cy, A(T) is never 0, 1, or co. © 

(e) Alfiy | y € (0,co)}] = (0,1), Alfg + ge” | 6 € (0,7)}] = (1,00), 
A[{1 + ty | y € (0, 00)}] = (—00, 0). 

Remarks. 1. We’ll see shortly that takes every value in C \ {0,1} and 


that is one-one on each of the sets in (v). 


2. As our proof shows, A(t) > 1 as Im(—1/r) > oo. This is not the 
same as |T| > 0, Imr > 0. For example, if 7 = € + ie”, then Im(1/T) = 
e*/(e2 +64) 9 lase 0. 


Proof. (a) Suppose first Ret = 0, so 7 = iy and £L, = {n1 + ingy}. Since 


L, =L,, the formula (10.4.29) for o proves that 
(Z| liy) = e(z | 1Liy) (10.6.10) 
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Since always o(—z | 17) = e(z| 17), we have 


p(—2 | Liy) = (2 | liy) 
Thus, e; and e3 are real, and since e; + e2 + €3 = 0, e2 is also real, so A is 
real. By (10.6.9), A is real on Rev = 1, and similarly, is real if Ret = —1. 
T — —1/7 maps —1 to 1 and co to 0 and maps R to R, {7 | Retr = —1} 
is mapped to a circle orthogonal to R, so the circle |r — 5| = 5 (as algebra 
also shows) and C, {r | Ret = —1} is mapped to CN {7 | |r — $| = §}- 
Thus, by (10-68), is real on Cy. M {7 | |r — 5| = 5}. 


(b) Since (}?) € P(2), A(7+2) = A(r), so (0.6.3) uniformly for Ret € [0, 2] 
implies it for all Rer. 


(c) By (0.6.8), \ > 1 as Im(—1/7T) > om, and with the restriction on 
arg(T), |7| ~ 0 > Im(—1/7) > oo. Then, by (10.6.9), we get from 7 > 0 
to7T > 1. 


(d) This is immediate from e, 4 e2 4 e3 # €1. 


(e) Since A is real, never 1 or 0, and A(iy) > 1 as y > oo and X(iy) 9 1 
as y — 0, it must take all values and only those values on {iy | y € (0,00) }. 
and A(7 — 2) = A(T) imply A takes all values in (—0oo,0) on +1 + iy 
and thus, yields the result on {z | |z — 5| = 5} Cx. 


Here is (part (a) below) the most subtle argument in the analysis of 
A(T). Let 


Fi ={7|Imr >0,0<Rer <1, |r — 5| > 5} (10.6.11) 


Theorem 10.6.3. (a) A is a bijection of F# to Cy. 

(b) A is a bijection of F to C \ {0,1}. 

(c) (z) £0 for all z in Cy. 

(d) A(z) = A(w) & z = (aw + b)/(cw + d) for some (45) ET (2). 


Proof. (a) Fix ¢ and let I; be the following contour in F? (Figure[I0.6.1). 


Figure 10.6.1. Contour around F cutoff. 
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Ma] 


MB) 9 At] | At) 


Figure 10.6.2. Image of I under the elliptic modular function. 


Start at ic~! and go down to ie (call this [,), then go along the curve 
To(a) = (w—te1)—! = (2 +ie1) /(e-2 +22), 0 < x < 1, from ie to the circle 
|r — 5| = § (@ Re(2 = 1) (call this I’), then along this circle to the circle 
reflection of Ig (call this [3), then around that curve Ty(a) = 1—T2(1— 2) 
near Ret = 1 (call this T'4). [4 is the reflection of Iz in the line Ret = 5: 
Then up to 1+ie~+ (call this Ts), and across to ie~! along Imt = e~! (call 
this rg): 

The image, A[I], (Figure [10.6.2), also has six pieces. A[I‘1] runs from 
near 0 to near 1 along R. It can, a priori, wander back and forth, but 
stays on R. A[f2] stays in a tiny neighborhood of w = 1. A[f3] and APs] 
stay along R, running from just above 1 to near co and from above —oco to 
below 0, and A[['g] near A = 0. 

The key piece is A{T'4]. T2(x) is picked so T2(x)~' = x —ie!. By 
(10.6.3), 


\MT2(2)7!) = 16e~© e™* + O(e7 =") 
so, by (10.6.8), we have 
MV'2(x)) = 1- 16e7* e-** + O(e***) 


Note that since A is real on Ret = 0, A(—7T) = A(r). Since Ty(x) = 
1—T2(1— 2), by (0.69), 
\MLa(x)) = (16)~ tee + (1 + O(e7* ")) (10.6.12) 
Then A(T) goes along R with two tiny approximate half-loops near 0 and 1, 
and a huge semicircle looping back in the upper half-plane near infinity. 


If 7 € Cy and |n| is much smaller than O(e* ) and farther from 0 and 1 
than O(e~* '), then A([) will have winding number 1 about 7 and 0 about 7. 
By the argument principle, this implies (a). 


(b), (c) Since A is real on Rez = 0, 
\M-7) = (7) (10.6.13) 


so A is one-one on —F 4 and since that set is open, N #0 there. This set, 
together with F?, covers all of F, except for the edges and for Ret = 0. 
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Figure 10.6.4. Re and Im of A(x + iy), -3< 24 <3,0<y<2. 


A is real on Ret = 0 with values in (0,1), Since Imr > 0 on 0 < Ret <e 
and Im7 < 0 on —e < Ret <0, \’ £0 on Ret = 0 (see Problem). Since 
ww is real and nonvanishing, it has a single sign which, given the limiting 
values, must be negative. So A is one-one on Ret = 0. By the covariance in 
Theorem [10.6.1] 4 4 0 and J is one-one on {7 | Imr > 0, Ret = 1} and on 
{r | Int > 0, |r — | = 5}. This plus (a) proves that A is a bijection of F 
and C*. By invariance under I'(2), we get \’ 4 0 on all of Cx. 


(d) Theorem [10.6.llimplies w = y(z) > A(w) = A(z). On the other hand, if 
w,z € Cy with A(w) = X(z), there exists y,7 € (2) so y(w), 7(z) € F and, 


by invariance of \, A(y(w)) = A(F(z)). Since A is one-one on F, y(w) = F(z), 
so w = 7! y(z). oO 


Figure plots Re A(x + 7) and Figure has contour plots of 
Re A(x + iy) and Im A(x + ty). 

We can immediately obtain the first two and the fourth and fifth results 
advertised at the start of this section. 


Theorem 10.6.4. The map of (10.6.2) is the unique map of F* to D with 
limiting values —1 at T = co, (1—1%)/(1 +72) att =0 and 41 at 7 =1. 


Theorem 10.6.5. A: C, > C\{0, 1} is a local bijection onto all of C\{0, 1} 
and X(z) =w @ Jy €T(2), z= (wv). 


Theorem 10.6.6. For 7 € {iy | y € (0,00)}, e1 > eg > e3, and for any 
k? € (0,1), there is a unique y € (0,00), so A(iy) = k?. 
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Theorem 10.6.7. For any k? € C\ {0,1}, there is at in Cz so A(T) = k?. 
All values of rT that solve this are related by an element of T'(2). 


Proofs. The only item not immediate from Theorem is that e; > 
e2 > e3 on i(0,00). By Problem [8] of Section [10.4 this is true for y large. 
Since e; are real, nonequal, and continuous in y, this must persist for all 
y € (0,00). 


We now turn to analyzing the function J of (10.4.32). J can be written 
in terms of A. Let 


(1-w+w?)s 
= 10.6.14 
Gu) = (10.6.14) 
be defined for w € C \ {0,1}. In Problem [3] the reader will prove that 
I(r) = 3¢ G(A(r)) (10.6.15) 


so we want to begin by analyzing G. 


Proposition 10.6.8. The function G has the following properties: 


(a) Gu) =6(=) =ca-w)=6(1-2) (10.6.16) 
= G((1-—w)') = G(-w(1 -— w)“) (10.6.17) 


(b) Ifw 4 4,—-1,2,wo,wo', then G'(w) £0. 

(c) G maps C \ {0,1} onto all of C, and for ¢ 4 0,42, G7*({C}) is sia 
points. Moreover, G1 ({22}) = {5, —1,2}, G-1({0}) = {wo, wo ‘}. 
Remark. Recall wo = 5 +1,/3/4 and wo ! are the two primitive sixth roots 

of unity. 


Proof. (a) By direct calculation, G(1/w) = G(w) = G(1 — w). The FLTs 
w — 1/w and w > 1 — w generate a group, G, of six elements, and so G is 
invariant over that group as indicated. 


(b), (c) G(w) —¢ = 0 is equivalent to a sixth-order polynomial, so the map 
is onto and is locally one-one unless T(w) = w for some nonidentity T in G. 
The solutions of these five equations in C and the values of G(w) are below. 


Map |w=w t|/w=1-—w w=1-2 w=(1-w)7!|w=-w(l-w)7! 
Solutions +1 4 , 00 wo : wo t 2,0 
G(w) 00, 27 00 0 0 2 oo 


Thus, G is six-one on Cc VAG eer, 2. 5 W0, Wy}, undefined (or co) 
at 0,1,00, and 4 (at —1,2, 4) or 0 (at on) 
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0.015 


0.010 


Figure 10.6.5. Im J[x + iy] for -l <4 <1,0<y< 2 and a blowup 
of a small piece. 


Theorem 10.6.9. J (defined on C+ by (10.4.32)) has the following prop- 

erties: 

(a) J is invariant under the action of SL(2,C) and J(r) = J(7) if and only 
if there is A € SL(2,C) so 7 = ga(r). 

(b) J maps Cx to all of C. 

(c) J'(z) =0 only if z =i or wo or an image under the action of SL(2,C). 
Jip a1, ap) = 0. 

J(T) has a third-order zero at wo and J(T) — 1 has a second-order zero at 

T—4: 


Remarks. 1. The degeneracies and orders can be interpreted in terms of 
the sixth-order rotation symmetry of J... and the fourth-order rotation 
symmetry of Ji. 


2. Figure[L0.6.5]shows Im J(x+iy) for -1 <a <1,0< y< 2anda blowup 
of the region near x = 0.3+ 70. Note that J is real on OF and its images, 
so these curves are contours in the contour plot of Im J. 


Proof. (a) Since is invariant under ['(2), by (£0.6.15), J is invariant 
under I'(2). By Theorem and Proposition J(—1/r) = J(r) 
and J(7 + 1) = J(r). Since SL(2, Z) is generated by I'(2) (see Problem [4), 
+( ©, 3) and +(+4), we have invariance under SL(2, Z). 


Given that \ is one-one on F and the six-one nature of G and six-fold 
intersection of SL(2, Z) orbits with F, we see that J is one-one on F. This 
implies J(7) = J(7) if and only if 7 is on the orbit of 7. 

(b) This follows from the fact that A is onto C \ {0,1} and that G maps 
C \ {0,1} to all of C. 


(c) By (£0.6.15), 
J'(r) = # G'(A(7))N(r) (10.6.18) 
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and X’ is nonvanishing, J’(r) = 0 = G’(X(7)) = 0. By Proposition [10.6.8] 
this happens if A(7) € {5, —1, 2,W9, Wt. Because of the invariance of G 
in (106.16), this is orbits under SL(2,C) of any points where A(T) = 4 or 
\(T) = wo. By Problem B] A(i) = $ and A(wo) = wo, and so A is one-one 
on F. These are the only (2) orbits where \(r) is $ or wo. The calculation 
of the orders of the zeros of J’ is left to Problem [6] 


Theorem 10.6.10. For any go,g3 in C? with g3 — 2793 4 0, there ex- 
ists 71,72 in C? with Im(72/71) > 0 so that (g(z | 7172), p'(z | T1T2)) obey 
(10.4.40). 


Proof. Suppose first that g3 4 0. Then g3/(g3 — 2793) 4 1 so, by The- 
orem [10.6.9] there is r solving J(r) = g3/(g3 — 2793) and gi(1,r) 4 0, 
since J(r) # 1. Picking 7 = pw, 7 = pT, we can arrange g3 = g3. Since 
J(7) = J(r), we see g§ = g3, so go = WG for w a cube root of unity. Since 
g2(HT1, U72) = w“Go, 
gs (uF, UF2) = w-°9s (10.6.19) 
we pick p = w7!. Then go(u71, u72) = w-*G2 = wo = go and g3(uri, wT) = 
°93 = G3 = 93; 
If 93 = 0, take 7 = Ht, T2 = tp So, by (10.6.19), 93H, ip) a 
g3(iH, —B) = —93(u, im) since Sox(71,72) = Sox(E71,+72) = Sox(72, 71). 
Thus, g3(,74) = 0 and gz # 0. On the other hand, $4(1,7) 4 0 and thus 
we can pick ps = (gi(1,7)/g2)!/4 to get the desired value for go. 


Notes and Historical Remarks. The term modular function is some- 
times applied to any meromorphic function on C1 invariant under the ac- 
tion of the modular group SL(2,C) or a large subgroup like I'(2) and which 
obeys |f(r)| < Ce~*!™7l if Imr > T for some C,K,T. 2 is then called 
the A-invariant or A-modular function and J, the j-invariant or Klein’s J in- 
variant, after work of Klein (310). A modular form of weight k has 
f((ar + b)/(er + d)) = (er +. d)¥ f(r) for some k. There are many books on 
modular forms [140} |25'7}, (322) [386], most on their connections to number 
theory; see Section 13.1 of Part 2B. 


Jacobi proved a remarkable explicit formula for A(7) in terms of g = 


e°™'T (q = q? for our usual q), namely, 


A(r) = (2m)? [[Q-@)" 
n>1 
See Apostol [18], Serre [518], and Silverman for proofs. 


It turns out j(7) = 1728J(r) has remarkable properties. 1728 = 123 is 
picked in part to make the leading coefficient in the series in e?”"7 (leading 
as T — too) 1, but makes all the other Fourier coefficients integral and 
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many other objects integral and is of number-theoretic and group-theoretic 
significance. 


(i, ...i¢), with all 7; distinct, is shorthand for the permutation that takes 


11 2 19,12 > 13,...,1¢ 4 7, and leaves all other indices fixed. 


Pr 
1. 
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oblems 


Verify the table before Theorem [10.6.2] of maps 7 — 7 that implement 
the permutations on e;(7) (up to overall scaling) and the induced maps 
on A. 


_ If f is analytic in D-(0) with +Im f(z) > 0 if +Imz > 0, prove that 


f’(z) £0 in (-¢, €). 


) 
. (a) Prove that (with A = (e2 —e3)/(e1 — e3)) that (1 +A+A?)(e, —e3)? = 


3 
492: 
(b) Using (0.4.74), verify that [A(1 — A)(e1 — e3)3]? = A/16. 


(c) With g given by (10.6.14) and J(r) by (0.4.77), prove that (10.6.15) 
holds. 


. Prove that SL(2,Z) is generated by T'(2) U {+(% §), (4 §)}- 


. (a) If 7 = 1%, prove that p(iz | 1) = —e(z | 7) and that eg = —e1, eg = 0, 


and then that A(i) = 3. 


(b) If rT = wo, prove that o(woz | wo) = wp °e(z | wo) and that e3 = wy e1, 
e2 = wo €1, and A\(wo) = wo. 


. (a) Prove that near tT =i, J is two-one so that J’(i) =0, J’(i) £0. 


(b) Prove that, near T = wo, J is three-one so that J'(wo) = J” (wo) = 0, 
J (ag) = 0. 


. (a) Let f(7), defined and analytic for tr € C1, obey f(r + @) = f(r) for 


some integral £. Prove that there exists K > 0 so |f(r)| < Ce&!™7I if 
and only if f has a convergent expansion (uniformly on compact subsets 
of C4.) 


f= S> anertnt/é 


n=—mMm 


for m < oo. 

(b) A modular function is a function meromorphic on C,, invariant under 
SL(2,Z), with |f(r)| < Ce*!™71 for some K < oo and all r with |Imr| > 
T for some T. Prove that every rational function of J(r) is a modular 
function and vice-versa. 
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8. A modular form of weight & is like a modular function except invariance 
under SL(2, Z) is replaced by f((at+)/(er+d)) = (cr+d)* f(r). Prove 
that S2¢(1,7) is a modular form of weight 22. 


10.7. The Equivalence Problem for Complex Tori 


In Section [7.1] we induced complex tori, J;,,,, for Im(t2/7) > 0. In this 
section, we’ll provide necessary and sufficient conditions for J+,,7, and J;,,75 
to be conformally equivalent and, coincidentally, do the same for classifying 
cubic curves. Here are the main theorems: 


Theorem 10.7.1. Let 7),72,71,72, all in C*, be such that rT = T2/1, T= 
72/7, are both in Czy. Then the following are equivalent: 


(1) Fry and Jz,,7. are conformally equivalent. 

(2): Por same XE C*, Lae = Ala es: 

(3) For some A € SL(2,Z), 7 = ga(r). 

(4) J(7) = J(7) (10.7.1) 
Theorem 10.7.2. The elliptic curves generated by y? = 4(x? — gox — 93 
and y? = 4x? — gox — 93 (where Ge _ 27 G8 ZOF gs — 2793) are conformally 
equivalent if and only if 


92 92 
= = = 10.7.2 
g3 — 2792 93 — 2792 ( ) 
Proof of (2) (3) = (4) = (1) in Theorem If the lattices 
are the same, then there is (*°) € SL(2,C) so 
F, = adtT, + DAT. (10.7.3) 
7 = c\T, + dAT2 (10.7.4) 
Thus, 7 = ga(rT). Conversely, if 7 = g4(7), we can pick X so (10.7.3) holds, 
and then (10.7.4) will hold, and so £3, 7. = ALF ro- 


(3) = (4) is immediate from Theorem[10.6.9) If (2) holds, f([z]) = [A7!z 
defines an analytic bijection of C/L;, 7 to C/Ly 1. 


We'll first provide two proofs of (1) => (2): one using uniqueness of 
universal covering spaces and the other, the elliptic modular function. 


First proof of (1) > (2) in Theorem [10.7.1} Let 7: C > J, and 
mt: C + Jz 7 be the image of z € C into the equivalence class in C/L. 
Let f be an analytic bijection of J;,,7, to Jr ,%. Then fo 7 is an analytic 
map of C to J#,,%, which is a covering map since given ¢ € J#,,%, pick U 
as a neighborhood of f~'(¢) so 7~!([U]) is a collection of disjoint sets, each 
mapped one-one by 7. Then (f o7)~1(f[U]) is the necessary neighborhood 
of ¢. 
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By the uniqueness of the universal covering space (see Theorem [1.7.3), 
there is g: C > C, a bicontinuous bijection, so that 


Tig= f oT (10.7.5) 


Since analyticity is local and 7 is the local analytic bijection, g must be 
analytic. Thus, by Theorem [7.3.4] for some and 8, 


g(z) =Az+ 8B (10.7.6) 
Then 


and forw Lares 
(B+ Aw) = *(g(w)) = f(r) = FO) 
so AW € Li, i. 


Conversely, if Aw € Le,4,, then 
f(x(w)) = m(g(0)) = 7(8 + Aw) = 7(8) = F(0) 
so 7(w) = 0, that is, w € £,,,7,. We have thus proven that Lz,7 = Lr 1- 


Second Proof of (1) > (2) in Theorem [10.7.2} Let f: Jr,.7. > Si, 
be an analytic bijection. Let o(z | 172) = @(z) be the Weierstrass ¢- 
function as a function on J;,,7. Then g(z) = (f(z) — f(0)) is a mero- 
morphic function on J;,,7. with second-order poles precisely at 0 and no 
other poles. It must have the form g(z) = ag(z | 7172) + 6 for suitable 
a and b. Thus, g has double values (i.e., g(z) — g(zo) has a single double 
zero) precisely at 7/2, 72/2, (71 + T2)/2, so f(71/2) — f(0), f(72/2) — f(0), 
f (73/2) — f(0) must be a permutation of 7/2, 72/2,73/2 and {aé; + b}e_y 
are a permutation of {e;}31- 

Thus, A(r) = A(g(7)) for g, one of six FLTs in the t — 7 listed above 
Theorem [10.6.2] so J(7) = J(r). By Theorem [10.6.9] (3) holds, and so (2) 
holds. 


Proof of Theorem This is immediate from Corollary and 
Theorems [10.6.9] and 


Notes and Historical Remarks. Once one has the full uniformization 
theorem, it can also be proven that any Riemann surface which is topo- 
logically a torus is conformally equivalent to some J;,,7,. For the cover 
is, a priori, either C or D. If D, there must be a subgroup of elements of 
Aut(D) with no fixed points isomorphic to Z?, but this does not happen 
(see Problem [I). Thus, the cover is C, and the deck transformations are all 
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translations. Thus, the image under the deck transformations of 0 € C must 
be a lattice £;,,,, and the surface is then J;,,7. 


Problems 

1. Let f,g,€ Aut(C +) each be hyperbolic or parabolic and commuting. 
(a) Prove they have the same fixed points which, up to conjugacy, we can 
suppose are oo or 0 and co. 
(b) If the group generated by f and g is discrete, prove that there is h 
so f =h", g =h"™ for some integral n,m. (Hint: Discrete subgroups of 
R have a generator.) 


(c) Prove that Aut(D) has no subgroups isomorphic to Z?. 


2. Prove that for any 71,72 with 7, # 0 4 72 and 72/7 ¢ R, we have that 
Aut(J7,,7.) is naturally associated to SL(2, Z). 
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Chapter 11 


Selected Additional 
Topics 


Raymond Edward Alan Christopher Paley was killed by an avalanche on 
April 7, 1933, while skiing in the vicinity of Banff, Alberta. Although 
only twenty-six years of age, he was already recognized as the ablest of 
the group of young English mathematicians who have been inspired by 
the genius of G. H. Hardy and J. E. Littlewood. In a group notable for 
its brilliant technique, no one had developed this technique to a higher 
degree than Paley. Nevertheless he should not be thought of primarily as 
a technician, for with this ability he combined creative power of the first 
order. As he himself was wont to say, technique without “rugger tactics” 
will not get one far, and these rugger tactics he practiced to a degree 
that was characteristic of his forthright and vigorous nature... In view of 
the very short time which he had been on this continent, the impression 
which Paley had made on American mathematicians is remarkable in the 
extreme.” 


—Norbert Wiener, obituary of Raymond Paley 


Big Notions and Theorems: Paley—Wiener Theorem, Sheaf of Germs of Analytic 
Functions, Global Analytic Functions, Riemann Surface of an Analytic Function, Mon- 
odromy Theorem, Monodromy Group, Permanence of Relation, Cauchy’s ODE Theo- 
rem, Picard’s Little Theorem, Montel’s Three-Value Theorem, Picard's Big Theorem, 
Zalcman’s Lemma, Schottky Theorem, Bloch Theorem, Landau Theorem, Hartogs’ 
Theorem, Bochner’s Tube Theorem, Aut(D?) 4 Aut(B?), Abel Map, Jacobi Variety, 
Abel's Theorem 


Unlike all previous chapters which have had a central theme, this chap- 
ter is a collection of isolated topics—the only connections are that both 
Sections and [11.4] prove Picard’s theorem, albeit by different methods, 
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and that Section relies on a result from Section That said, these 
are all important parts of a comprehensive look at complex analysis. 


Section discusses an idea associated with the names of Paley and 
Wiener that analyticity of the Fourier transform is equivalent to exponential 
decay of the original function. Section codifies a theme we’ve hinted at 
several times before—the notion of all possible analytic continuations of an 
analytic function. Much of this section is language (we’ll define a suitable 
sheaf), but there are two especially important theorems (the monodromy 
and Cauchy ODE theorems). The first is that if f can be analytically con- 
tinued along any curve in a region 2 C C, then f has the same continuation 
along homotopic curves. In particular, if Q is simply connected, then f is 
single-valued. The example of Q = C* and f(z) = \/z shows that simple 
connectivity is critical for this. We note that unlike Chapter [4] homotopy, 
not homology, is critical here; see Section[1.7] The second big result concerns 
solvability of linear ODEs with analytic coefficients throughout the region 
of analyticity. This is a theme we’ll continue in Chapter 14 of Part 2B. 


Sections and turn to the proof of Picard’s theorems— 
Section has the approach using the elliptic modular function, an ap- 
proach close to Picard’s original idea. Bonus Section [11.4] concerns the ap- 
proach associated with Schottky and Bloch that uses some kind of a priori 
bound on the variation of a function. We note that Section 12.4 of Part 2B 
will have a third proof of Picard’s theorem due to Ahlfors and Robinson, 
using ideas from Riemann geometry. All these approaches essentially rely on 
Section [11.3] for getting the great Picard theorem from Montel’s three-value 
theorem, Theorem [6.2.10 


Besides these three proofs of Picard’s little theorem, we have two more: 
Chapter 17 of Part 2B discusses Nevanlinna theory which generalizes Pi- 
card’s theorem to give much more information about how often different 
values are taken. Section 3.3 of Part 3 has a “real variable” proof relying on 
harmonic and subharmonic functions. These five distinct proofs illustrate 
different things—every other proof I know of Picard’s theorems are variants 
of these five, except for a proof of Davis that relies on properties of 
typical Brownian motion curves in the plane. 


This is a book on functions of one complex variable. It is clear that for 
real variables, there are very important differences between one and two or 
more variables because of the obvious geometric differences between R and 
R” for n > 2. It seems less clear for complex variables. What Section 
shows is that two big results from one complex variable—that any region 
is a domain of holomorphy (Corollary (9.5.4) and that all simply connected 
strict subregions are conformally equivalent (Theorem[8.1.1)—do not extend 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


11.1. The Paley—Wiener Strategy 557 


to C?. Bonus Section describes (but does not prove) the general form 
of Abel’s theorems for compact Riemann surfaces. 


11.1. The Paley—Wiener Strategy 


This section will assume the reader has some familiarity with the basics of 
Fourier transforms, such as in our presentation in Chapter 6 of Part 1. We 
normalize the Fourier transform, f, , and inverse transform, f, by (we define 
for functions on R” but focus here mainly on R), 


f(k) = (ony vf et F(a) d’x (iad) 


v 


f(x) = (2n)-"/? / ef £(k) d’k (11:12) 


While others (and we) refer to “the Paley-Wiener theorem,” it is more 
a collection of theorems based on a single conception: analyticity of the 
Fourier transform is equivalent to exponential decay of the original function. 
This comes in two guises: decay at a fixed exponential rate is connected to 
analyticity of the transform in a strip and compact support (an extreme 
form of decay!) is equivalent to the transform being entire of order 1. 


We'll illustrate with four theorems chosen so that there are equivalences. 
In general, equivalences only occur for three spaces, L?,S,S’, and we'll look 
precisely at those three in one dimension, leaving R”, v > 1, to the Problems. 
Here are the results: 


Theorem 11.1.1. Let f € L?(R,dxz). Ifa > 0 and for all 0 < b <a, 
ebltl f(x ) € L?, then the Fourier transform, g = - has an analytic continu- 
ation to the strip {z | |Imz| < a} that obeys 


(oe) 

sup [ |g(a + iy)|? dx < 00 (11.1.3) 
ly|<b J — 

for allb <a. Conversely, if g is an analytic function on that strip and obeys 

(IL.1.3), then el*lg € L? for allb <a. 


Theorem 11.1.2. Let f € L?(R,dzx) with supp(f) C [-a,a]. Then g = f 
is an entire analytic function obeying 


|g(z)| < Cet (11.1.4) 
and is 
‘i lg(a)|? dx < co (11.1.5) 


Conversely, if g is an entire function obeying (IL.1.4) and (I1.1.5), then 
g= f with f € L? and supp(f) Cc [—a, a]. 
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Remark. Actually, the proof shows more is true. One has g(- + ia) € L? 
for all a real and the converse only requires for all ¢ > 0 and some N(e), 
lg(z)| < Ce(1 + |z|)¥@elete)im al, 


Theorem 11.1.3. Let f € S(R) with supp(f) Cc [—a,a]. Then the Fourier 

transform, g = f, is an entire function so that for all n, there is Cy with 
|g(a + ty)| < Cn(1 + |x] + |yl)” exp(aly|) (11.1.6) 

Conversely, if g is an entire function that obeys (LLL.6), then g € S and 

supp(g) C [a, a]. 

Theorem 11.1.4. Let T € S'(R) with supp(T) C [—a, a]. Then its Fourier 


n~ 


transform, S =T, is an entire function, and for some N obeys 


|S(a + ty)| < CC + |2| + |yl)” exp(alyl) (11.1.7) 
Conversely, if S is an entire function obeying 
|S(a + ty)| < Ce(1 + |2| + lyl)” exp((a + e)lyl) (11.1.8) 


for N fixed and each € > 0, then there is a distribution T with T =S and 
supp(T) C [—a, a]. 


The proofs are all straightforward. 


Proof of Theorem [11.1.1} Given b < a, fixcso0 <b<c<a. For z 
with |Imz| < c, let y,(x) = e~“l*le#*/(2r)!/*. Then y, € L? for all such z 
and is an analytic L?-valued function of z (Problem [I). 

By hypothesis, e¢!*!f € L?, so 


g(z) = (yz, ef) (11.1.9) 
defines an analytic function of z € {z | |Imz| < c}. If, for |6| <c, 6 real, 

fa(x) = e°* f(z) (11.1.10) 
then, by (11.1.1), 

fa(k) = 9(i8 +k) @ebeae 


n 


In particular, f(&) has an analytic continuation to {z | |Imz| < a}. 


Since || fl|z2 < lec"! f|lz2, we see, by the Plancherel theorem (see The- 
orem 6.2.14 in Part 1), that (£1.13) holds. 


Conversely, suppose that g is analytic in {z | |Imz| < a} and that 
(11.1.3) holds. For w in the strip, let 


Gu(k) = g(k + w) (11.1.12) 
Then gy is an L?-valued analytic function (Problem [I). For w real, 
Gu (x) = eG (x) (11.1.13) 
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If h € L? has compact support, 


(h, 50) = f Rae *G(0) (1.1.14) 


first for w real and then for all w in the strip since both sides are analytic 
in w. 


Let x|-r,R) be the characteristic function of [—R, R]. Picking w = +i, 
with 0 <b <aandh = eh oa) ie A we get, by the Plancherel 
theorem, that 


1/2 
lex -rmll $ Wall = losoll = (flo )Pak) (11.1.5) 


Since e§l#| < ebt + e—*, we see that el*lg € L?. 


Proof of Theorem [11.1.3] Suppose first that f has compact support. In 
(I1.T.T), & can be made complex and the integral still converges. By Theo- 
rem [3.1.6] f defined by the integral is an entire function of k. 


For k real, one has (see (6.2.43) of Part 1) for n = 0,1,2,..., 


a 1 d®™ 
Gk ith) = any? f ewe ot (a) da (11.1.16) 
rc 
and this holds for all k in C since both sides are entire functions of k. Thus, 
IAI" FC®)| < (2m)-M Perma | Sp | (1.1.17) 
v (oe) 


This implies (11.1.6). 
Conversely, suppose g is entire and obeys (11.1.6). By a Cauchy esti- 
mate, for any m and k real, 
dg 


ae (k)| < sup |g(k+w)| < Cn(% |k| — 1)7"e* (11.1.18) 


|w|<1 


sogeS. 
Next, for any « € R, 
Hla) = (2m)-N? fell #(k) dh 


= enyi? f ellktie)@ Fk + ik) dk (11.1.19) 
where the shift of contour is justified by a use of the Cauchy theorem (Prob- 
lem 2). Thus, for any «, 


a 1 
Ka < elk 2 —1/2 / a 
le"* g(x)| < e%"! (277) C2 oo (lk + Ie] + 1)? k 


< Derr (11.1.20) 
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so 

|g(a)| < Detls-s (1.1.21) 
If |z| > a, taking k — +00 (if x > 0) or K + —o0 (if x < 0) shows g(x) = 0, 
that is, g is supported in [—a, a]. 


Finally, we turn to the result for distributions. This requires a number 
of facts about distributions which can be found, for example, in Chapter 6 
of Part 1: 


(a) For T € S’(R”), one defines T by 
T(f) =T(f) (11.1.22) 


for all f € S(R”). 
(b) If f € S(R”), T € S’(R’), then f * T obeys 


ferSGa yr (11.1.23) 
Here f * ZT is the distribution given by a function equal to 
(feN@)=TG a) (11.1.24) 
where 
f-«(y) = f(@—y) (11.1.25) 


(c) (See Problem Bl) If T € S’(R”) has compact support and f € S(R”) 
also has compact support, then f*T € S’(IR”) also has compact support, 
and 

supp(f * T’) C supp(f) + supp(Z’) (11.1.26) 

(d) If f € S and T € S’(R”), then fT € S’(R”) and 


fT = (Qn)? fix E (11.1.27) 


Proof of Theorem [11.1.4] We will prove a slightly weaker result, that 
if supp(T) C [—a,a], then holds, leaving the proof of to 
the Problems (see Problems [4] and [5). Fix ¢ > 0 and choose y- € C§°(R) 
supported in [a — €,a + e] with y.(x) = 1 for a € [-a— §,a+ §]. Then 
T = y-T, so we claim 


T(k) = (20)? T(y-e-*) (11.1.28) 
This follows from (11.127), (11.1.24), and (LL.1.22). Since 
T(k) = (2m)-"°(G- * T)(k) 
= T(G.,-x) 
= T((G-,_z) ) (1431529) 
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Next, note that 
(Pc,-z)(€) = Ge(k — 2) 
— (any? f entry, (0) dx 
= (ey) (2) (11.1.30) 


Thus, (111.28) follows from (I1.1.29) and g = g. 


Since y- € CS°(R), yee € S for all k € C and lets us define T(k) for 
all k € C. Moreover, by an easy argument (see Problem [6), this function is 
analytic in k. 


Since T has compact support, there exist N and Co,...,Cy so that 


N 
is SCF ls (11.1.31) 
j=0 
Thus, (11.1.8) follows from (11.1.28) and 
(pee) Joo S Cyye(1 + [h[)Felm*lere) (11.1.32) 


For the converse, let S be an entire function obeying (11.1.8). Then 
S | R is a polynomially bounded function, and so a tempered distribution. 
Thus, S = T for a tempered distribution T. For 5 > 0, let j5(z) = 5-14 (x/6) 
be an approximate identity. Then, 75 is entire, and by Theorem [11.1.3] 


|75(K)| < Cn (1 + |B] Mehl (11.1.33) 
so, by (1.1.23), 
[J * T(k)| < CCn(1 + [al tN el te+@) lm kl (1.1.34) 


By Theorem [11.1.3] again, j5 * T ¢ S and 
supp (js * T) C [-a-e—d,at+et+)] (11,1.35) 


Since ¢ and 6 are arbitrary, and j5 xT + T as 6 | 0, we see that supp (T) C 
[—a, al i 


Proof of Theorem [11.1.2] Suppose first f € L? with supp (f) C [—a, a]. 
By the Plancherel theorem, g obeys (11.1.4). By Theorem [3.1.6] g is entire, 
and clearly, 
a 
lg(z)| < etl | | f(a) | de (11.1.36) 
= 
For the converse, if g obeys (11.1.4), f is a distribution supported in 
[—a,a]. By the Plancherel theorem and (11.1.4), f € L?. 
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Notes and Historical Remarks. The development and exploitation 
of the notion of equivalence of falloff to analyticity of the Fourier trans- 
form is due to Paley and Wiener [425]. The extension to distributions, 
sometimes called the Paley-Wiener—Schwartz theorem, is due to Laurent 
Schwartz |508). 


The space of entire functions g obeying (11.1.4) and (11.1.5) is called 
the Paley—Wiener space, PW,. It is discussed in Section 6.6 of Part 1; see 
especially Theorem 6.6.16 and the Notes on the relevant work of Hardy. 


Raymond Paley (1907-33), a British student of Littlewood, was killed in 
an avalanche while skiing in Canada at age only 26. Remarkably, he already 
had three major pieces of work to his name. Not only the work with Wiener, 
but also work with Littlewood, known as Littlewood—Paley theory, on when 
multiplying the Fourier transform by a function and inverse transforming 
preserves L?, and work with Zygmund on natural boundaries of functions 
with random Taylor coefficients. 


When one extends the results discussed here to dimension v > 2 (see 
Problems [7] and [8), a key fact is that the proper analog of an interval is 
typically a convex set. 


If f € L1(R) is supported on [0, 00), its Fourier transform f(k), given by 
(17.1.1), clearly can be defined by a convergent integral if Imk < 0. It is not 
hard to see that fis analytic in C_ and continuous up to R. In general, this 
leads to results on analyticity in half-spaces with some kind of boundary 
value connected to half-line support. In higher dimensions, cones replace 
half-spaces and tubes over conic half-planes. One place to read about this 
further is [41]. 


Problems 

1. (a) For z with |Im2z| <c, f(x) = e~*le** lies in L?. Prove that z+ f, 
is L?-analytic in the sense that it has a power series about any point 
converging in L?-norm. 


Remark. Do directly or use Theorem [3.1.12] 


(b) Let H be a separable Hilbert space. An H-valued function, f, on 
a region 2 C C is called analytic if it has a norm-convergent Taylor 
expansion near any zo € H and weakly analytic if for every compact 
subset kK C Q, sup,exK||f(z)|| < co and if z H (w, f(z)) is analytic for 
each w € H. Prove that weak analyticity implies analyticity. (Hint: 
Pick a basis {q,}°2,. Prove first that for any e, there are 6 and N so 
that penal hy, £(2))/? < ¢ for z € D5(0), then norm uniform con- 
vergence of the Fourier expansion and then norm analyticity; see also 
Theorem [3.1.12}) 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


11.1. The Paley—Wiener Strategy 563 


(c) If g is analytic in R = {z | |Imz| < a} and obeys (LL13) for all 
b € (0,a), and if gy(k) = g(k + w) for k € R, prove that w > gy is 
weakly analytic, and so norm-analytic. 


2. Let h be analytic in {z | |Imz| < a} so that for some C, |f(x + ty)| < 
C(1 + |z|)~? for all |y| < a. Prove that limp... i f(a + ty) dx is 
y-independent for |y| < a. 


3. Using the definition of f * JT and of compact support for distributions 
(see Section 6.2 of Part 1), prove (LL.1.26). 


4. The problem will provide one way of proving ([L1L.7) for T € S’ with 
supp (T) C [—a,a]. The key intermediate step will be to show that for 
some signed measure pz supported on (—oo, a] and some ¢, T = déy/da*. 


(a) If G is supported on [—a, a], show that there is a signed measure [Uo 
and £ so that 


d’ Wo 

Go) 

dx* 

(Hint: First show that there is a k with |T(f)| < CF olf llco-) 


(b) If (111.37) holds, prove there is a polynomial P with deg(P) = @ so 
that fo — P(x) dx has support (—co, a]. 


(11.1.37) 


(c) If f is C and has support (—a,0o) with f = 1 on [a, oo), prove that 
4 ((1 — f)P) is a measure supported on (—oo, al]. 

(d) Conclude that there is a measure yp so that supp(w) C (—oo, a] and 
T=d w/da*. 

(e) Conclude that with S =T for y > 0, we have (11.1.7) and then that, 
by symmetry, we have the result for all y. 


5. (a) Prove there exists a sequence ¢,, of functions in C§° with supp(yn,) C 
[-a — 4+,a+2], gn =1 on [—a,a] and obeying ||d°y,,/dr" lla < Cen’. 
(b) Prove (11.1.7) for T € S’(R) with supp(T) C [-a,a]. (Hint: Use 
(11.1-28) with y. replaced by yp ifn < |y| <n+4+1.) 

6. (a) If y € CS°(R) and yx(x) = e~** v(x), prove directly that k > yx is 
analytic in the S-topology (in that there is a power series converging in 
the metric of S.) 


(b) Prove this analyticity using Theorem [11.1.3 


7. Prove a multivariable version of Theorem[L1.1.1 If U C R” is open with 
O€U and 


fletrer d’x <0 (11.1.38) 
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for some f € L?(R”,d’x) and all a € U, then flz) has an analytic 
continuation to {z =u+iu|veU, ue R’} with 


sup [lflusiwParu <o (11.1.39) 
veK 
for all compact K a U. 

Conversely, if f is analytic in that set and (11.1.39) holds, then 
(11.1.38) holds for all a € U. 


8. Prove R” versions of Theorems [11.1.3] and 


9. The purpose of this problem is for you to prove the following theorem: 
Suppose f is an entire function obeying 
(i) f(0) =1, |f(ax)| < 1 for z real. 
(ii) [LF @)P de =1, 
(iii) All the zeros of f are real and can be labeled {z;}5°2) U tebe so 
that |z;| > |j| and jz; > 0. 
(iv) |f(2)| < Ce? 
(v) f is real on R. 
Then 


f(z)= (11.1.40) 


(a) Prove that for y real, |f(iy)| < sinh(wy)/my. (Hint: What does 
Hadamard say?) 


(b) Prove that |f(z)| < Ce7/!™+! (Hint: Use Phragmén—Lindelof on 
e'"? f(z) in the sector 0 < arg(z) < 7/2.) 


(c) Prove that f(k) has support in [—7, 7] and that 
7 1 . 
k) — ——~ y_na1(k)| dk =0 
and then that equation (11.1.40) holds. 


Remark. This theorem is from [27], based in part on ideas from Lubin- 
sky : 


11.2. Global Analytic Functions 


We’ve discussed the notion of analytic continuation of a function several 
times. Here we’ll pursue the idea of all possible continuations of a func- 
tion. The section will primarily present a language for this notion that 
is exceedingly useful and conceptually simple once one gets over the un- 
usual notion of a fiber which is an infinite-dimensional space on which one 
puts the discrete topology! The one deep theorem will be the monodromy 
theorem—while we’ll give a stand-alone proof of it, as we’ll explain in the 
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Notes, it is essentially a variant of the fundamental theorem on covering 
maps (Theorem [1.7.2). 


Definition. A germ of an analytic function is a point zo in C and a conver- 
gent Taylor series )>7° y @n(z — 20)" at zo. If g is a germ, m(g) = 20 defines 
m, and p(g) is the radius of convergence of the power series. An analytic 
function, f, on Q C C, defines a family of germs, one for each zp € 2, via 
its Taylor series. We call it the set of germs induced by f. 


Equivalently, a germ is an equivalence class of functions, g, analytic in 
a neighborhood of zo with g ~ h if they agree near zo. We’ll write g € g to 
indicate this relation. 


It is the topology that we put on the set on all germs that turns out to 
make the notion so valuable: 


Definition. Let Q C C be aregion. The sheaf of germs of analytic functions 
over 2, S(Q), is the set of all germs, g, with m(g) € Q. For each germ, g, 
and r < min(p(g), dist(zo, C \ Q)), let U,(g) be the set of all germs induced 
by f(z) = oP. an(z — 20)” restricted to D,(z9). The topology on S(Q) is 
the one with {U,-(g)} as base. 


Notice that the induced topology on {g | t(g) = 20} is discrete! 


Definition. Let 2 C C be a region and ¥: [0,1] + 2 a continuous curve. 
Let g be a germ with 7(g) = y(0). We say g can be analytically continued 
along ¥ if and only if there is a continuous function, 7: [0,1] > S(Q) so that 


TOY=¥7. 


The reader should convince themselves that, if it exists, Y is unique and 
that this captures the idea discussed after Corollary The germ at 
7(1) will be denoted 7,(g). Figure [11.2.1]is a schematic indication of what 
analytic continuation means. 


Definition. A global analytic function is an arcwise connected component 
of S(Q). Given a germ g, the global analytic function for Q = C that 
contains g is called the Riemann surface of the function defined by g. 


The reader should check (Problem [I) that each global analytic function 
is separable. If R is a global analytic function and {g,,} is a dense set of 
germs in R, then 7: U, > D,;(z0) for 29 = 7(gn), 7 rational with r < p(gn) 
defines a family of maps which sets up a Riemann surface structure on R 
(Problem 2), so R is a Riemann surface, and the name is justified. The 
reader can confirm that for other choices of dense set, one gets a compatible 
Riemann surface structure, and that for something like log(z) (z € C*), this 
is the same as the naive notion discussed in Example For \/z, this 
definition does not include z = 0, but see the Notes. 
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Figure 11.2.1. Analytic continuation (from http://commons. 
wikimedia. org/wiki/File :Analytic_continuation_along_a_curve. 


png). 


The language makes it easy to approach the fundamental fact that con- 
tinuation along homotopic curves, for which one can continue along every 
curve in the homotopy, yields the same function. 


Theorem 11.2.1 (The Monodromy Theorem). Let g be a germ with 
m™(g) € Q, a region in C. Suppose that g can be continued along any curve 
in Q. Then homotopic curves produce the same germs at their endpoints, 
that is, if T: [0,1] x [0,1] > Q is continuous and 7(0,s) = zo = m(g), and 
y(1, 8) = 2 is s-independent, then 


T(-,0)(9) = Ty(- 1) (9) ait 
In particular, if Q is simply connected, then there is a single-valued function, 


f, on Q whose germ at zo is g. 


Remark. The hypothesis that one can continue along any curve implies 
that 7: R — Q is a covering map, and this theorem is the fundamental 
theorem on covering maps; see the discussion in the Notes. 


Proof. By connectedness of (0, 1], it suffices to prove that 7, . .5)(g) is locally 
constant, that is, for every sg, there is an € so 


T(.,s) (9) = Toit cass @) (11252) 


for all s € [0,1] with |s — so| < ¢. The strategy for this follows the proof of 
Theorem [2.6.5 


Given sg, use the paving lemma (Proposition 22.2.7) to find disks 
U,,...,Uzg and 0 =t) < ty <---> <t, = 180 ¥(E, 59) € U; ifte egy tal: 
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Then find € so y(t, s) € U; if |s — so0| < e and t € [t;_-1, tj]. Since g can be 
continued from zo along y(-, 50) and then throughout U;, the Taylor series 
for the continuation at the center of U; gives the germ at every point in U;. 

It follows inductively in U; that the continuation along 7(-,s9) from 
zg to 7(t;, S80) and then from y(t;,s9) by the line to y(t;,s) agrees with 
continuation along 7(-,s) to y(t;, 89). Thus, holds. 


The following is trivial to prove but important in applying and under- 
standing analytic continuation. 


Theorem 11.2.2 (Permanence of Relation). Let 2 C C be a region. Let 


P(wo,---;Wn; 2) be a polynomial in wo,...,Wn with coefficients analytic in 
z€Q. Let f be analytic in some Ds(zo) C Q and suppose in that disk, 
P(F (2), f'(@),--- £2) = 0 (11.2.3) 


Suppose f can be analytically continued along some curve y in Q and let 
f be the continuation in some Dx(y(1)). Then (L1.2.3) holds for f when 
z € Ds(7(1)). 


Proof. Cover y with disks U;,...,U,, as in the last proof and note that for 
any analytic function, g, on U;, P(g(z), 9'(z),.--, 2) is analytic on U;. Thus, 
(11.2.3) continues disk by disk to Uy. 


Finally, we want to define the representations of the homotopy group 
that is sometimes possible in special but natural situations. In Problem [3] 
you will prove the following: 


Theorem 11.2.3 (Cauchy’s ODE Theorem). Let ag(z),...,@n—1(z) be an- 
alytic in some D5(zo). Then for any (Ao,.--;An-1) € C™", there exists a 
unique analytic function on D5(z0), fy(z), that obeys 


n—-1 
f(z) + D7 a; (2) f(z) =0 (11.2.4) 
j=0 
f(x) =A; =f =0,...,n-1 (11.2.5) 
This sets up a one-one correspondence between C” and all solutions 
of (11.2.4). 
Theorem 11.2.4. Let Q be a region in C and ao(z),...,@n—1(z) elements 


of U(Q). Pick z € Q. Then for any closed curve inQ with y(0) = y(1) = 20 
and any solution, f, of (1.2.4) near zo, there is an analytic continuation 
of f along y. y ++ 1,(f) only depends on the homotopy class in y. The 
map (Xo,---;An—1) > (g(0),...,g"(0)) where g = Ty (frecucdu-1) 1 @ 
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map (linear in (Ao,---,An—1)), Mp (Ao,-+-;An-1) and is a representation 
of 77 (Q, 20) in that 
MiMi = Mir (11.2.6) 


Proof. Cover y with disks lying in 2, using the paving lemma (Proposi- 
tion 2.2.7). By Theorem [11.2.3] we can continue along successive disks to 
get the continuation. Homotopy independence follows from Theorem [11.2.2 
and linearity of M_,) from linearity of the differential equation. fol- 
lows from the definition of product in the homotopy group and the definition 
of analytic continuation. 


The group of maps {M_,,)} is called the monodromy group. We'll say 
more about it in Chapter 14 of Part 2B. In particular, if 2 is simply con- 
nected, solutions define single-valued functions on all of Q. 


Theorem 11.2.5. Let Q be a simply connected region in C and 
ao(z),.--,@n(z) elements of U(Q). For each (Xo,---,An-1) € C”, the unique 
solution of (11.2.4) /(L1.2.5) near zo extends to an element of 2A(Q). 


The study of what happens near an isolated singularity of the a;’s will 
be a subject of Section 14.2 of Part 2B. 


Notes and Historical Remarks. Starting with Riemann’s dissertation 
480], the notion of Riemann surface was tied to the notion of Riemann sur- 
face of a function. The language of sheaves is convenient for our definition 
here—it and, in particular, its cohomology was developed for use in alge- 
braic geometry and in several complex variables around 1950. The pioneers 
were Leray and H. Cartan, especially as part of Séminaire Henri Cartan, 
starting in 1950/51 [99]. Significant developments were codified in a book 
of Godement [211], a student of Cartan. 


Monodromy was first introduced in the context of analytic continua- 
tion of hypergeometric functions—solutions of a certain ODE with analytic 
coefficients on C \ {0,1}; see Sections 14.1 and 14.4 of Part 2B. The key in- 
novation was in a paper of Riemann who thought abstractly, instead 
of the rather concrete earlier work of Kummer. Hermite had the idea 
of associating continuation around algebraic singularities with matrices, but 
it was Riemann who looked at products of such matrices. Further develop- 
ments of monodromy groups were associated with Frobenius, Fuchs, Klein, 
Poincaré, and Schwarz. It was Weyl in his pathbreaking book on Riemann 
surfaces that first went beyond monodromy groups and discussed what 
is essentially the general monodromy theorem. 

An especially interesting case of monodromy is where an initial germ 
can be continued analytically along a curve in 2, a region, typically C with 
a finite set of points removed. In that case, one can connect the removed 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


11.2. Global Analytic Functions 569 


points by “branch cuts” and get the Riemann surface of the function as a 
multisheeted object over Q. In this situation, the elements of the monodromy 
group permute the sheets. 


If g is a germ near z = 0 which can be continued along each ray from 0 to 
any 2, € Ds, then it is easy to see, using Corollary [2.3.9] and Theorem 8.1.1] 
that the radius of convergence of g is at least 6. This shows that if g is a 
germ in S(Q) which can be continued along any curve in 2 and gj is a 7,({g]) 
and z1 = 7(gn), then p(gi) is at least 6 = dist(z1,C \ 2). Therefore, the 
map from all germs obtained from g by continuation is a covering space for 
Q with 7 as covering map. This shows that Theorem [L1.2.1]can be proven 
from the fundamental theorem on covering maps (see Theorem [1.7.2). 


For algebraic singularities, that is, if Q is missing an isolated point, zo, 
and f returns to its original germ after n loops, one can show that one can 
add a single point to the Riemann surface with 7(p) = z and (z — z)!/" 
as a local coordinate. a is no longer a covering map, but it is an analytic 
function between Riemann surfaces. 


Cauchy apparently included some results on ODEs in his 1825-26 Ecole 
Polytechnique lectures which were not widely available. In 1835, he wrote a 
paper [105] that summarized these results. 


Problems 


1. (a) Prove that if a germ, g, can be continued along a curve, y, there is 
another curve, Y, which is a piecewise linear curve, with each segment 
of rational length and each slope a rational multiple of 27, so that if 
z= (1), 4 = 7(1), then z is in the circle of convergence of g = 75(g) 
and T,(g) is the germ at z of the function defined by the Taylor series 
of g. 

(b) Prove that the connected components of S(Q) defined by an initial 
germ, g, is a separable metric space. 


2. Verify that the maps, 7, on the collection U,., define an analytic structure 
on R. 


3. This problem will prove Theorem [11.2.3] For notational simplicity, take 
20 = 0. 


(a) Prove that the differential equation (11.2.4) /(11.2.5) is equivalent to 
a first-order vector-valued equation 


y'(z) = A(z)u(z), —-y(zo) = yO 127) 


where y is an n-component vector and A an n X n matrix with matrix 
elements also analytic in Ds(0). (Hint: y(z) = (f(z),..., f"-) (z)).) 
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(b) At the level of formal power series, if 
A(z) = y Ae y(z) = S> Ynz” (11.2.8) 
n=0 n=0 
prove that (11.2.7) is equivalent to 


yng =(n+1)7 >> Ajyn—j, yo = y (11.2.9) 
j=0 


and that if the solution, {y,}?2, of (11.2.10) defines a convergent power 
series in all of Ds(0), then Theorem [11.2.3] is proven. 


(c) Pick 0 < p < r < 6 and suppose ||A,|| < ar~” for all n. Let 
Ln = Ynp”. Prove that 


-1 
e p 
[tn4i| < (n+1) ‘ap(1 = 4) max |2)| (11.2.10) 


and conclude that sup,,|a| < oo, so that the power series for y,, converges 
for |z| < p. 
(d) Complete the proof of Theorem [11.2.3 


11.3. Picard’s Theorem via the Elliptic Modular Function 


Here are two spectacular theorems that we’ll prove in this section: 


Theorem 11.3.1 (Picard’s Little Theorem). A nonconstant entire function 
takes every value with perhaps one exception. 


The example f(z) = e*, which is never zero, shows there can be the one 
exceptional value. 


Theorem 11.3.2 (Picard’s Great Theorem). In any neighborhood of an 
isolated essential singularity, a function f takes every value with at most 
one exception infinitely often. 


Remarks. 1. This is also known as Picard’s Big Theorem. 


2. This is a vast and deep generalization of the Casorati—Weierstrass theo- 
rem (Theorem [3.8.2)); it was proven only eleven years later than Casorati’s 
publication. 


Notice that the great theorem implies the little theorem, since if f(z) 
is entire and nonconstant, then either f is a nonconstant polynomial which 
takes every value by the fundamental theorem of algebra (Theorem 8.1.11) 
or else f(1/z) has an essential singularity at zero. That said, we will first 
prove the little theorem below since the proof will depend on a stronger 
result we need for the great theorem. However, in our two later proofs of 
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these theorems (see Section [11.4] and Section 12.4 of Part 2B), we’ll only 
prove the great theorem. The key to our proof in this section is the elliptic 
modular function, as used in the following: 


Proposition 11.3.3. Let y be a curve in C \ {0,1}. Then there is a curve 
Vy inCzy sovAX0V=y¥. 
Remarks. 1. \ is the elliptic modular function as constructed in SectionB.3] 


or Section [10.6] 


2. This is, of course, just a consequence of the fact that is a covering map, 
but rather than use the theory of covering spaces, we use the properties of 
X as stated in Theorem [8.3.1 


Proof. Cover y with disks D5:,,)(7(t)) so A has an inverse 7 on D5) (7(¢)). 
By the paving lemma (Proposition 2.2.7), we can find tf = 0 < ti < 

- < tn = 1, so each ¥([t;-1,tj]) C Uj, one of the Dgs,)(y(sj)). Let 
nj =1s;- Define ¥ inductively as follows. Set ¥ on [to, ti] to m(y(t)). Since 


A(m (y(t1))) = A(m2((t1))), there is fi; € P(2), so fi(me(y(t1))) = m(y(t))- 
Define 7 on [ti,t2] as fi(n2(7(t))). Having defined 7 on [t;-1,t;] and 


fi; 4s ae eal inductively, find fj E Ti?) so Filnguty)) = fj-1(nj (y(t;))) 
and define 7 on [tj,tj4al a8 f(nj4i(7(t)))- 
Proposition 11.3.4. Let Q C C be simply connected and let f: Q > C \ 
{0,1} be analytic. Then there exists an analytic g: Q > Cx so that 


A(9(z)) = F(z) (11.3.1) 


for all z EQ. 


Remark. Again, one can use the fundamental lifting theorem for covering 
spaces instead of the argument below. 


Proof. Fix z9 € 2. Let yo be a path in 2 with yo(0) = zo. Pick wo € Cy 
with A(wo) = f(zo). Let y(z) = f(yo(t)) so 7 is a curve in C \ {0,1}. Let ¥ 
be a curve in C+ with A(4(t)) = y(t) as constructed in Proposition 
Since \(4(0)) = 7(0) = f(zo), we have A(wo) = A(4(0)), so there is 
a € [(2) with a(7(0)) = wo. A is analytic in a neighborhood of 4, so if 
we define g(yo(t)) = A(a(F(t))), g will be analytic in a neighborhood of 7. 
Thus, g defined near zp as that inverse under of f(z) can be continued 
along any curve. By the monodromy theorem (Theorem [11.2.1), g can be 
defined on all of Q as a single-valued function which obeys (11.3.1). 


Proof of Theorem Suppose a and £ are two values not taken. By 
replacing f by (f(z) — a)/(G — a)~!, we can suppose a = 0, 6 = 1. 

Pick Q = C in Proposition [I1.3.3]and so find g: Q > Cy with Aog = f. 
Since g is entire and (g(z) + i)“ has |(g(z) + i)"+| < 1, (g(z) + i)7} is 
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constant and obviously nonzero, so g(z) is constant. Thus, f(z) = A(g(z)) 
is constant. 


Proposition 11.3.5. Let {fp,}°°, be a sequence of functions in A(Q) so 
that each fn takes values in C \ {0,1}, and for some zo € Q, fn(zo) has a 
finite limit in C \ {0,1}. Then we can pass to a subsequence, fn,;, which 
converges to some f in U(Q) uniformly on compact subsets of Q. 


Proof. It is easy to pick open disks, {Um }°°_, in Q which obey: (i) zo € U1; 
(ii) Upta1 Um = 95 (iti) Um41 ON UF Uj 4 O (see Problem [1). 


Let A: D> C \ {0,1} by 


Az) -a(-i(55)) (11.3.2) 


Let fn(Zo) = Wp and let wy + Woo. Pick yp € D so A(yn) = wy and then 
Yn — Yoo: 80 A(Yoo) = Woo. Pulling back Proposition [3-4] to D, we can 
find gn: Up > D, so gn(z0) = Yn and A(gn(z)) = fn(z). 

Since the g,, are uniformly bounded on U;, by Montel’s theorem (Theo- 
rem [6.2.2), we can find g.. analytic in U; and a subsequence so gn; — Yoo 
uniformly on compact subsets of U;. Since goo(20) = Yoo € D, by the maxi- 
mum principle, Ran(go,) C D. By continuity of \ on D, Ing 7 Tea = hig 
on compacts of Uj. 


Since Uy N Ug # 0), find z, in the intersection and apply the above ar- 
gument to Uj. Since f,; converges uniformly on U; M U2, so do the gn, 
constructed in this step. Thus, by the Vitali convergence theorem (Theo- 
rem [6.2.8)), Jn; and so fn; = Xo Jn, converges uniformly on compacts of U2, 
and so f,,; converges on compacts of U; UU». 


Iterating this argument completes the proof. 


This last proposition is a special case of the Montel three-value theorem. 
While it alone can be used to prove the big Picard theorem, with one extra 
trick, we can get the full Montel three-value theorem (see the discussion 
after Theorem [6.2.10] for why it is called “three-value” ): 


Theorem 11.3.6 (Montel Three-Value Theorem). Leta 4 6 lie in C. The 
set of functions f € A(Q) with Ran(f) Cc C \ {a, B} ts a normal family. 


Proof. By an argument that follows that of Proposition [11.3.5} we need 
only prove this when 2) is a disk (Problem [2}) and by replacing f, by (fn — 
a)/(G8 — a), we can suppose a = 0, 6 = 1. Thus, we are reduced to showing 
that any sequence of functions, f,, in 21(D) with values in C \ {0,1} either 
has a limit in 2((D) or converges uniformly to oo. 
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Since C is compact, by passing to an initial subsequence, we can suppose 
fn(0) 4 We € C. If we € C \ {0,1}, then by Proposition [11.3.5] f, has a 
convergent subsequence. 


Suppose next that w. = 1. Since f, is never zero, we can let gn = 
Vfn, taking the square root with f,(0) near —1. Then g, has a convergent 
subsequence, and thus, so does fn, = gz. Indeed, by Hurwitz’s theorem 
(Corollary |6.4.2), the subsequence must converge to foo = 1. 

If wo = 0, gn =1— fn has a subsequence converging, and then fx = 0 
by the above. Finally, if woo = 00, gn = 1—f,,' has a convergent subsequence 
and fox = oo by the above. 


Proof of Theorem [11.3.6] > Theorem [11.3.2] Define g, on Ar» by 
On(z) = f(4-"pz) where p is such that f is analytic in 1 (0) \ {0}. By The- 
orem [11.3.6] there is a subsequence gn;, 80 either gn, converges uniformly 
on OD or oe converges to 0. In particular, either 


sup |9n;(z)| = S<oo or lim l9n,(z)"| =0 
|z|=1 |z|=1 
j © ee ale,2) 

In the first case, f is uniformly bounded on the circles of radius 
4-"Jp. But, by the maximum principle, the maximum on each annulus 
Ay-nj-1, 4-"j ) Occurs ON one of these circles, so f is bounded near 0 and so 
has a removable, not essential, singularity. 

In the second case, applying the argument to f~', we show (recall f 


is never 0) lim,_, 9 f(z)~! = 0, so 0 is a polar singularity, not an essential 
singularity. 


Notes and Historical Remarks. Picard’s theorems were proven, one 
shortly after the other, in 1879 (announcements in [431] and full pa- 
per in [433]). His proofs relied on the elliptic modular function, albeit 
without the language of normal families. For a modern version of the proof 
in language closer to Picard, see Ullrich and Veech [562]. See the 
Notes to Section [6.2] for the history of Montel’s three-value theorem. 

Schiff has extensive discussion of the history of normal families 
and various wrinkles in the proofs in this section. 

Julia has proven the following strengthening of the great Picard 
theorem: 


Theorem 11.3.7 (Julia’s Theorem). Let f be analytic in some D,\ {0} and 
have an essential singularity at zero. Then there exists a direction e € 0 
so that for every e > 0, f(z) takes infinitely often every value, with at most 
one exception on the set {z = re? |0<r <1, |@—O | <e}. 


Licensed to AMS. 
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 


574 11. Selected Additional Topics 


For a proof that uses no more than Montel’s three-value theorem, see 
Markushevich Ch. III, p. 344], Saks-Zygmund p. 352], or Schiff 
503) p. 62]. 

Picard’s theorem has evoked considerable interest in regard to extending 
it to other contexts. One extension involves projective curves, that is, maps 
of C to CP(n). CP(1) = C, so Picard’s theorem deals with the case n = 1. 
A hyperplane, H, in CP(n) is parameterized by a € C"*! \ {oo} via 


n+1 
Sag 0} (11.3.3) 
j=l 


For n = 1, Picard’s theorem says if H,, H2, H3 are three distinct hyperplanes 
(hyperplanes are points) and f: C > CP[1] has Ran(f)M H; = 0, then 
f is constant. Cartan has proven that if (oe are 2n +1 
hypersurfaces in CP[n] with 


H= {lets sta 


() Hi =0 (11.3.4) 
jel 
for any Ic {1,...,2n+ 1} with #(J) = n+1 and if f: C > CP[n] is 
holomorphic with Ran(f) NH; =0 for j = 1,...,2n+1, then f is constant. 
See also [166} [167]. Cartan proved and used an extension of Nevanlinna 
theory. The reader will prove this result in Problem 2 of Section 3.3 of 
Part 3. 


There is also a Picard-type theorem for so-called quasiregular maps on 
IR"; see Rickman and Eremenko—Lewis [168]. 


Emile Picard (1856-1941) was a French mathematician whose life was 
impacted by war. His father died during the 1870 siege of Paris in the 
Franco-Prussian war and his mother struggled to put her two sons through 
lycée. Both of his sons were killed on the front in the First World War 
(Picard’s student, Hadamard, also lost two sons in that war). 


Picard spent almost his entire career in Paris, although his wonderful 
theorems we discuss in this section were done during a two-year period when 
he taught in Toulouse. His advisor was Darboux and, in turn, his students 
include Bernstein, Hadamard, Julia, Painlevé, and Weil. 


His signature theorems relied on the elliptic modular function used ear- 
lier by his teacher and father-in-law, Hermite, in his solution of quintics (al- 
though Picard did this work two years before he married Hermite’s daugh- 
ter). Picard is also noted for his work on ordinary differential equations, 
in particular, his existence theorem that relied on iteration of the integral 
equation. 


Problems 


1. Let z € 2 C C be a region. Prove there exist open disks {U,,}?°_, 
covering 2 so z € U; and so Umi Ui, U; #9. 
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2. Let {fn}P2, be a sequence of functions analytic on QC C. Let z € 2 
and let {U,,}°2, be a cover as constructed in Problem [J and so that any 
subsequence of the f;, has a subsubsequence converging in 2(U;,). Prove 
there is a subsequence converging in 2({). 


11.4. Bonus Section: Zaleman’s Lemma and Picard’s 
Theorem 


In the twenty years following 1896, there appeared a number of approaches to 
Picard’s theorems that replaced elliptic functions with rather explicit bounds 
on families of functions. Here we’ll present a rather recent twist on these 
ideas that avoids explicit bounds by using an elegant lemma of Zalcman. 
We’ll heavily use bonus Section via the use of the spherical metric, the 
spherical derivative, f*, of and Marty’s theorem (Theorem [6.5.6). 
Here is the key construct: 


Proposition 11.4.1 (Zalcman’s Lemma). Let S be a family of meromorphic 
functions on a region, Q C C, which is not normal. Then there exists 
{ fr} Pi1 CS, en EQ, Zn > Zoo EN, and nonnegative numbers pn — 0 so 


that if 
9n(6) = frlEn + Prd) (11.4.1) 


then for some entire meromorphic function, goo, we have 


(i) Gn > Goo normally on each Dr with R < oo. 
(ii) gio (0) =1 so, in particular, goo is not constant. 
(iii) gio(C) <1 for all CEC. 
Moreover, if VC C is such that Ran(fn) C V for all n, then Ran(goo) C V. 


Proof. The key to the proof is that 
Gh (6) = Pn fii (en + pnd) (11.4.2) 


Once one has the idea of looking at max((1 — \z|2) fe(z)), the details are 
straightforward—at least once one knows the result is true. Throughout, we 
pick subsequences but continue to use f,, for the subsequences. 

By Marty’s theorem and the assumed non-normality, there exists a com- 
pact K Cc Q so that sup res, zex ll f#(2)I| = oo. Thus, there is wn 9 Wo € K 
and f, € S so that 

fi(wn)>n (11.4.3) 


For simplicity of notation, suppose wo, = 0 and that D C ©. By trans- 
lation and scaling, we can certainly arrange that. Define 


M,, = sup (1 — |z|") fE(z) (11.4.4) 
|z|<1 
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By @L43), M, > (1 — |wn|?)n > 00 since wn — 0. Moreover, since the 
function of z, whose sup is taken, is continuous and vanishing on OD, there 
is zn, € D so (1— |zn|?) fi(zn) = M,, and by passing to a subsequence, that 


Zn > Zu EDC. 


Define pp, by 
pn = [f*(2n)]* = My *(1- |2nl?) < Mz! 40 (11.4.5) 
Moreover, 
(1 = |enl)* np = Ma?(1+ lanl) < 2Mz! (11.4.6) 
Thus, for R fixed and n so large that R < 5M, we have 
IC] < R=> [zn + pn| <1 (11.4.7) 


Define g, by (11.4.1) on the set where |z,, + pn¢| < 1. By (1.4.2), 


9h (0)| = palfa(2n)] = 1 (11.4.8) 


and 


9h (C)1 < Pn fi (en + Pnf) 
< pnMp(1 — |2n + pref * 


___1=|znl? (11.4.9) 
1 — |zn + pn|? _ 

_ 1+ |2n| + Pnls| 1 — |zn| =f a 

< aaa te. (11.4.11) 
1 — 2|¢|Mn 


so long as |¢| < 5Mn. In the above, we go from to using 
l2nt+pn¢|? < (|zn|+n|¢|)? and (1—a?) = (1—a)(1+a). We go from 
to since the first term is bounded by 1 and pp|¢|(1 — |Zn|)~1 < 
aIc\M<? by (CL). 


Thus, we have proven for each fixed R, 


lim sup gi (¢) =1 (11.4.12) 


Bore ele 


That means, by Marty’s theorem, we can arrange g,, meromorphic on C and 
a subsequence, also denoted gn, so that gn goo uniformly on compacts 
of C. Moreover, (ii) and (iii) hold by (11.4.8) and (11.4.12). 


Since gro (0) =e go is not constant, so by Hurwitz’s theorem, goo 


cannot take any value not taken by any f,. In particular, g.. does not take 
the value oo if all f € S are analytic. 
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Proof of Montel’s Three-Value Theorem. By Problem of Sec- 
tion [11.3] we need only prove the result for simply connected 2. Fix a, 8,7 
distinct in C and let Ma,6,7(Q) be the set of all meromorphic functions 
(or f = oo) that never take the value a, 6, or y. We need to prove 
Ma,6,y(Q) is normal. If F is any element of Aut(C), it is easy to see that 
M F(a),F(8),F(7)(@) is normal if and only if Ma,g,(Q) is (Problem [I). So 
without loss, we can take a = 0, 8 = 1, y = ow, that is, look at S, those 
f € A(Q) which are never 0 or 1. Let S; be a set of functions in 2(Q) that 
never take the value 0 or any of 2*-th roots of unity. 


Fix k for a moment. If f, is a sequence in S, pick gn = fal * where we 
take any of the analytic 2*-th roots guaranteed by Theorem and the 
assumption that Q is simply connected. If g,,, is convergent, so is fr; = Ge. 
So if S is not normal, so is each S;. 


If S, is not normal, by Zalcman’s lemma, there exist entire functions, 
ge, obeying (i) (g&)#(0) = 1; (ii) (g&®)#(z) < 1 for all z; (itt) g& does not 
take the value 0 or any 2*-th root of unity. 

By Marty’s theorem, there is a subsequence converging to an entire 
function goo with (i) gio (0) = 1 (so goo is not constant); (ii) go(z) < 1 
for all z; (iii) by Hurwitz’s theorem, g,. does not take any value e’? where 
6/2n is a dyadic rational. By the open mapping theorem, |g..(z)| 4 1 for 
all z. Thus, by continuity, either |g..(z)| <1 for all z or |goo(z)~!| < 1 for 
all z. Either way, by Liouville’s theorem, g is constant, inconsistent with 


gio(0) = 1. This contradiction shows that S is normal. 


Once we have Montel’s three-value theorem, we get Picard’s theorems 
as in Section [11.3 


Notes and Historical Remarks. These Notes will discuss what have 
come to be called “elementary” proofs of the Picard theorems, a term that 
seems to go back to Borel [65]. “Elementary” does not mean simple, less 
involved, or more natural. For the prime number theorem, the phrase is used 
for proofs that do not use complex analysis. It is difficult to imagine proofs 
of Picard’s theorems that don’t use complex analysis (but see Section 3.3 
of Part 3). The term seems to mean proofs that don’t use “fancy stuff”— 
initially that meant not using elliptic functions. Somehow the Ahlfors— 
Robinson proof (see Sections 12.3 and 12.4 of Part 2B), which uses curvature 
in conformal Riemann metrics, doesn’t qualify for “elementary”! 
Traditionally, it applied to proofs of Landau, Schottky, and Bloch that 
we turn to below. Those traditional proofs are not especially simpler than 
the elliptic modular function or Ahlfors-Robinson proofs. The proof via 
Zalcman’s lemma is their descendant and it is undoubtedly the shortest 
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proof from first principles (although the Nevanlinna theory (see Section 17.3 
of Part 2B) and the Eremenko-Sodin proof (see Section 3.3 of Part 3) are 
fairly direct). One can argue that the essence of the Picard theorem is that 
C\{0, 1} has a universal cover that supports bounded nonconstant functions 
and, in that sense, the proof that relies on elliptic modular functions is most 
elementary. 


Zaleman’s lemma is from a 1975 paper [600]. Not surprisingly, it 
generated considerable followup, summarized in Zalcman [601]. Earlier, 
Lohwater-Pommerenke [365] had used a similar construction but for sin- 
gle functions on D obeying sup),)(1 — |z|?) f#(z) < oo (such functions are 
called normal functions) rather than families. The elegant argument we use 
to prove Montel’s three-value theorem from Zalcman’s lemma is from Ros 
491]. The general idea of multiplying by (1 — |z|?) used in the proof of 
Zalcman’s lemma is due to Landau [341]. 


Zalcman’s lemma can be used to prove other normality results, for ex- 
ample (see Problem 2), the following theorem of Carathéodory [90]: If S 
is a family of meromorphic functions on 2 C C, a region so that there are 
three values a(f), 3(f),y(f), not taken by f (but f-dependent) and 


pas [min(o(a(f), 8(f)), 06), VP), ef), eA) > 0 (114.18) 


then S is normal. 


There is a general principle that has been used as a guide to the study 
of normality—often called Bloch’s principle. The idea is that if a property 
forced on entire functions causes the function to be constant, then that 
property on a family of functions on a region forces the family to be normal. 
Schiff presents an explicit version of this, proved by Zalcman who 
was motivated in part by trying to provide a basis for this principle as 
suggested by Abraham Robinson. The name “Bloch’s principle” comes from 
the statement in his paper (the original quote is in Latin): “There is 
nothing in the infinite which did not exist before in the finite.” 


The first proof of a Picard theorem without elliptic modular functions 
was by E. Borel in 1896. Seventeen years after Picard’s work, he found 
an “elementary” proof of the little Picard theorem. It was Schottky 
in 1904, motivated in part by the earlier work of Borel and of Landau [338], 
who found the first “elementary” proof of the great Picard theorem; he 
showed: 


Theorem 11.4.2 (Schottky’s Theorem). For each a € C and @ € (0,1), 
there is a constant C(a, 6) so that if f € U(Dr) with f(0) =a and Ran(f) C 
C\ {0,1}, then 


sup |f(z)| < C(a, @) (14.14) 
|2|<OR 
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It is fairly easy to see (Problem[3) that this result is equivalent to Mon- 
tel’s three-value theorem, so it is not difficult to believe it led to a proof of 
the great Picard theorem. 


A new element was introduced by Bloch in 1924 (when he published 
an announcement). He proved the remarkable 


Theorem 11.4.3 (Bloch’s Theorem). For any nonconstant analytic func- 
tion f in a neighborhood of D, let b(f) be the sup of the radii of all disks, 
f(zo)(p), in Ran(f) which are a bijective image of f restricted to a subdo- 
main of D. Then there is a lower bound, b, on {b(f) | f’(0) = 1}. 


We emphasize that while the normalization is at 0, the zo need not 
be f(0) and, indeed, there is no uniform lower bound on disks about f(0) 
which are bijective images. Bloch also relates this result to Picard’s little 
theorem. 6 is called Bloch’s constant. A related number is Landawu’s constant 
(named after Landau [841]), the inf of the order of the radius of largest disk 
in Ran(f), known to be strictly larger than Bloch’s constant. There is 
considerable literature on these constants, including conjectured values; see 


Finch [188] Sec. 7.1]. 


For further discussion of Schottky’s and Bloch’s theorems, including 
proofs, see Conway [120], Remmert [477], and Titchmarsh [556}. 


André Bloch (1893-1949) had a tragic life. In 1917, while on leave from 
the French army, he murdered his brother, his aunt, and his uncle. All his 
papers were written while he was resident in an asylum for the criminally 
insane. 


Problems 


1. Let f, be a sequence of meromorphic functions on 2. Let F' be a fixed 


element of Aut(C). Prove F'o f, has a normal limit (in the sense of 
Section 6.5) if and only if f, does. 


2. Let S be a family of functions on a region, 2, so that each f € S is 
missing three values, a(f), 6(f),7(f), possibly f-dependent, but so that 
holds. Prove the theorem of Carathéodory that S$ is normal. 
(Hint: Use Zalcman’s lemma but show, by passing to a subsequence, you 
can arrange that a(gn),8(gn),7(gn) each have limits in C with the p- 
metric and these limits are unequal. Then use the little Picard theorem 
on the limit.) 


3. (a) Use the Montel three-value theorem to prove Schottky’s theorem 
(Theorem (11.4.2). 


(b) Conversely, assuming Schottky’s theorem, prove the three-value the- 
orem. 
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4. Let f be an entire function and suppose fo f has no fixed points. You'll 
prove that f(z) = z+ for some b. 


(a) Show g(z) = (f(f(z))—z)/(f(z) —z) is an entire function which never 
takes the value 0 or 1 and so is a nonzero constant c. 


(b) Prove that f’(f(z)) never takes the values c or 0 (Hint: Prove that 
f'(2)[f’ Ff (2)) —¢] = 1-c) and conclude that f(z) = az +6 for some a, b. 


(c) Prove that f(z) = z+. 

5. Prove that if f and g are entire functions and ef + e9 = 1, then f and g 
are both constant. 

6. Consider the family on C, S = { fn(z)}n=0,1,2,... where fn(z) = 2”. 
(a) Prove that S is not normal. 


(b) Prove that in Zaleman’s lemma, one can pick z, = 1, py, = 2/n. 
What is goo? Check that this g. obeys (ii) and (iii) of Zaleman’s lemma. 


11.5. Two Results in Several Complex Variables: 
Hartogs’ Theorem and a Theorem of Poincaré 


Here we want to focus on two results about several complex variables. In C, 
a fundamental role is played by the unit disk D. On C”, one issue is that 
there are (at least) two natural candidates to replace D: 


Definition. In C”, the polydisk, D”, is defined by 


M = f= (21540052) EC? | mae lail <1} 


and, more generally, D?'(zo) is defined by making the condition 


MAX p= 1.9 |25 = Z| <r. The ball is defined by 


n 1/2 
ie (Sls?) < i} 
j=l 


A region, Q Cc C”, is an open connected set and f: Q —> C is called 
analytic on Q if there is a convergent multivariable power series about each 
2) © Q, that is, for some r > 0 and all z € (2), we have 


B= 42 (ay see) EC" 


fe)= Yo apg (a— 2)... (zn — 2) 
Fly Jn=O0 


converging uniformly on D(z). An analytic or conformal equivalence is 
a bijection Q; > Q2 so that each component is analytic. 


Many results from one variable extend (see Problems [9] and [10). We 
want to focus here on two significant differences: 
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Theorem 11.5.1 (Hartogs’ Theorem). If f is analytic on D7(0) \ D?,,(0), 


then f has a continuation to all of Dz(0). 


Theorem 11.5.2 (Poincaré’s Theorem). B? and D? are not conformally 
equivalent. 


Of course, the situation in C is very different. If f € 21(D) has a natural 
boundary on OD, then g(z) = f(z) — f($27+) is analytic on Ary and no 


bigger region, and while any two simply connected regions in C are confor- 
mally equivalent, both B? and D? are simply connected and topologically 
trivial by all meanings of that notion. 


Proof of Theorem [11.5.1] For each w € D, let gu(z) = f(z,w) where g 
is defined on D for $ < |w| <1 and on Ary for |w| < 4. Thus, 


gw(z) = D2 an(w)2” (11.5.1) 
converging for z € A 14 and 
1 1 
nw) =o 7 5; 115.2 
An(w) oo fe? f(z, w) dz (11.5.2) 


By the Cauchy theorem, 
n<-1 and §<|w| <1>a,(w) =0 (11.5.3) 


but by (11.5.2), a,(w) is analytic for w € D. It follows that a,(w) = 0 
for n < 1, so (11.5.1) converges for all z € D, w € D, that is, f has a 


continuation to all of @) (0). 


Theorem is somewhat more subtle. For 0 € Q C C?, define 
Auto(Q) to be the analytic bijections, f, of Q with f(0) = 0. We’ll prove 
that Auto(B) and Auto(D?) are very different and use that to prove the two 
regions cannot be conformally equivalent. As preparation, 


Theorem 11.5.3 (Cartan’s First Theorem). Let Q C C? be bounded with 
0€2 and f € Auto(Q) obey 


Df(0)=1 (11.5.4) 
Then f(z) =z. 


Remark. By Df, we mean the 2 x 2 matrix 


as Of, /Oz Of /Oz2 
a ie (11.5.5) 


where f;, fo are the components of f. 
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Proof. The one-variable result appears in Problem [g] of Section [7.4] This 


proof is essentially the same; see Problem [I] 


Theorem 11.5.4 (Cartan’s Second Theorem). Let 2 


with 0 € Q and the property that z € N= ez € Q for all e” € A 
= Az. 


f € Auto(Q). Then for some 2 x 2 matrix A, f(z) 


Proof. Let Qo(z) = ez. 


that leaves 0 fixed. Moreover, DQg = GC a 
D(Q5'f~'Qof)(0) = (DQe) (Df) (DQe)(DF) = 


Theorem [11.5.3] On fF Ost is the identity, that is, 


Cc C? be a region 
. Let 


By hypothesis, Qg is an automorphism of Q 
) is a multiple of 1. Thus, 
(Df)-!Df = 1. So by 


Qof = fQo (11.5.6) 
Write f(z) = (f(z), fe(z)) and for z near zero, 
3 Bh) ok of (11.5.7) 
k,l=1 
Then, by (11.5.6), ci) ne GF) gi(k+00, which means 0 = 0 for (k+2) 41 
that is, f is linear near on i analyticity, f is linear. 
Theorem 11.5.5. We have that 
Auto(B?) = { f(z) = Az | A € U(2), the 2 x 2 unitary matrices} (11.5.8) 
104 104 
2 e€ 0 _{ 0 e 
Auto( )= {fe = 42 Bas ws) or A= ( ‘a 
(11.5.9) 


Remark. In Problem [2] the reader will find Aut( 


2) and Aut( 


Proof. Both domains are invariant under z > e’?z so Theorem ap- 


plies. 


B? is the unit ball in Euclidean norm, so (Problem B) A 


2 if 


el 


and only if ||Au||2 = ||u|]2, and that happens if and only if A is unitary. This 


proves (11.5.8). 

Let A: [D?] Cc D? for a linear map A = 
|Zlloo = max(|z1|,|z2|) so A[D7] c 
holds if and only if (see Problem |4), 


(a3i a22 )- 


\a11| + |a12| <1, \a21| + |a22| <1 


a 


On the other hand, since A| 
so AG Nsw = 1, that is, 


max(|@11|, |@21|) = 1 = max(|a@19l, |a22]) 
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(11.5.10) 


2) = aD®, 


(11.5.11) 
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These last two equations imply 


|a11| = |a22| = 1; |a12| = |a2i| = 0 or |a12| = |a2i| = 1; |as1| = |a22| = 0 
(11.5.12) 


which proves (11.5.9). 


Proof of Theorem [11.5.2} For any 2 € D?, let 
(0) (0) 
m2 zg— 2 
00) (z) = ( 1 1 2 ) 


1—- 20) xy 1- 2) xy 
Then f € Aut(D?) and f(z) = 0. Thus, if g: B? + D? is an analytic 
bijection, h = fio) og is an analytic bijection with h(0) = 0, so we need 
only show there is no such analytic bijection. 
If h is such a bijection, F — hFh~' maps Auto(B7) bijectively to 
Autg(D?). Since 


D(hFh7'!)(0) = (Dh)(0)DF(0)Dh(0)~* (11,5,15) 
this sets up a continuous bijection of U(2) and {A | A = . sity) OF 
A= (i89 a ). Since one of these sets is connected (Problem [5) and the 


other is not, this cannot be. This contradiction proves the sets are not 
analytically equivalent. 


Notes and Historical Remarks. Friedrich Hartogs (1874-1943) was 
born in Belgium to a prosperous German-Jewish merchant family and spent 
his youth and career in Germany. He was a student of Pringsheim in Mu- 
nich. His great paper [242], which made him the father of several complex 
variables, was his Habilitationschrift. Hartogs was also the first to use sub- 
harmonic functions in one complex variable theory. 


He started teaching in Munich after this work. He was cautious by 
nature and, in 1922, turned down a full professorship in the new private 
university in Frankfurt because of the hyperinflation and concerns that the 
position might be less secure. Finally, in 1927, he was made a professor, 
after pressure from his colleagues at Munich, Carathéodory, Perron, and 
Tietze. 


With the rise of the Nazis, he was dismissed. In the late thirties, he spent 
some time in Dachau. His wife was Aryan so he transferred their home to 
her, but when the laws allowed confiscation of the property of spouses of 
Jews, he divorced his wife although they continued to live together. Finally, 
in 1943, concerned about his situation and the future, he committed suicide, 
like Hausdorff, via an overdose of barbiturates. 


His long great paper included not only Theorem [11.5.1] but also a 
theorem that if f is analytic in each variable with the others fixed, it is jointly 
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analytic. This result is often called Hartogs’ theorem, and Theorem [11.5.1] 
called Hartogs’ ball theorem (often, even in English, Kiigelsatz). The name 
comes from the fact that the same argument (Problem [Z) proves that if f 
is analytic in a neighborhood of 0B?, it has an analytic continuation to all 
of B?. In fact [242], Hartogs proved by the same method that 


Theorem 11.5.6 (Hartogs). Let Q be a region in C” for n > 2 and let 
K CQ be compact. Then any function analytic in Q\ K has an analytic 
continuation to Q. 


Laur 


Modern approaches to Hartogs’ theorem and its extensions use ideas 
different from the one we present (which is Hartogs’ original idea). One, 
due to Bochner and Martinelli [374], depends on multivariable variants 
of the Pompeiu formula and first proves that if K is compact and 
f analytic and bounded on C? \ K, then f is constant on the unbounded 
component of C? \ K. Another idea, due to Ehrenpreis [159], uses PDE 
methods, exploiting special properties of the CR equations in higher dimen- 
sions. Range has more history and sketches of the ideas. There is a 
pedagogical discussion in Scheidemann [502}. 


One well-known theorem on analytic continuation in higher dimension, 
due to Bochner [57], concerns tubes, that is, sets of the form 


JI(K) ={z€C” | Imz ce K} for some K Cc R” (11.5.14) 


Theorem 11.5.7 (Bochner Tube Theorem). Jf f is analytic in J(K) for 
some open K in R”, it has an analytic continuation to the interior of the 
conver hull of J(K). 


This result has connections to the Paley-Wiener theorem (see Prob- 
lem [g). 

Note that Theorem [L1.5.I]says that all local singularities are removable. 
In general, zeros and also singularities are (n — 1) (complex)-dimension ob- 
jects that are sometimes hypersurfaces but can be more complicated. 


Poincaré’s theorem is from [443] and Cartan’s two theorems from [96]. 
What we called Cartan’s first theorem is often called the Cartan uniqueness 
theorem. 


Henri Cartan (1904-2008), who lived to be 104, was the son of Elie 
Cartan, who is noted for his work on Lie algebras, Lie groups, and differential 
geometry. Henri’s brother served in the French resistance in the Second 
World War and was captured and executed by the Germans. Henri Cartan 
was the central figure in several complex variables from 1930 to 1970, with 
contributions to the more classical aspects but also to sheaf theory and 
methods of homology. His book with Eilenberg, Homological Algebra, was a 
milestone in more than analysis. He was a founding member of Bourbaki. 
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He was a student of Montel and, in turn, his students included P. Cartier, 
J. Cerf, J. Deny, A. Douady, R. Godement, J.-L. Koszul, J.-P. Serre, and 
R. Thom. The last two both finished in 1951 and both went on to win Fields 
Medals. 


There are a variety of approaches to the study of several complex vari- 
ables, and the classical considerations of this section are not typical—rather 
sheaf theories, PDE and integral equation techniques have been used. See 
for monograph pre- 


sentations. 

There is also a theory of analytic functions on infinite-dimensional 
spaces, going back at least to Volterra [566]. For a discussion of the modern 
view and a history of its development, see Dineen [143]. 


Problems 

1. (a) For z € D?(0), suppose f(z) = z + Ax(z) + O(|z|**4), where k > 2 
and A, is homogeneous of degree k and nonzero. Prove inductively that 
fll(z) = z+ nAg(z) + O(|z|**4). 
(b) If Q C C” is bounded and g: 2 > Q has g(z) = OP Ag(z) as its 
Taylor expansion at zero, where A; is homogeneous of degree k, prove 
a priori bounds (k-dependent but g-independent) on || Ax|| depending only 
on Q. (Hint: Cauchy estimates. ) 


(c) Prove Cartan’s first theorem. 


2. (a) For any w € D’, prove 


ee) 


1l-—wy,2 , 1 — Woz 


is in Aut(D7). 
(b) Prove that every g in Aut(D?) can be uniquely written as g(z) = 
A[Fw(z)] where w € D? and A € Auto(D?). 


(c) For any a € D, prove that 


nae) = (22%, = PP 
“ 1 — G2’ 1—- az 


is in Aut(B?), 
(d) Prove that any g in Aut(B?) can be written g(z) = Uha(Vz) for 2 x 2 
unitary U,V and aeé 


Remark. This decomposition is not unique. 


3. Let A be a linear map on C”. Prove the following are equivalent: 
(1) A[B"] = B° 
(2) ||Azllo = ||z\l2 for all z. 
(3) (Az, Aw) = (z,w) for all z,w € C” where (z,w) = D074 Zjw;. 
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4. Prove that if A = (aj,) is an n x n complex matrix, then A[D”| C D” if 
and only if sup; }>p—lajx| < 1. 


5. Prove that U[2] is connected. (Hint: See Problem [19] in Section [7.3}) 
6. Extend Theorem [[1.5.5]and Problem B]to C”. 


7. (a) Use the method we gave for the proof of Theorem [11.5.i]to show that 
if f is analytic in some B?, (0) \ B2,(0) for r2 < ri, then f has an analytic 


ry 
continuation to B?, (0). 


(b) Prove that if f is analytic in a neighborhood of OB?, it has a contin- 


uation to B?. 
8. (a) Let g be in L?(R”). Prove that {a € RY | [\e*g(z)|? d’x < oo} is 
convex. 


(b) Prove the special case of Theorem for f’s that are bounded 
and analytic on 7(K). (Hint: Let h(z) = (z—z0)~" f(z) for some zo 4 K 
and use the Paley—Wiener theorem in both directions.) 


Remark. The idea here was used by Bochner a year before he proved 
the more general Theorem 


9. (a) Prove that if O is a region in C” and f,g are analytic in 2 and agree 
near some zo € 2, they agree on all of 2. 


(b) Let n > 2 and let f be analytic and bounded on C” \ K 
for some compact K. Show first that for some R and each z;, 


f (2, nie es 255 Poe Sedeges 2) is constant as z; is varied for each fixed 


2), a es oe ates 2) eC”! with Ewe > R. Conclude that f is 


constant. 


10. (a) Prove a maximum principle for analytic functions of n variables. 


(b) Prove an open mapping theorem for analytic functions of n variables. 


11.6. Bonus Section: A First Glance at 
Compact Riemann Surfaces 


Here we want to describe the basic facts about meromorphic functions on 
general compact Riemann surfaces. Because it would require considerable 
development of the needed machinery, there will not be any proofs and only 
a few indications of the constructions. Since we will not provide any proofs 
and we have been careful to only place in the Notes stated theorems we don’t 
prove (even in the Problems), we’ll present the results in this section as a 
series of “Facts.” The Notes will have references on where to find detailed 
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presentations and proofs. We include this section because it both indicates 
further directions and really illuminates the theorems of Section [10.3 


Fact 11.6.1. Every compact two-dimension oriented manifold (and there- 
fore, in particular, every compact Riemann surface) is topologically equiv- 
alent (aka homeomorphic to) a sphere with @ handles. £ is called the genus 
of the surface. ¢ = 0 is the sphere, @ = 1 is the torus. 


In case S is a compact Riemann surface associated to an irreducible 
algebraic function of total degree n with branch points {zj}F_4 of orders 
{ny ae the genus is given by the Riemann—Hurwitz formula 


k 
€=1-n+3 on; 
j=l 


Fact 11.6.2. Consider the sphere, X¢, with @ handles. If {aj}ha1 and 
{Bj} are the curves obtained by going from the base point to the 
é-th handle and looping around the handle once along the sphere (to 
get a) or once around the outside (to get 6) (see Figure (11.6.1), then 
m™1(X,X%0) is generated by the a’s and £’s with exactly one relation 
(a1 Bia7'By*)(a2beaz'By')...(aeBeay'By*) = 1. The first homology 
group, Hi(X°*, 20), is thus Z*", by Hurewicz’s theorem (see Theorem [I.8.1). 


Figure 11.6.1. A homology basis. 


Fact 11.6.3. Fix now a Riemann surface, X, of genus @. In C’, there 
are 2¢ points {7 }7E, which are linearly independent over R so that £ = 
en NeTh | (M1,.--,n2e) € Z*}, called the period lattice, is a discrete 
subgroup of C’. The 7 are determined by a choice of basis for H,(X°, x9), 
say {ay }-4 and {8; aay and of @ other objects (a basis for the holomorphic 
differential forms). The quotient group, Vx = C/L is called the Jacobi 
variety of X. Vx is an abelian group for which we'll use additive notation. 


Fact 11.6.4. There is a natural one-one map, 2, of X into Vx, called the 
Abel map. It depends on a choice of base point, p € Vx. If p, is another 
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base point, the Abel maps 2 (respectively, 21) with pi (respectively, p) as 
base points, then 2, = 2 — (pz). 


Fact 11.6.5. One has Abel’s theorem: {ajhj= , and {pj}; Pare the zeros 
and poles (where no qj is a py but p’s or q’s can be repeated an indicate the 
order of the zero or pole) of a meromorphic function, f, on X if and only if 


(i). ig = Tip (11.6.1) 


(ii) Ss a(q)) —~S A(pj) EL (11.6.2) 
j=l 


j=l 

Fact 11.6.6. There exists a function, the Riemann theta function, O(z) on 
C* which is entire and obeys 

O(z+7;) = exp(a; + w;(z))O(z) (11.6.3) 


Here w; are complex linear functions from Cf to C. If (61) and (1.6.2) 
hold, then, up to a multiplicative constant, the meromorphic function f is 
given by 


O(A(p) — A(qi) — 7) jy (Ap) — (qj) 
I]j2, O(2(p) — A(p;)) 
where 7 € L is the element given on the left side of (L1.6.2). 


f(p) = (11.6.4) 


The reader will recognize the case £ = 1 is a rewriting of the results of 
Sections [10.3 The lattice there is exactly the period lattice of 7;,,7, 
the Jacobi variety is the torus itself, and the Abel map (with base point 0) 
is the identity map. © can be either the Weierstrass o-function or Jacobi 
theta function. 


Here are a few words about the general constructions of £, V, 2, and O. 
H'(X), the first deRham cohomology consists of differential one-forms, g, 
with dg = 0, where two g’s are equivalent if g; — go = df for a C™ function 
in X. By general principles (deRham’s theorem; see the Notes to Sec- 
tion [L8), H'(X) is a complex vector space of dimension 2¢. Inside this 
space, there are the forms whose expansion in dz;,dz; has only dz; terms. 
Such forms are called holomorphic one-forms. These are of dimension @. 


Pick a basis gi,...,g¢ of holomorphic one-forms. Then the periods 7; 
are given by 


(725-1) =/ o (725) =| 9 (11.6.5) 


and the Abel map is given by 
jaeyn= fo (11.6.6) 
Z0 
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This integral is along a smooth curve in X from zo to z. As complex num- 
bers, the integrals in are dependent on the choice of path, but the 
ambiguity is given by an element of £, so 2 is well-defined as a map with 
values in C’/£. The 0-function is a suitable quadratic exponential. 


For £ = 1, the only holomorphic form is dz. a 1, , are maps which, 
lifted to C* (from J;,,7,), are the curves on the 7, and 72 axes from 0 to the 
neighboring lattice points. So (11.6.5) indeed give the the periods. 2(z) is 
just z mod £. 


Notes and Historical Remarks. In modern guise, what we called Abel’s 
theorem is the main result of Abel [2] on higher-dimensional abelian func- 
tions. When X is the Riemann surface of w? — P(z) = 0, the holomorphic 
one-forms are essentially g(z)w~!dz, where q(z) is a polynomial of degree 
at most £—1. At zeros of w, this form is holomorphic since w is the proper 
local coordinate wdw = P'(z)dz, so q(z)w~1dz = q(z)(P’(z))~1 dw near 
this zero of z. Because p has degree at most €— 1 and w ~ 2) near 
infinity, q(z)w~! dz is holomorphic in z~! coordinates near 00+. The theta 
functions are those of Riemann [484]. 


For books with proofs of the results described here, see Donaldson ; 
Farkas-Kra [187], Griffiths-Harris [222], and Miranda [382]. Other books 
on the subject include 194) |208} |226} |292) |400) |402) [533). 
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f, Fourier transform, |124 


IIfllx, sup.ex |f (2), 228) 


fi(r), Fourier series coefficients, [124 


F, fundamental domain for I'(2), [488 


T\(2), c 5 | a, 6 odd integers; 
8,7 even integers; ad — By = 1}, 
320 

I'(T(M)), vector fields, 

T(z), gamma function, [410 

I,, Christoffel symbol, 

I'(T*(M)), one forms, [15] 

gij, metric tensor, 


HH, right half-plane, 
H,(X), homology group, 


ins([), inside of T, 

TIr,79, complex torus, [259] 

KF, b;/a;, continued fraction, 295 

log(z), natural logarithm, 

Lr, ,79; lattice generated by 7 and 72, 
298 

M(Q), functions meromorphic in 2, 

N, natural numbers, [2] 


out(I), outside of T, 


m1(X,x), fundamental group, [22] 
PSL(2, C), set of FLTs, [275] 
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Q, rational numbers, T(M), tangent bundle, 
nou T*(M), cotangent bundle, [14] 
R , R\ {0},2] Tx,(M), tangent space to a manifold, [13] 
R, real numbers, [2] Tz(M)*, cotangent space, 
Ran f, range of a function f, 
, restriction, [3] {x}, fractional part of x, 2] 


[x], greatest integer less than x 
Sa, sector, [2] 


{(A), number of elements in A, Z4., strictly positive integers, 
SL(2,Z), 2 x 2 matrices with integer Z, integers, [2] 

elements and determinant 1, [482] Zk, conjugacy classes, [3] 
sn(a,k), Jacobi elliptic function, [531 Z;, invertible conjugacy classes, [3] 


SO(3), 3 x 3 orthogonal matrices, [286] 
SU(2), 2 x 2 unitary matrices, [286 
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Abel map, [587 

Abel’s convergence theorem, 
Abel’s theorem, 
abelian functions, |404 

abelian integrals, 
accessible point, [321] 

addition formula for g, 510} 
adjoint, [6] 

affine map, |284 

Ahlfors function, 
algebraic curve, [260] 261] [267] 
algebraic function, [109] 
algebraic geometry, 265] 
algebraic multiplicity, [6] 
algebroidal function, |109 
alternating group, |286 

analytic arc, [196] [320] 

analytic bijection, [135] 229] [276] [290} 
analytic capacity, [373] 

analytic continuation, [54] [232] [320] 
analytic corner, [198] 


analytic curve, [259 
analytic function, 
analytic iff holomorphic, 
analytic inverse, [104] 
analytic slit maps, [200] 
analytic structure, 257] 
analytically continued, 
angle-preserving, 
annulus, 
Appell’s theorem, [61] 
approximate identity, [[96] 


arcwise connected, [21] [27] [75] 
argument principle, [95] [[01] [105] [127] 
arithmetic geometric mean, [533 
Ascoli-Arzela theorem, 234] 

atlas, [13] 

attracting fixed point, 


Baire category, |241 

Baire category theorem, [243 

Baire generic, 241 

Banach indicatrix theorem, [27] 28] [151] 

Basel problem, 

Bergman kernel, 

Bernoulli numbers, 
[441] 

Bernoulli polynomials, [434] 

Bessel function, [123 

beta function, |417 

beta integral, [418] 

Bieberbach conjecture, [89] [369] 

big oh, 

bijection, 

bilinear transformation, 274] 

Binet’s formula, [436] [446] 

binomial theorem, 

bipolar Green’s function, [B65] [370] 

Blaschke condition, [452] 

Blaschke factor, [19] [449] 

Blaschke product, 

Bloch’s principle, [578 

Bloch’s theorem, [579 

Bochner tube theorem, [584] 
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Bohr—Mollerup theorem, 
[426] 
Borel—Carathéodory inequality, 


boundary, [24] [25] 
branch cuts, [206 


canonical product, 

Carathéodory function, [182] 236] [239] 
240 

Carathéodory—Osgood—Taylor theorem, 
[323] 

Cartan uniqueness theorem, |584 

Cartan’s first theorem, [581] [585] 

Cartan’s second theorem, [582 

Casorati—Weierstrass theorem, [125] [126] 
128 

Cauchy determinant formula, [457] 

Cauchy estimate, 

Cauchy integral formula, 

Cauchy integral theorem, [46] [67] [69] 

Cauchy jump formula, [78] [166] 

Cauchy ODE theorem, |567) 

Cauchy power series theorem, 

Cauchy radius formula, 

Cauchy transform, [166] [188] 

Cauchy—Hadamard radius formula, 

Cauchy—Riemann equations, [32}{34] [69] 

Cayley—Klein parameterization, [287] 

chain, 

chain rule, [31] 

Chebyshev polynomials, 

Christoffel symbol, [19] 

circle of convergence, 

circle or line, 285) 

circle or straight line, [270] 

circles and lines, 284] 

classical Green’s function, [B16] 

closed curve, [40] 

clothoid, 

compact exhaustion, 228] 

compact Riemann surface, 

compatible analytic structure, 257] 

compatible atlasses, 

complete elliptic integral, B41] [541] 

complex analytic manifold, 

complex Poisson kernel, [178] 
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complex Poisson representation, |178 
[182] 

complex projective line, [268] 

complex tori, 

confluent hypergeometric functions, |220 

conformal bijection, [256] 

conformal equivalence, [257] 

conformal map, 

conjugacy class, 

conjugate, 

connected, 26] 

connected component, 27] 

continued fraction, 

continued fraction approximant, 

continuity at analytic corners, [197] 

continuously differentiable, [9] 

contour, 

contour integral, 

convergent power series, 

coordinate map, [256] 

coordinate patch, [13] 

Cornu spiral, 

cotangent bundle, [14] 

covectors, 

covering map, [22] 

covering space, [22] 23] [571] 

Cramer’s rule, 

critical point, 

critical value, 

cross-ratio, 275] [285] 

cross-section, [17] 

cubics, 272] 

curve, 

cusp, 

cuts, [262] 


cycles, [25] 
cyclic group, |286 


Darboux’s theorem, 
de Moivre formula, [59] [90] 
Dedekind reciprocity, [222 
Dedekind sum, [222] 
definite integrals, 201] 

del bar notation, 
deRham’s theorem, 
derivation, 

derivative, [9] 

determinant, [6] 
diagonalizable, 
diagonalization trick, 
differentiable, [9] 
differentiable manifold, [12] 
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differential form, |267 

dihedral group, |286) 

Dirichlet. principle, [316] 

Dirichlet. problem, 
discontinuous groups, [3835 
discriminant, 

divided differences, |102 

divisor, [3] 

Dixon’s proof, 

dodecahedron, |286 

domain of holomorphy, [409] 
dominated convergence theorem, [183 
double point, [260] 

doubly connected, 

doubly connected region, 
doubly periodic, [513 

doubly periodic function, [501 
duality, [230] 

Dunford’s theorem, 

duplication formula, |510 


edge of the wedge theorem, |195 

eigenvalue, 

Eisenstein series, 

ellipse, [848 

elliptic curve, [261] [502] [509] 

elliptic FLT, 

elliptic function, 

elliptic integral, 
936 

elliptic modular function, [325] [346] [355] 

end-cut, 

endpoints, 

energy, [19] 

entire function, 

Erlangen program, |282 

essential singularity, 

Euclidean algorithm, 

Euler duplication formula, [437] 

Euler polynomials, 

Euler product formula, 
467 

Euler reflection formula, [413] [423] [424] 

Euler spiral, 

Euler’s formula, 

Euler—Maclaurin series, 
444 

Euler—Mascheroni constant, 
444 

Euler—Wallis equations, [297] [303] [304] 
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Euler—Wallis recursion, |297 
exponent of convergence, [460] 
exponential decay, [557 
exponential functions, [203 
exterior algebra, 285] 

exterior Green’s function, |324 
exterior potential, 


Fabry gap theorem, |243 

Farey series, 

Farey tesselation, [3832 

Fatou set, 

Fibonacci numbers, 

field of fractions, [129 

finite order, 

first-order Euler—Maclaurin series, |432 

fixed circle, [288] 

fixed point, 

flow, 

flow equation, 

FLT, 

Ford circle, [304 

formal product, 

Fourier coefficients, [132 

Fourier series, [134 

Fourier transform, 

fractional linear transformation, [255] 
274 

fractional parts of x, 

Fréchet space, 

Fresnel functions, 

Fresnel integrals, 

Fubini’s theorem, [10] 

Fuchsian group, [256] [325] [331] 

functional equation for I’, [411] 

fundamental cell, 

fundamental domain, |487) 

fundamental group, 

fundamental lifting theorem, [571 

fundamental theorem of algebra, 

fundamental theorem of calculus, [9] [45] 

fundamental theorem of complex 
analysis, 


Galois group, |286 

gamma function, 
gauge invariance, |267 

Gauss multiplication formula, 
Gauss’ criteria, 

Gauss’ theorem, 
Gauss—Green theorem, [68] 
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Gauss—Lucas theorem, {102 
Gaussian integral, 
Gaussian sums, 223] 
generating function, 

genre, |469 

genus, 

geodesic, 

geodesic equation, [19] 
geodesic parameterization, 
geodesically complete, 
geometric multiplicity, [6] 
germ, 

global analytic function, [54] [565] 
golden mean, 

Goursat argument, 
Grace—Lucas theorem, |102 
gramian, |4o07, 

greatest integer less than 2, [2] 
Green’s function, 
Green’s theorem, 
Gudermann’s series, |448) 


Hadamard factorization theorem, |464 
473 

Hadamard gap theorem, 

Hadamard lacunary, [64] 

Hadamard product formula, [393] [462] 


Hadamard three-circle theorem, 
174 


Hadamard three-line theorem, [174 
Hahn—Banach theorem, [231 

half-strip, [340 

harmonic conjugate, [[81] 

harmonic function, 
Harnack’s principle, [187] 

Hartogs’ ball theorem, [584 

Hartogs’ theorem, 
Hartogs—Rosenthal theorem, |157 
Helmer’s theorem, 

Herglotz function, 
Hilbert-Schmidt norm, |331 

Holders inequality, [[76] 

holomorphic function, 
holomorphic iff analytic, 
holomorphic one-forms, [588] 
holomorphically simply connected, 
homologous chains, 
homologous to zero, [140] 
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homology, 

homology group, 

homotopic, 

homotopic curves, 

homotopy, [21] 

homotopy classes, 

homotopy group, 

Hopf fibration, [287 

Hopf-Rinow theorem, 

hse, 

Hurewicz’s theorem, 

Hurwitz’s theorem, 
[576] 

hyperbolic FLT, 

hyperbolic geodesics, [834 

hyperbolic triangle, 

hyperplane, [574 


icosahedron, |286 

identity theorem, 

implicit function theorem, 
indicatrix, 

infinite products, [385 

infinite sums, 212] 

inner product, [6] 

inverse function theorem, 
isolated singularity, [124 

isometric circle, [289] 


Jacobi amplitude function, [539 

Jacobi elliptic function, 
929 

Jacobi theta function, [528 

Jacobi triple product formula, [537] 

Jacobi variety, [587] 

Jacobi’s construction, |495 

Jacobian, 

Jensen’s formula, 
469 

Jensen—Walsh theorem, {102 

Jordan anomaly, [6] 

Jordan arc, [41] 

Jordan block, 

Jordan contour, [103 

Jordan curve, 

Jordan curve theorem, 

Jordan normal form, 

Jordan’s lemma, |217 

Joukowski airfoil, [839 

Joukowski map, 

Julia set, 

Julia’s theorem, [573] 
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k-forms, 

Kakeya—Enestr6m theorem, [104 
Karman—Trefftz airfoil, 
Karman-—Trefftz map, [851 
keyhole contour, [77] 

Kleinian group, 

Koch snowflake, 

Koebe function, [338 

Kronecker example, 
Kiigelsatz, [584 


VHopital’s rule, [438] 

Laguerre theorem, |474 

Lambert’s series, 

Landau’s trick, 

Laplacian, [35] 

lattice, [482 

Laurent expansion, 

Laurent polynomial, [122] 

Laurent series, 

Laurent’s theorem, [120 

Laurent—Weierstrass series, [123 

Legendre duplication formula, 
[428} [437 [440] 

Legendre relation, 

lemniscate integral, 

lens region, [337 

Lie groups, |267 

lifting, 

Liouville’s first theorem, |491 

Liouville’s fourth theorem, |492 

Liouville’s second theorem, |491 

Liouville’s theorem, [84] [87] [89] [126] [143] 
020 

Liouville’s third theorem, |491 

little oh, 

local behavior, 

local coordinate, 

local degree, [264 

local geodesics, 

local inverse, [31] 

log convexity, |414 

Looman—Menchoff theorem, 

lower triangular, 284] 

loxodromic FLT, 

Lucas’ theorem, {102 

Lusin area integral, 


M-test, 
Maclaurin series, 
Mandelbrot set, [243] 
manifold, [13] 
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Marty’s theorem, 

maximal type, |459 

maximum principle, [114] [115] [([19] (159) 
184 

mean value property, |183) 

Mergelyan’s theorem, 

meromorphic function, [129] [130] [193] 


mesh, 


mesh-defined chain, [146] 

metric tensor, 

minimal basis, [483] [486] 

minimal type, |459 

minimum modulus principle, 

Mittag-Leffler theorem, 
[405] [406] 

Mobius tranformation, |274 

modular form, [590 

modular function, [590 

modular group, [550 

modular problem, [514] 

modular space, [362 

moduli, [862 

monodromy group, [968 

monodromy theorem, 

Montel three-value theorem, [572] 

Montel’s theorem, 
312 

Montel’s three-value theorem, 

Morera’s theorem, [69] [70] [81] [82] [182] 

multiplicative linear functional, 

multiplicity, 

multiply connected, 

Miintz-Szdsz theorem, [454] [456}458) 

MVP, 


n-connected, [151] 

natural boundary, 
332 

natural logarithm, 

Nevanlinna class, |452 

Nevanlinna theory, [578] 

Nobel prize in mathematics, |400 

non-self-intersecting curve, 

noncritical points, [104 

nonloxodromic FLT, 289] 

nonsingular algebraic curve, [260] 

nontangential limits, [166 

normal convergence, 

normal family, 
[575] 
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normal operator, [6] 

normal subgroup, |288 

normal type, |459 

Nyquist-Shannon sampling theorem, 
221 


octahedron, [286] 

ODEs, ordinary differential equations, 
one-forms, 

open mapping principle, 

open Riemann surface, [263 

order, 

orientable, 


g-function, [501 

Painlevé problem, |374' 

Painlevé’s smoothness theorem, [323 

Painlevé’s theorem, 

Paley—Wiener space, [562 

Paley—Wiener theorem, [557] [584] [586] 

Paley—Wiener—Schwartz theorem, [562] 

parabolic FLT, 

partial fraction expansion of cosecant, 
390 

partial fraction expansion of cotangent, 
[391] 

partition of unity, 

path lifting theorem, 

paving lemma, 

period, 

period lattice, [587 

periodic analytic functions, [132 

periodic entire function, [134 

periodic functions, [201 

permanence of relation, [567 

Phragmén-Lindeléf method, 

Picard iteration, 

Picard’s great theorem, |570 

Picard’s little theorem, [570 

Picard’s theorem, 
[573} (575) [577] (578) 

Poincaré metric, [292] 

Poincaré’s theorem, 

Poisson formula, [183] 

Poisson kernel, 

Poisson representation, 

Poisson summation formula, 
443) 

Poisson—Jensen formula, 


polar decomposition, [7] 
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polar decomposition theorem, 
poles, 

polydisk, 

Pommerenke’s theorem, [374 
Pompeiu’s formula, [78] [189] [584] 
positive operator, [6] 

potential theory, 267] 

power series, 

prime, 

prime ends, 

principal conjugacy subgroup of level 2, 


principal part theorem, [493] [524] 
principal value, [202] 


Pringsheim—Vivanti theorem, 
projective curve, |271 

projective geometry, [272 
projective space, |2638 

Prym’s decomposition, [430 
Puiseux series, 
pullback, 

punctured disk, [357] 

punctured plane, B57] 

push forward, 


q-binomial function, [534 
g-binomial coefficient, 
q-difference, [535 
gq-factorial, 
q-Gamma function, [534 
q-integral, 

q-ology, [534 

quadratic form, |270 
quartics, 272] 
quasi-elliptic, [498] 
quasiconformal, 


ramification index, [264] 

ramification point, 

ratio of the base, |483 

rational function, 
real analytic curve, [196 

real Poisson kernel, [179] 

rectangle, [341] 

rectifiable curve, 
refinement, 

reflection, [289 

reflection principle, 


reflections in circles, 282] 
region, [2] 
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regular function, 

regular point, 

relatively prime, [8] 401] 

removable set, 

removable singularity, 

reparamerizations, 

residue calculus, [212] 

residue theorem, [130] [143] 

resolution of singularities, [260 

Riemann curvature, |316 

Riemann hypothesis, [316 

Riemann map, 

Riemann mapping, [319] [320] [324] 

Riemann mapping theorem, 

Riemann metric, 

Riemann removable singularity 
theorem, 

Riemann sphere, 

Riemann surface, 

Riemann surface of the function, [565 

Riemann tensor, |316 

Riemann theta function, [588 

Riemann zeta function, [421] 

Riemann’s P-functions, [316 

Riemann-Stieltjes integrals, 

Riemann-Hurwitz formula, |587 

Riemannian manifold, 

Riesz—Markov theorem, [231] 

Riesz—Thorin theorem, {175 

right limit, 242] 

Rodgers—Szeg6 polynomials, [535 

Rothe’s formula, [537 

Rouché’s theorem, [97] [98] [100] [144] 

Runge’s theorem, 


schlicht function, [246] 

Schobloch’s reciprocity formula, 
Schottky’s theorem, [578 

Schur algorithm, 

Schur approximant, [B07] 

Schur function, [235] [301] [306] [B07] 
Schur iterates, [802 

Schur parameters, 

Schwarz integral formula, [178] 
Schwarz kernel, 

Schwarz lemma, [116] [117] [120] [94] 236] 
Schwarz reflection principle, 
Schwarz—Christoffel map, |351 
Schwarz—Christoffel theorem, [343] 
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Schwarz—Christoffel transformation, [842 

Schwarz—Pick lemma, [119 

sector, [2] 

self-adjoint operator, [6] 

sheaf of germs, |565 

simple curve, 

simple double point, 

simple point, [323] 

simple pole, 

simplex, 

simply connected, 
[326] [571] 

singular homology, 

singular point, 

slice of annulus, [347 

slit plane, [838 

Sokhotskii’s theorem, [128] 

space of moduli, [862 

spectral theorem, 

spherical derivative, 

spherical metric, 

square root property, [B10] 

star-shaped regions, 

Stein interpolation theorem, [177] 

stereographic projection, 
[284] 

Stern—Brocot tree, 

Stieltjes-Osgood theorem, |238 

Stirling’s approximation, |431 

Stirling’s formula, [437] 

Stokes’ theorem, [16] [68] 

strip, [846 

strong Montel theorem, |252 

subdivision, 


tangent, 

tangent bundle, 

Taylor series, 
301 

Taylor’s theorem, [9] 

tetrahedron, |286 

three-circle theorem, 
177 

three-line theorem, 

Toeplitz matrix, [66] 

topological vector space, [229 

topologically simply connected, [73] [311] 


topology, [265] 
total variation, 


transition map, [207 
transitive, |292 
trigonometric functions, 203] 
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triple product, 


tsc, (73) (51) BT) 
type, |409 


ultimate argument principle, 

ultimate Cauchy integral formula, [140] 
142 

ultimate Cauchy integral theorem, [140 
[142] 

ultimate residue theorem, {143 

ultimate Rouché theorem, |144 

ultra Cauchy integral formula, [T51] 

ultra Cauchy integral theorem, [151 

ultra Cauchy theorem, [190 

uniformization theorem, [362] [369] 

unitary operator, [6] 

univalent function, [246 

universal covering map, [358] 

universal covering space, 

upper half-plane, 

upper triangular, 284] 


vector bundle, 

vector field, 

Verblunsky coefficient, 

Viéete’s formula, [399 

Vitali convergence theorem, 
Vitali’s theorem, 
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Wall polynomials, 
Wallis’ formula, 223] [396] [415] [416] [437] 
weakly analytic, 
Wedderburn’s lemma, 
Weierstrass convergence theorem, [82] 
Weierstrass double series theorem, 
Weierstrass elliptic function, [522 
Weierstrass factorization theorem, |403 
Weierstrass factors, [401] [501] [504] 
Weierstrass M-test, 
Weierstrass go-function, [506 
Weierstrass product theorem, [402] [408] 
Weierstrass sigma-function, [504 
Weierstrass o-function, [501 
Weierstrass zeta-function, [505] 
Wielandt’s theorem, 
428 
winding number, [100] (107) [144] 
Wirtinger calculus, 
Wronski’s formula, 


Zalcman’s lemma, [575) [577] [78] 
ZeLOS, 
Zhukovsky map, [339 
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